Average Case Analysis When Merging Two Ordered Lists of Different Length.PRIVATE 

John A. Trono

 Saint Michael's College

One Winooski Park

Colchester, VT 05439

Abstract

A derivation for the expected number of comparisons when merging two ordered lists is given, where the sizes of the individual lists are unknown but the size of the merged list is known. Other applications where this result can be applied are also mentioned, most notably the LUPSort algorithm of Merritt and Nauck[4].

Introduction

The best and worst case analysis for merging two disjoint, ordered lists can be deduced from a simple observation. Let the two lists be called L1 and L2, and let them contain n and m elements respectively. (The final ordered list, X, contains N unique elements where N = n+m.) As the merging begins and individual elements from L1 and L2 are compared and selected for the final ordered list, one list will eventually become empty. It is easily seen that the total number of comparisons needed to create this ordered list is N - S, where S is the number of elements remaining in the non-empty list. Therefore, the fewest comparisons needed to complete the merging is the minimum of n and m, and the most comparisons needed is n+m-1. (The first case occurs when all elements in the shorter list are smaller than the smallest element in the longer list. The second case occurs when the largest elements in L1 and L2 will eventually become the largest and second largest elements in the newly created ordered list.)


Nagler[5] investigated the average number of comparisons (C) needed when n=m. Knuth[3], in the answer to exercise #2 in section 5.2.4, reports that in this case C equals N - 2 + O(n-1). Knuth also used the observation mentioned above and derived S = n/(m+1) + m/(n+1). (For large n and m where n=m, S is slightly less than 2 which implies C is slightly larger than N - 2, in accordance with Nagler's result.) 
Unfortunately, S is dependent on n and m in Knuth's analysis. This paper shows how this dependency can be removed by considering all possible lists L1 and L2 when computing C. This new value for C will aid in the average case analysis of algorithms which are similar in nature to the LUPSort algorithm proposed by Merritt and Nauck[4].

Analysis


One can count on a case by case basis the number of possible ordered lists that need k comparisons to be merged into one ordered list. (Without loss of generality, I will assume that L1 will become empty. In the final analysis the resultant counts will be doubled to include the symmetric case where L2 becomes empty.) Using the aforementioned N - S observation, it is obvious that the largest number in L1 dictates the number of comparisons for the completion of the merging. Let the final list of N values called X be the set {x1 < x2 < ... < xN}. To calculate C, one can do the following: assume xi is the largest element in L1 (and therefore i comparisons will finish the merging); calculate the number of possible L1's with this restriction; do this for all possible choices for xi and finally compute the average number of comparisons.


If x1 is the largest value in L1, there are zero elements that can come before it, so only 1 comparison is needed to empty this unique list. If x2 is the largest value in L1, either x1 is or is not in L1 and so 2 comparisons are needed in these cases to complete the merge. If x3 is the largest value in L1, then there are two possible values that could also appear in L1: x1 and/or x2. There are four possible L1's with x3 as the largest value, all of which take 3 comparisons.


In general, if xi is the largest element in L1, there are i-1 possible elements that could also be in L1. The number of possible subsets of i-1 items is 2i-1, so there are 2i-1 possible L1's with xi as the largest element. (To be consistent with the assumption that L1 is emptied first, i must be less than or equal to N-1. If it were allowed to be N, L2 would be emptied first since the largest element is now in L1. This is possible, but is handled by considering the symmetric cases when completing the analysis.)


Counting the number of comparisons needed for all possible cases where L1 is emptied first yields the formula
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seq Equation  \* Arabic  \hi*2i-1. The number of such L1's is just the sum of the 2i-1's, which is equal to 2N-1 - 1. (The total number of all possible cases is 2N - 2 since L2 could be emptied first and these symmetric cases just double the previous number.) The formula for the total number of comparisons is also doubled to 
[image: image2.wmf]å

1

-

N

=1

i



seq Equation  \* Arabic  \hi*2i when the symmetric cases are considered. It can be shown that 
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seq Equation  \* Arabic  \hi*2i = N*2N - 2*2N + 2, so C equals (N*2N - 2*2N + 2)/(2N - 2) which reduces to N - 2 + (2*N-2)/(2N-2). (For N > 6, C "equals" N-2.)

Application of Result


In Merritt and Nauck's paper[4], a new sorting technique is described which has been named LUPSort. First one must take the input and create a set of ordered lists following a modification to Dijkstra's algorithm[1] for determining the Longest Upsequence. This preprocessing creates anywhere from 1 to N ordered lists depending upon the order present in the input. (One could also use the already occurring ordered subsequences present in the input to create this set. Using the modified algorithm of Dijkstra will typically reduce the number of lists in this set dramatically, thereby speeding up the overall sorting/merging time.) Then the ordered lists are pair-wise merged until only one ordered list is left; i.e., if there were K lists, K/2 merges would occur first, then K/4 merges, ... 1 final merge, given K was a power of two. In their analysis Merritt and Nauck used the maximum number of comparisons when merging two lists since the sizes of the lists that are left is unknown. This paper illustrates that the average case is not much better than the worst case, but would change the expected number of comparisons while performing all of this merging.


Recently, Golub and Augenstein[2] have presented a new data set construction method for testing the average case behavior of LUPSort. Their paper considers all stages of the algorithm where this analysis refers only to the last of the 3 stages - the pair-wise merging of the lists. Their findings also illustrate that the average case behavior of LUPSort is not much better than the worst case behavior.

Conclusion


Given two disjoint lists L1 and L2 (whose combined number of elements is N, and where the sizes of the respective lists are n and m such that N = n+m and 1 <= n,m <= N-1), assuming each possible ordered list is just as likely as any other ordered list, it is shown that the average number of comparisons to merge L1 and L2 into one ordered list is approximately N - 2. This derivation has been a useful example of average case analysis in an undergraduate analysis of algorithms course and lends itself for tightening both the average case analysis of Merritt and Nauck's sorting algorithm and bottom-up mergesort[6]. It also allows a followup application of Dijkstra's algorithm and introduces another of the various and sundry ways to perform and analyze mergesort variations. Dijkstra's algorithm is an interesting example in and of itself, and it is one of the best examples where the well-known binary insertion algorithm does not suffer from the quadratic movement behavior it experiences if it is used alone as a sorting technique.
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