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Abstract

Modeling the beautiful and varied shapes of seashells sculd by nature is an
aesthetically appealing application of several conceptsypically introduced in multi-
variable calculus. We use vector calculus tools to generatihree-dimensional models of
mollusk shells from growth measurements. We suggest a metlofor measuring shell
specimens to determine necessary model parameters. We alpoovide Maple code
for the modeling and several project handouts designed forarious levels of student
independence and preparation.

MATHEMATICAL FIELD: Calculus.
APPLICATION FIELDS: Malacology, paleontology, and marine biology.
TARGET AUDIENCE: Students in multivariable calculus.

PREREQUISITES: Multivariable calculus including space curves, parameterized
surfaces, Frenet frames. Use of a computer algebra systemrfourve- tting and
generating three-dimensional graphics.
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1 Introduction

The elegant shape of seashells has always attracted the efythe artist, the scientist, and the
mathematician. Despite the staggering variety of shell spas found in nature, the growth
of almost all seashells can be described in terms of three erpntial functions and a closed
curve that describes the shape of the shell's aperture, or @png. The model developed
here is an aesthetically appealing application of severabrcepts typically introduced in
multivariable calculus; it reinforces students' understading of curves and surfaces in three-
dimensional space, in particular, Frenet frames and paranegized surfaces. It also oers a
taste of the challenges of collecting and using data in the meling process. To model the
morphology of speci c shells, students take measurementsrn shell X-rays or photographs
of cross-sections. They use these data to estimate severalvgh parameters that determine
the overall three-dimensional shape of the shell. Curveiing is then used to more accurately
model the aperture, enhancing the detail of the nal model.

We focus on mollusks in the clas&astropoda This class includes the familiar garden
snails, slugs, and edible snails as well as a diverse arrayfreshwater and marine species,
including periwinkles and whelks. Most shelled gastropodsave a shell consisting of one
piece, which is typically coiled or spiral in shape. Molluskwith one shell are referred to as
univalves, while those with shells consisting of two partsuch as clams, mussels, and oysters,
are called bivalves. Gastropods enlarge their helical sleeby depositing fresh material at
the lip of the aperture, or opening of the shell. The turns offte spiral of the shell are called
whorls; the last-deposited and largest whorl of the shell is termetthe body whor] and the
older, smaller whorls constitute thespire of the shell. Gastropod shells are composed largely
of calcium carbonate overlaid by a tough protinaceous matet called conchin or conchiolin.
The protinaceous layer or periostracum imparts shell colan most cases [Rupert and Barnes
1994].

While the majority of shells have the asymmetrical helicopsral shape described elo-
guently by D'Arcy Thompson (see Section 2), some shells sues the limpet are more
symmetrical, and others like the cowrie shells are superally bilaterally symmetric because
each new whorl completely envelops previous whorls. We wilbbrk with the more typical
helico-spiral shells, since their growth parameters may bwaore readily approximated.

From a strictly biological point of view, mathematical modés of gastropod shells are of
interest for several reasons. Extrapolations beyond thezsi of a particular shell can be con-
structed and viewed to determine whether the resulting sha&pretains its integrity or results
in a loose spiral no longer connected to previous whorls. Ocan also determine if additional
whorls would continue to increase the cross-sectional arefthe aperture or if the aperture
would be impinged upon by previous whorls, thus making the sH uninhabitable. This
would indicate whether the particular growth parameters Init the range of sizes possible for
a given species. The parameters can also aid in classifyifig torganisms by locating each
species in a parameter space where each axis correspondsn® af the growth parameters.
This helps to determine the spectrum of possible shell fornasd may elucidate the relation-
ship between di erent species [Raup 1966]. Finally, crosgctions of embedded fossils can
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be measured and modeled to produce three-dimensional rendgs without risking damage
to valuable specimens.

In Section 2, we develop the parametric equations that mod#he surface of the shell.
Section 3 describes the process of measuring a shell X-ragé&termine the growth parameters
and create a model of a particular specimen &pitonium magni cum. The e ects of varying
the model parameters are discussed in Section 4, as are madtions to include surface
ornamentation. Project handouts are included in Section 5Section 6 provides Maple code
for computing and plotting shell models; the process of molitegg E. magni cum is included
as a sample. Maple code for generating all of the color platssalso included here. The nal
section is an annotated list of references and resources $eashell modeling.

2 Developing the Model

The model we develop below is largely based on Prusinkiewarmd Fowler [2003], or Chapter
10 in Meinhardt [2003], particularly in the use of a Frenet ime to position the aperture.
However, we loosely follow Jirapong and Krawczyk [2003] imking measurements from a
cross-section of the shell and using curve- tting methodsot t exponential functions to the
data. The underlying idea, captured by D'Arcy Thompson in hé classic workOn Growth
and Form, is this:

The surface of any shell...may be imagined to be generated thye revolution
about a xed axis of a closed curve, which, remaining alwayggmetrically similar
to itself, increases its dimensions continually.... In tdrinate shells, [any given
point on the generating curve]... partakes, therefore, ohe character of a helix, as
well as a logarithmic spiral; it may be strictly entitled a hdico-spiral [Thompson
1961, 189].

To visualize the growth of the seashell, we begin with a hedic spiral rotating about
the z-axis. Both the radius and the height increase as the animatays, so the shell grows
upwards along thez-axis, with the small end toward the origin, and the large op® end
further up the z-axis. The aperture is a closed curve that sweeps along thislital spiral,
growing larger, but remaining geometrically self-similaas it moves along. See Figure 1,
where we have ipped the image upside down to present a morepigal view of the shell.

Seashell growth is in principle self-similar; the rate of @mnge of both the radius and
height of the helical spiral are proportional to their sizethat is, both grow exponentially.
Thus, if t is the angle of rotation about thez axis, the radius and height functions are given
by:

Radius: r(t) = roek!;

Vertical Displacement: z(t) = zoe*":
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Figure 1. Growing circles sweep along the helical spiral teegerate the shell surface.

Here k, and k, are the nonnegative growth constants. The constantsy and z, are initial
radius and height values. The helical spiral is then given bihe space curve:

H (t) = hr(t)cost;r(t)sint; z(t)i :

Note that this helical spiral grows in the clockwise directin and thus produces a right-
handed, ordextral, shell. This is by far the most common form, although a few gema
normally produce sinistral shells, and rarely, a sinistral specimen of a normally dext
genus may occur [Oliver, 2004].

Just like the height and radius, the size of the aperture grasvexponentially as the aper-
ture sweeps along the helical spiral. We model the aperturs the product of an exponential
growth function a(t) and a “shape' functionP (s). Here, as abovet is the angle of rotation
about the z-axis. P(s) is a polar function wheres is a radial angle measured about the
center of the aperture (a point on the helical spiral). Thusthe aperture is modeled by:

P(s) a(t), with a(t) = age*e';

wherek, is the nonnegative growth rate andy is the initial aperture size. IfP(s) is set equal

to the constant 1, the aperture is simply a circle whose radsuincreases exponentially with
t, as in Figure 1. It is easiest to begin by modeling a shell with nearly circular aperture, or
to use a circle as a rst approximation of the aperture shapewWhen the rough overall form

of the shell has been achieved, the aperture shape can be nemlio give a more accurate
image. The parametersy; zp, ao, Kr, k; and k, for a particular gastropod may be estimated
from measurements taken from the shell, as described in Sent3. The e ects of varying

these parameters are discussed in Section 4.

The shapes of shell apertures vary widely: some are nearlyccilar or elliptical, others
nearly triangular, and still others quite irregular. Currently, there is no known elementary
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function model for the aperture, as there is for the helicalpgral. Thus, the aperture is
typically approximated by using a variety of curve- tting t echniques, as discussed in Section
3.

It now remains to locate this aperture properly in space as thshell grows. The shell
aperture lies in the plane perpendicular to the helical st at each point, that is, perpendic-
ular to the tangent vector to the helical spiral space curvél (t). Because of this, the model
uses the Frenet frame of the helical spiral to position the @&pture. The Frenet frame, also
known as the TNB frame, consists of the unit tangent, normalred binormal vectors to a
curve, hereH (t). We position the aperture in the the normal plane, which is erpendicular
to the tangent vector and contains the normal and binormal v&ors, as shown in Figure 2.
This controls the tilt of the shell opening to give a life-like result. Without the Frenet frame,
the shell opening and any ridges would always be parallel Wwithe z-axis, thus inaccurately
modeling the shell morphology [Prusinkiewicz and Fowler BG].

Figure 2: Circular shell aperture lying in the plane normala H (t).

To nd the unit normal and binormal vectors, respectivelyN (t) and B (t), of the helical
spiral H(t) at a givent, rst nd its unit tangent vector

T(t) = HYt) jHY):
Next,

T
NO= op

and
B(t)= T(t) N(t):
The surfaceS of the shell is then modeled by:

S(s;t) = H(t) + P(s) a(t)(cos(S)N (t) +sin(s)B(t));

where 06 s6 2 and, generallyt > 0.
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The equation for the two-parameter surfaces(s;t) makes it easy to visualize how the
surface is traced out: for each value df the tip of the vector H(t) is a point on the helical
spiral; the second term is a radial vector that traces the aptire curve centered at that
point in the normal plane. See Figure 3.

Figure 3: The shell surface traced out as the sum of two vecsor

Ultimately, six parameters and one function are used in thisquation for modeling shell
morphology: the initial value parametersro; zo; a9 and the growth parametersk;, k;, k, for
the exponential functions that t the shell measurements, egether with the radial aperture
shape functionP (s). By adjusting the parameters that control the helical spial and aperture
growth and specifyingP (s), a large variety of naturally occurring shells can be moded and
fantasy shells can be created as well.

3 Measuring the Shells and Fitting the Model

This section gives explicit directions for measuring shedpecimens to determine the necessary
model parameters o; zo; ao; ki ; Kz; ka and to approximateP (s). Itis possible to work directly
from an actual seashell to obtain the parameters, either byaking external incremental caliper
measurements or by cutting the shell lengthwise through i@xis in order to reveal the interior
structure. Both of these methods have been used by prior mddes [Jirapong and Krawczyk
2003, Prusinkiewicz and Fowler 2003], but both require acseto the actual shell. To simplify
the process, we chose to work with X-ray images of shells dgahie for purchase [Crow 2009],
and we used a hard copy of a shell image large enough to be gasikasured with a ruler
(about 15 centimeters tall works well). The measuring and ting process is illustrated in
Figures 4 and 5 forE. magni cum, a shell with nearly circular apertures. The Maple code
in Section 6 carries out the calculations and renders the hamage.
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We begin by drawing the (vertical) axis through the image oftie shell and choosing the
point that will be designated the \apex" or tip of the shell. It is impossible to locate the apex
de nitively, and in some cases the true apex has been worn ayao we simply approximate
as best we can. The variabl¢ is set to zero at this point, and it increases by 2 each time
the aperture completes a rotation about the axis, thus creatg another whorl of the shell.
Our model is \upside down" from the way shell images are typaily depicted; this is because
we think of our shells as growing upward from the origin. Whewe display the images, we
typically rotate them to put the apex at the top again, as in Fgure 1 and the color plates.

To determine the parametersk, and k,, we rst need to locate the center of each of
the cross-sectional apertures. Strictly speaking, the dhdas only one aperture, the actual
opening, but the cross-sections of the shell chamber visbin the X-ray image were the
apertures at some times in the past as the shell was growing) we refer to these cross-
sections as apertures as well. Caution is needed in taking aserements of the smallest few
apertures. Not only are the apical whorls of the shell hard tmmeasure due to their size, but
they were laid down by the animal in its larval stage and are fyically structurally di erent
from the rest of the shell. Furthermore, when modeling a cuthell, the chambers near the
apex may be distorted as the cut is often somewhat o -centefinally, at the opposite end
of the shell, the actual opening of the body whorl of the shethay deviate from the shape
of the other cross-sections, so, if possible, it is best nat use it for measurements either.
There should be at least 4 feasible cross-sections, using tactual opening and the apex
chambers only as a last resort.

The whorl cross-sections correspond tb values that are integer multiples of ; even
multiples for sections on one side of the axis, odd for thosa the other. For the model ofE.
magni cum, we choose 5 cross-sections to use for our calculations aedtate theset values

the shell axis, we draw rectangles circumscribed about eaaperture, and locate the center,
C;i, of each rectangle using diagonal intersections (if the afperes are circular, these should
be their centers.) The pointsC; are used to determine the path of the helical spiral that
acts as the frame of the shell, and thus specify the growth fations r(t) and z(t).

We draw horizontal line segments from each cent&®; to the shell axis; these lengths
are denotedr;. Next, we measure the vertical distance along the axis froné¢ apex to the
midpoint of each rectangle; these height measurements arendtedz,. These data are given
in Table 1. We then t an exponential curve to the ordered pais (tj; ri) to nd the function
r(t); another exponential is tted to (tj;z) to nd z(t). This is done using the command
ExponentialFit in Maple's Statistics package to determinghe parametersry, k;, and zg, k;.
The helical spiral can now be plotted.

To determine a(t), the aperture growth function, we measure the half-heigbt of the
rectangles; these are denotetlj, and also given in Table 1. With the pairs (;h;), we
again use the Statistics package to nd the parameteray and k, that give the best t
for the exponential functiona(t). Note that even if the apertures are circular, it is likely
that r; 6 h; because the apertures are generally not tangent to the shaltis. The coiling
shell forms a cone-shaped structure, theolumellg running along the axis of the shell, and
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Figure 4: Measuring the radii, heights, and aperture heightfrom an X-ray of E. magni cum
(not to scale).
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Table 1. Growth parameter measurements fde. magni cum, with in radians, andr;, z,
and h; in cm.

Ll [rfz] hi
10 | 0.4] 25| 0.55
12 [05]3.6|0.65
14 06|51 0.85
16 [ 0.8| 7.0| 1.15
18 | 1.0| 9.7 1.50

g B|W N

the apertures connect to it. This cone, which may be solid ordliow, forms the structural
support of the shell, and the gastropod's foot is attached td by means of the columella
muscle, which retracts the entire animal into the shell [Japong and Krawczyk 2003; Rupert
and Barnes 1994]. A model of the shell with circular apertusecan now be plotted. See
Color Plate 1.

For E. magni cum, the likeness is quite good, and the model represents the pkeaand
dimensions accurately. Notice, however, that the apertuseon the X-ray image are not
perfectly circular. Proceeding on the widely accepted assption that whorl cross-sections
are all geometrically similar, we choose one of the apertgr@n this case, the one at =18 )
and approximate as best we can the radial shape functidh(s). One di culty is that in an
X-ray or cross-section of the shell, the displayed openingee all in a plane parallel to thez-
axis, and thus are not actually in the plane of the aperture. bwever, for most shells, the "tilt'
toward the tangent vector is small enough that we can still gea reasonable approximation
of the aperture shape from the available cross-section. Apares vary widely, and there are
no rules to guide us about what form to use for the radial funain; insight and ingenuity
are encouraged in this process.

Figure 5: Radial measurements for the aperture, with the pat axis indicated by an arrow-
head (not to scale).
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Table 2: Radial measurements for apertur® (s).

| s (degrees)| radius (cm) |

0 0.52
47 0.58
90 0.54

133 0.60
180 0.54
227 0.60
270 0.52
313 0.46
360 0.52

We begin by taking some radial measurements using a protractand ruler, as shown in
Figure 5 and given in Table 2. We align the polar axis a$ = 0 with the normal vector, and
measure counterclockwise from there. This orients the ajpere appropriately with the way
the surface is traced byS(s;t). Figure 5 shows the polar axis as horizontal, even thougheh
normal vector is actually tilted slightly o the horizontal . Nevertheless, this approximation
gives acceptable results.

The number of measurements needed to produce a realistic denng depends on the
aperture shape: based on our experience, if the apertureasiy smooth and rougly circular,
6 or 8 points might su ce, while if it is irregular, many more points may be needed. Plotting
these measurements as functions of the central anglanay suggest a form forP (s). For
some shells, a sinusoidal curve might produce an appropeatibbed e ect. The rst few
terms of a Fourier series may produce a better t, or a polynonral function of an appropriate
degree might work. Curve- tting packages provide the optio of choosing any of these forms
to be tted, as long as the function parameters appear liner. However, a piece-wise linear
or spline approximation may be needed for a good t. Maple'slhteractive" curve- tting
feature can be a quick and useful tool for this part of the modiag. For E. magni cum, we
use a Fourier sum with terms up tosin(3s) and coq3s). The shape of the aperture may be
seen in thex vy plane by plotting P(s) hcos@);sin(s)i. OnceP(s) is determined, we have
all the information necessary to create a life-like threenshensional model of the shell, shown
in Color Plate 2. This rendering is very close to the actual €l shown in Color Plate 3.

4 Parameter E ects and Surface Ornamentation

Whether attempting to model an actual shell specimen or créag seashell shapes purely
for pleasure, it is important to understand how the various prameters a ect the shape of
the shell, and how to achieve some of the common surface orreatations such as ribs and
ridges. We have found that creating fantasy shells is not gnla lot of fun and artistically

Modeling Seashell Morphology 13



appealing, but also develops a sense of the parameter intetians. Color Plates 4 through
12 show \designer shells" that have been created to illust@various parameter interactions,
apertures, and surface orientation.

The helico-spiralH (t) described in Section 2 provides the structural frame for #shell.
The radial and vertical growth parametersk, and k., and, more speci cally, their ratio,
determines the shape of the helical spira@nvelope(the curve through the points where the
spiral intersects the rst quadrant of thex z plane) and hence the overall silhouette of the
shell. If k; = k;, then the envelope will just be a straight line, as in Figure ,6and the result
is usually a conical shell, as in Color Plate 8.

Figure 6: Envelope of the helico spiral: linear (left), poity shell (center), attop shell (right).

More generally, ifk; k, 6 0, then the envelope is a power function, withz as a function
of r, as follows. Solving the radial equatiom = roet! for t, we obtaint = (1=k)In(r=ry).
Substituting this into z = zpek:!, we nd that z = zgelk:=k)In(r=ro) = 2oeM (=™ ) g
hence

_ Zo Kol K .
zZ= Tk (AR (1)

0
Thus, the ratio of k, to k; determines whether the shell will have a pointy top or a at te,
as illustrated in Figure 6. From equation 1, we see that ik, is the greater, we have a shell
with a pointy tip as in Color Plate 7 , and if k; is the lesser, we have a at-tipped shell, as
in Color Plate 9.

Note that the ratio of ro to zp scales the power function in Equation 1, so that, for
example whenk, = k;, this ratio controls the slope of the envelope of the helicalpiral
cone. More generally, the parameters, and z, determine how vertically stretched out a
shell appears. However, as discussed below, other factdsoan uence the nal silhouette.

Another important factor a ecting shell shape is the apertue growth function a(t). The
magnitude of the growth constantk, will determine how \tightly packed" the shell whorls
appear. Ifk, is too small with respect tok;, the shell forms a loose tube-like spiral; Kk, is
too large, it \swallows up" previous whorls. This is illustiated by comparing Color Plates 10
and 12 to Color Plate 8. The shape of the aperture also contrites to the shell's silhouette:
two shells with the same helico-spiraH (t) but di erent aperture shapes, say a circle and
a triangle, would exhibit signi cantly di erent morpholog ies. Examining some shells with
di erent cross-sections should make this clear. It might ab be an interesting exercise to
construct such shells for comparison.
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Shells exhibit surface sculpting of many di erent types, d&cribed by terms such as ribs,
grooves, cords, granules, nodules and scales [Egerton 20(piral and axial ribs are the
most basic of these.Spiral ribs run parallel to the helico-spiralH (t). Adding a periodic
function in s, such as a sine function of appropriate period and amplitugdéo an aperture
function will create spiral ribs. Axial ribs, or ridges are orthogonal toH (t). On rst glance,
it may seem that ridges are vertical, that is, parallel to thez axis. But closer examination
of shell specimens shows that ridges occurring in nature, fiact, lie in planes perpendicular
to the helico-spiralH (t) [Prusinkiewicz and Fowler 2003]. Some of these ridges aaetually
varices, thickenings that result from pauses in the growthfathe shell, so they must lie
in the aperture plane [Oliver and Nicholls 2004]. This conms that the Frenet frame is
the appropriate method for modeling shells, and it allows dges to be incorporated in a
straightforward way. In modeling the shell exterior, ridge may be regarded as periodic (or
at least recurrent) changes in the aperture. Ridges can thiee incorporated by modifying
the shape function so that it varies witht as well ass. Letting P(s;t) = P(s) Q(t), with
the variables separated, keeps the aperture shape geonuly similar along the length of
the helico-spiral, but allowst-variations that may create ridges. AllowingP to be a more
general function ofs and t would permit aperture shape to vary in all sorts of ways and ro
remain geometrically self-similar. Shells with ribs and dges are illustrated in Color Plates
4,5, and 6.

Some shells have highly convoluted apertures that may sinyphot be expressible as a
polar function. Other methods for de ning the generating cwe, such as Bezier curves,
have been used [Prusinkiewicz and Fowler 2003], but theseedneyond the scope of our
two-parameter model.

Despite careful measuring, the resulting models often diresomewhat from the chosen
specimen. One source of error we have noticed is that the mbdan be quite sensitive to the
initial values ro and z. The helical spiral might seem to have the correct proportits based
on the measurements, but the nal shell appears too elongateor too squat. In that case,
some minorad hoc adjustments may be necessary to achieve a good rendering. offrer
di culty is that, for both shell X-rays and cross-sections d actual shells, the visible cross-
sections lie in a plane containing the-axis, not in a plane determined by the Frenet frame,
so the aperture curve derived from measurements is distodte A nice extra-credit problem
is to adjust the measurements for distortion by taking into acount how far the Frenet frame
is tilted away from the vertical. A third caution is that some shells with elongated apertures
(Cymantium Clandestinafor example) may have have a small narrow portion of the apente
that does not lie in the normal plane, but rather inclines toward the z-axis.

We initially estimated designer shell parameters from phographs, but then also gave
free rein to artistic license. Our color patterns result frm specifyingRGB colors as functions
of sandt in our Maple plots. Although it is fun to play with the color patterns this way, it
generally does not replicate actual shell coloration (exgestripes). See Meinhardt [2003] for
further information, and stay tuned for a seashell pattermg sequel to this module! Bivalves
(such as clams or cockles) may also be modeled using the methshown here, as in Color
Plates 11 and 5, but we have not yet found a satisfactory way testimate the parameters
from shell measurements. However, eyeball estimates and @od understanding of how
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the parameters control the shape of the shell can still lead tlovely renderings. The shell
parameters and aperture functions used to generate the dgser shells in Color Plates 4
through 12 are given in Section 6.3

5 Project Handouts

The handouts below o er several possible approaches for shproject, ranging from highly
independent to quite structured. For an independent appradn, we provide Handout | only.
For classes or students needing more guidance, we also pevHandout II, which breaks
down the problem into smaller steps. Handout Il further agsts students with organizing
their work. We have successfully used the Handout | only appach in class and were
grati ed by the enthusiasm with which students grappled wih the problem. They were
very excited by having an open-ended application and not beg led by the hand through
it. We encourage such independent students to share modehkfts with us, if they wish to
check their progress. However, as project work contiuesnse students need suggestions for
breaking down the steps and we then provide Handout Il to themHandout IlI can help
streamline assessment, particularly with less preparedustents. Handout 1V adds a writing
component to the project.

Developing the model itself can be a valuable experience feell-prepared, self-motivated
students. In this case, we provide students only with Handdu and part of the resource
list from Section 7. We require students to gain morphologyral modeling information
directly from the literature without the bene t of the discussions contained in this module.
By including Handout IV, we give students an opportunity to cevelop mathematical writing
skills and more closely replicate a real-world experience applied mathematics. Students
completing a literature search can explore the range of warkon this topic and may well
improve on the model presented in this module.

In our courses, we begin this project after students have leeged about space curves
and Frenet frames. To facilitate the shell modeling, we intrduce parameterized surfaces
earlier than our textbook. We also loosely describe how a shenodel is formed by the
aperture curve sliding along the helical spiral, but mostlyeave students to the satisfaction
of independent discovery.

5.1 Handout I (highly independent)

Choose a seashell, either an intact shell or some form of &@®ction, and develop the
equations to model it. Write a program with course softwared generate a three-dimensional
model of the shell. The code must be well-documented (i.e. ntain detailed explanations

describing each line of code). In addition, demonstrate younderstanding of how the various
parameters in your model control shell morphology in a briefritten explanation.
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5.2

1.

10.

5.3

Handout Il (breaking the problem into steps)

Choose an actual shell to model. You need to pick a shell wheyou can get a good
picture of a cross-section of the inside of the shell. For axale, you may use a shell
X-ray or cross-section photo obtained from a text or reputdbe website.

Measure the shell to get the parameters necessary to writee equation for the helical
spiral going through the center of the shell. You will need tdake measurements at
the same location in every opening on one side of your shelt fmth sides if there are
few openings). Use course software to t a curve to these datastimating the growth

rates of the height and radius. Use this information to detenine an equation for the
helical spiral. Plot the helical spiral using course softwa.

Compute the Frenet frame at some convenient point on the ape curve. Use course
software to plot the curve together with the TNB vectors at the point.

Find the normal plane at the same point, and use course ssfire to plot that plane
with the space curve.

Find the equation of a circle with center at that point and ying in the normal plane,
and plot it with the space curve.

Plot several circles of diminishing size up the helical spl, with each circle lying in
the Frenet frame at its center.

. Assume the aperture is a circle with radius equal to the rags of the helical spiral at

each point, and plot the resulting shell.

. At this point, experiment with di erent aperture and growth functions to create and

plot several fantasy shells. Explore the impact of changinthe growth rates of the
helical spiral's radius and/or height, or modifying the intial values of the radius and/or
height.

Returning to your actual shell, measure 8 to 24 radial padis, more if needed, on the
aperture, and t a curve to these points using a curve- ttingtool from course software.

Create a three-dimensional model of your shell.

Handout Il (structured format)

Submit the following work showing how you developed a modearfyour shell:

1.

An unmarked copy of the X-ray or cross-section photo of thehell you are modeling,
with the source of the picture and the name of the shell. If psgle, provide a photo
of an intact shell of the same species.
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2. A carefully marked copy of the X-ray or photo, indicating he measurements you took
to determine the helical spiral parameters.

3. A table of the helical spiral and aperture growth parametemeasurements.
4. Carefully documented work showing how you derived the hehl spiral.

5. Work showing how you computed the Frenet frame, normal phe, and a circle in the
normal plane at some point on the helical spiral.

6. Four printouts of the helical spiral, one with the Frenet fame, one with the normal
plane, one with the single circle, and one with several cieg of increasing size.

7. A plot of a shell with a circular aperture.

8. A carefully marked picture of the actual shell aperture,ndicating the measurements
you took for the curve- tting.

9. A printout of the curve used to model the aperture.
10. Your carefully documented code.
11. A plot of a three-dimensional model of your shell.

12. At least one \fantasy shell,” developed from aestheticrmciples.

5.4 Handout IV (writing component)

An important component of doing mathematics is developinghe ability to learn new ideas
independently by using texts, journal articles, and collegues. This project is designed to
give you some experience with the real thing.

Use both print and electronic resources to research and umdiand as much as you can
about how to model shell shapes, and then write it up as clegrds possible. The mathematics
is within your reach, but it will likely require translating notation and ideas into familiar
notation and concepts from class. This will be true of almosiny scienti ¢ application you
encounter outside of the classroom. Also, many sources witht provide all of the details
that you will need for your model, so you may have to Il in and gure out a lot on your
own. Some sources may not measure the same shell featuresthers. Some modeling
techniques may work better than others. Again, all of this isypical of material written for a
particular scienti c application, rather than for classroom use. A major goal of this project
is to provide exposure to this reality and allow you to devefw skills for using your course
work in other endeavors.

Formatting guidelines

1. Include a title page and abstract.

Modeling Seashell Morphology 18



2. Use a mathematical typesetting tool such as LaTeX or Mathype for all equations and
symbols, and prepare all gures carefully.

3. The paper must be properly referenced, with a complete hibgraphy at the end and
references in the text. Internet resources must be used witaution and must be
properly documented. Use MathSciNehttp://www.ams.org/mathscinet as much
as possible for citation formats. Use MLA formatting for Inernet siteshttp://www.
wisc.edu/writing/Handbook/elecmla.html , and for anything not on MathSciNet.

4. Model your paper on articles you read in your research, ambnsider both their struc-
ture and their content.

5. Proofread carefully. Use campus writing resources andgreeview, and appropriately
edit/revise your paper before submission.

Evaluation criteria

The overall goal is a clear model describing what measurenterare needed from the
shell, a formula for generating the shell, and a descriptiasf the e ect of each variable in the
formula. Clarity of exposition is as important as the undegling mathematics. Indications
of a well-written paper: clear equations with careful disasions of which physical properties
of the shell are controlled by which parameters, gures thatllustrate the concepts you are
discussing, and clear evidence that you understand basicct@ calculus concepts and how
they pertain to this application.

Indications of a paper that needs more work: equations and/ogures copied with inade-
guate explanation, disorganized composition, poor sp&ifj or grammar, lack of proofreading,
over-reliance on Internet sources, and inadequate refeoamg.

6 Maple Code

This project assumes a reasonable amount of familiarity wita computer algebra system that
generates three-dimensional graphics. We use Maple thrénagit our calculus curriculum, so
our students are familiar with basic function manipulation plotting commands, and syntax
when starting this project. As part of normal multivariable calculus class work, we also
provide examples in Maple of generating space curves, paeterized surfaces, planes, and
the Frenet frame, so this project also o ers excellent synsis and application opportunities.

Below is the Maple 12 code that we developed for this projectThe generic Maple
procedure, which may be used with any shell parameters, isgnided rst, followed by a
sample of modeling a shell of the specig&s magnicum. We do not necessarily expect
students to be familiar with the procedure (proc) command el in the worksheet. Some
students use it (particularly those with some computer sciee background), while others
are more comfortable generating each shell plot individugd Both approaches seem to work
equally well.
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This worksheet has two parts. Part | is the procedure \Shellthat creates the plot of the
shell model. Using the inputs given in Section 6.3, this predure will generate all the images
shown in the color plates. Part Il is a sample of the modelingrpcess forE. magni cum,
using the shell measurements given in Tables 1 and 2 to estitmaéhe growth parameters and
model the shape of the aperture.

6.1 Part I: the procedure \Shell"

Using as input the growth parameters and the radial aperturéunction P, the procedure
produces a plot of the three-dimensional shell model, as we&s the helico-spiral, the envelope,
and the aperture.

Parameters passed to the procedure:

lo; Zo; @o: Values of the radius, height, and aperture size dt= 0;
ki ; Kk;; Ka: the radial, height, and aperture growth rate parameters,aspectively;

P: the aperture curve, a polar radius function of the angle around the helical spiral,
entered as a Maple expression. Note that P is constant, the aperture is circular.
Also, to create ribbed shells, we allo#? to vary with t as well ass without changing
the notation. (In the text, we use the notation P(s;t)).

tstart, tend: the range of the angle of rotation about thez-axis;

n, m: the number of points in then m grid used in generating the surface plot;
R, G, B: color settings for the ambient light;

I1;15: direction for the ambient light;

CR, cG, cB: color settings for the shell { if these are expressions snand t, they create
the color patterns on the shells;

phi, theta: set the viewing angle;
STyle: the rendering style of the plot (one of: contour, hidden, tie, patch, patchcon-
tour, patchnogrid, point, or wireframe).

Output variables for the procedure:

shellplot a plot of the three-dimensional shell rendering;
helix: three-dimensional plot of the helico-spiraH (t);

aptrace: a two-dimensional plot of the aperture shape function;
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envelope a plot of the envelope o (t) in three-dimensional space, which is a curve
in the x  z plane.

Note that procedures must be executed within a single execomh group in Maple. The
output from a procedure is usually in the form of a listReturnVal, found at the end of the
procedure. Recall that, if L is a list, then L[i] returns thei'" entry in the list, and this is
how we choose from the list of plot structures output by the prcedure.

>restart: with(plots):

>Shell:=proc(r0,z0,a0,Kr,Kz,Ka,P,tstart,tend,n,m,I1 ,12,R,G,B,cR,
cG,cB,phi,theta,STyle)

local r,H,FrenFrame,NormalVec,BinormalVec,Apert,shel I, helix,
aptrace,envelope,shellplot:

global S:

uses VectorCalculus,plots:
r:=t->r0*exp(Kr*t):
H:= t-> <r(t)*cos(t),r(t)*sin(t),z0*exp(Kz*t)>:

helix := spacecurve ([H(t)[1], H(t)[2], H(t)[3]], t=tstar t..
tend,numpoints=1000,color = red,orientation=[phi,thet al,
scaling = constrained):

envelope:=spacecurve([v,0,z0*(v/r0)\symbol{94}(Kz/K r], v=r(
tstart)..r(tend)):

aptrace := spacecurve([P*cos(s),0,P*sin(s)],s=0..2*Pi ,
numpoints = 1000, orientation = [90, -90], scaling=

constrained):
FrenFrame := TNBFrame(H(1),t):

NormalVec := FrenFrame[2]:
BinormalVec := FrenFrame[3]:

Apert = aO0*exp(Ka*t)*P:

shell := H(t)+NormalVec*Apert*cos(s)+BinormalVec*Aper t*sin(s):

shellplot := plot3d([shell[1],shell[2],shell[3]],t= ts tart..tend
,$=0..2*Pi,orientation =[phi, theta],scaling = constrai ned,
grid=[n,m],style=STyle, light=[I1, 12, R, G, B], color = [c R,
cG, cB]):

S := [shellplot,helix,aptrace,envelope]:

end proc:

Here is an example of displaying output from the procedurehé \display” command is
used to exhibit two or more of the plots together.

>Shell(.1, 1.9, .2, 0.05, 0.04, 0.05, 1-0.08*sin(15*s), -6 *Pi,
6*Pi, 100,100, 0,0,.9, 1/2, .9, sin(10*s), 1, sin(5*s), -11 6,
-90, patchnogrid):

>S[1]; S[2]; SI[3];

>display ({S[2],S[4]});
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6.2 Part II: modeling a shell specimen from data

We model the X-ray image ofE. magni cum [Crow 2009]. The modeling proceeds in two
stages. First, we use shell measurements in Table 1 to estimghe growth parameters and

create a model with a circular aperture. Then we use the radiaperture measurements in

Table 2 to approximate the aperture shape more accurately.

Fitting exponential functions to data gathered from X-ray i mage measurements

Based on the shell specimen, we decide how many whorls of thelkto use to determine

used, as illustrated in Figure 4 . Recall that is the angle of rotation about thez-axis. The
choice of where to set = 0 is an \eyeball" estimate since the tip of the shell is anonlaus.
We create vectors of thea values and the corresponding measurements:

>with(Statistics): with(VectorCalculus):
>tvec:=evalf(< 10*Pi, 12*Pi, 14*Pi, 16*Pi, 18*Pi >):

We t measurements of the helical radiir from Table 1 to the exponential function
r=roekt:
>rvec:= <0.4, 0.5, 0.6, 0.8, 1.0 >:

>rparam:=ExponentialFit(tvec, rvec, t, output=paramete rvalues);
>r0:=exp(rparam[1]);Kr:=rparam|[2];

We use measurements of the helical heiglesfrom Table 1, and again t the data to the
exponential functionz = zyekz":

>zvec:= < 2.5, 3.6, 5.1, 7.0, 9.7 >:

>ExponentialFit(tvec, zvec, t);

>zparam:= ExponentialFit(tvec, zvec, t, output=paramete rvalues);
> z0:=exp(zparam[1l]); Kz:=zparam[2];

At this point, one could plot the helico-spiral to check wheter measurements appear
accurate and produce a suitable spiral.

The next step is to model the aperture. We begin by using a ciec centered on the
helico-spiralH (t) with its radius increasing as it travels up the spiral.

To determine the constants for the aperture growth functiorA(t), we use the measured
\half-height" of the circumscribed rectangles, as shown ifrigure 4. Once more, we t the
data given in Table 1 to an exponential function.

>hvec:= < 0.55, 0.65, 0.85, 1.15, 1.50 >:
>ExponentialFit(tvec, hvec, t);
>hparam:= ExponentialFit(tvec, hvec, t, output=paramete rvalues);

The parameterag is the \initial" size of the aperture/cross-section, andk, is the aperture
growth constant:
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>a0:= exp(hparam[l]); Ka:= hparam][2];

Shell model with circular aperture

We can now plot a model of the shell with circular apertures usg the \Shell" procedure
and the growth parameters we have determined.

Using P = 1 produces a circular aperture with size corresponding tche measurements
taken.

>Shell(r0,z0,a0, Kr,Kz,Ka, 1, 0,20*Pi, 500,50, 60,0, 1,1, 1,
0.98,0.9,0.8, -90, -80, patchnogrid):
>S[1];

To see an image that resembles the X-ray, right click and viethe shell without the
wireframe and with transparency adjusted to about 50%. Didaying the shell with STyle
set to wireframe helps determine the appropriate ratio af to m in the grid setting. Adjust
n and m so that the wireframe cells on the shell surface are roughlysare.

Also, the shell grows with increasing, so the graph has been turned upside down (using
viewing angles phi and theta) to get the usual view.

Detailed aperture shape: curve- tting for radial aperture function

We use radial measurements of the aperture at a xed value ofto approximate the
function P(s). This section is intended as a sample only. Ingenuity is reqed when at-
tempting to model shells with apertures that deviate signicantly from a circle. As shown
in Figure 5, we use the aperture at = 18 , measuring radially at 8 locations $= 0, 47, 90,
133, 180, 227, 270, 313 degrees) using a protractor. We usky ¢ime quadrental angles and
the diagonals of the rectangles; more data points are needédhe aperture shape is more
irregular. The measurement data are given in Table 2.

>with(CurveFitting):

>anglvec:= evalf(Pi/180*< 0,47,90,133,180,227,270,313 ,360 >);
>with(plots):

>radvec:=<1.35, 1.6, 1.4, 1.4, 1.4, 1.5, 1.6, 1.2, 1.35>;

>pts:= seq([anglvec]i], radvec]i]], i=1..9);

>Points:=pointplot([pts], scaling=constrained):

>display(Points);

We want to t a curve to these points on the interval [Q 2 ]. There are many possibilities
for the curve to be used, and a polynomial t is certainly one jgtions. When tting to
polynomials, going more than "once around" when tting the crve may give a smoother
result; this can be done automatically using the wrap feaurm the interactive tting as-
sistant. However, since the radial function is periodic, iseems natural to use a Fourier
approximation. We use terms up tosin(3s) and coq3s). After experimentation with more
and fewer terms, this choice appears optimal since more tegndon't improve the t and
introduce undesirable \wiggles."
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>FourierForm:= k+a*sin(s) + b*cos(s) +c*sin(2*s) +d*cos( 2*s)+e*
sin(3*s) +f*cos(3*s):

>ApFit:=LeastSquares (anglvec, radvec, s, curve=Fourier Form);

>FitCurve:=plot(ApFit,s=-Pi/2..5*Pi/2, color=blue, sc aling=
constrained):

>display ({Points,FitCurve});

This curve speci es the aperture at the chosen value= 18 .
To nd the expression for P(s), note that this aperture isA(t) P(s) = aye® P(s), so
we need to divide byayek!® to solve for the aperture shape functiorP.

>a:=t-> al0*exp(Ka*t);
>P:=ApFit/a(18*Pi);

The procedure \Shell" with the growth parameters determind above and the aperture
curve P now produces a re ned model:

>Shell(r0,z0,a0, Kr,Kz,Ka, P, 0,20*Pi, 500,50, 60,0, 1,1, 1,
0.98,0.9,0.8, -90,-80, patchnogrid):

>S[1];

>S[3];

Spiral ribs can be added to the model by incorporating an odleitory function:
>P:=(ApFit/(a(18*Pi)))*(0.95+0.025* exp(sin(30*s)));

>Shell(r0,z0,a0, Kr,Kz,Ka, P, 0,20*Pi, 1000,100, 60,0, 1, 1,1,
0.98,0.9,0.8, -80, -90, patchnogrid):
>S[1];

Axial ribs or ridges are created by allowing the aperture sipe to vary with t. Concep-
tually this replacesP(s) by P(s) Q(t). Equivalently, one can replace the constang, by
apQ(t) in the input to the Shell procedure.

>Shell(r0,z0, a0*(0.95+0.006*exp((exp(sin(30*t))))), Kr,Kz,Ka, P
, 0,20*Pi, 1000,100, 60,0, 1,1,1, 0.98,0.9,0.8, -80, -90,
patchnogrid):

>S[1];

We sometimes plot a section of smooth \inner shell" at the bgdwhorl together with the
outer shell to give a more realistic image, one that re ectshe di erent color and texture of
the inside of the shell.

>Shell(r0,z0, a0*(0.95+0.006*exp((exp(sin(30*t))))), Kr,Kz,Ka, P
, 0,20*Pi, 1000,100, 60,0, 1,1,1, 0.98,0.9,0.8, -80, -90,
patchnogrid):

>A:=S[1]:
>P:=ApFit/a(18*Pi):
>Shell(r0,z0, a0-0.02, Kr,Kz,Ka, P, 19*Pi,20*Pi, 50,100, 60,0,

1, 1, 1, 0.58,0.50,0.4, -80, -90, patchnogrid):
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>B:=S[1]:
>display ({A,B});

6.3 Generating the color plate shells

Parameter values and aperture functions for the twelve sdadl models shown in the color
plates are given below. Appending these Maple commands tetMaple 12 procedure \Shell"
in Section 6.1 generates each of the color plates.

Note: In Maple 12, right clicking on a graph gives a \glossirss" option, which we used
to enhance a few of these images. For a couple shells, we hdge alotted a contrasting
\inner shell" to more closely mimic nature and to clarify theimage at the body whorl.

Plate 1. Basic model ofE. magni cum using circular apertures. Parameters are deter-
mined from measurements; see worksheet in Section 6.2.

> Shell(r0,z0,a0, Kr,Kz,Ka, 1, 0,20*Pi, 500,50, 60,0, 1,1, 1,
0.98,0.9,0.8, -90, -80, patchnogrid):

Plate 2. Re ned model ofE. magni cum incorporating Fourier aperture and surface or-
namentation. Shell interior plotted separately in solid clor for the body whorl and displayed
together with exterior.

> Shell(r0,z0, a0*(0.95+0.006*exp((exp(sin(30*t))))), Kr,Kz,Ka,
P, 0,20*Pi, 1000,100, 60,0, 1,1,1, 0.98,0.9,0.8, -80, -90,
patchnogrid):

> A:=SJ[1]:

> P:=ApFit/a(18*Pi):

> Shell(r0,z0, a0-0.02, Kr,Kz,Ka, P, 19*Pi,20*Pi, 50,100, 60,0,
1, 1, 1, 0.58,0.50,0.4, -80, -90, patchnogrid):

> B:=SJ[1]:

\

display({A,B});

Plate 3. Photograph of E. magni cum from Crow[2009].

Plate 4. Shell with spiral ribs; same growth parameters as Plate 8. By whorl interior
plotted separately.

> Shell(0.5, 1.7, 0.75*(1-0.05*(exp(sin(15*s)))), 0.15, 0.15,
0.15, 1, 0, 8*Pi, 300, 90, 60, 0, 0.75,0.75, 1 , (1-0.18%(
exp(sin(15*s)))), 0.8 + 0.2*sin(5*s), 1, -116, -90,

patchnogrid):

A:=SJ[1]:

Shell(0.5, 1.7, 0.65*(1-0.015*(exp(sin(15*s)))), 0.15 , 0.15,
0.15, 1, 7*Pi, 8*Pi, 100, 90, 60, 0, 0.75, 0.75, 1, 0.95,

0.93, 0.94, -116, -90, patchnogrid):

B:=S[1]:

display ({A,B});

vV Vv

vV VvV
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Plate 5. Cockle shell:zg = k, = 0.

> Shell(0.001, 0, 0.5, 1, 0, 1.3, ((1-cos(s))-0.1*(exp(-(3 *(s-Pi
)/Pi)"2+(sin(20*(3*(s-Pi)/Pi)))"2))/1), 0, Pi, 400, 200 , 20,
-45, 1,1,1, 0.8+0.2*(1-(t/(2*Pi))~(16)), 0.7+0.3*cos(1 20*(s
/(2*Pi))),0.8+0.2*sin(300*t/(2*Pi)), -133, -43, patchn ogrid):

Plate 6. Shell with axial ridges and non-circular aperture. Body who interior plotted
separately.

> P:=s->piecewise(s<=Pi, min({2.5,abs((sec((s+Pi/8))) )M (1/3)}),
Pi< s, 1);

> Shell(.5, 0.8, 0.35+0.005*exp(exp((cos(4*Pi*t)))), O. 15,
0.175, 0.175, P(s), 0, 6*Pi, 1200, 30, 60, 0, 0.75,0.75,1,
0.8+0.05*(cos(8*Pi*t)), 0.5, 0.5+0.5*((exp(cos(4*Pi*t N,
-120, -100, patchnogrid):

> A:=SJ[1]:

> Shell(.5, 0.8, 0.33, 0.15, 0.175, 0.175, P(s), 5*Pi, 6*Pi,

200, 30, 60, 0, 0.75,0.75,0.75, 0.3, 0.3, 0.6, -120, -100,
patchnogrid):

B:=S[1]:

display ({A,B});

vV Vv

Plate 7. Pointy-tipped shell: k; > k.

>Shell(1,8, 2, 0.2, 0.12, 0.155, 1, 0, 8*Pi, 500, 40, 60, O,
1,1,1, 0.7+ 0.3*(cos(2*t))*2, 0.7+0.3*(sin(2*s))"2, 0.8 ,
-116, -90, patchnogrid):

Plate 8. Shell with linear helix envelope:k; = k,. Shell silhouette is also linear since
kKa = ki = ks.
> Shell(0.5, 1.7, 0.75, 0.15, 0.15, 0.15, 1, O, 8*Pi, 500, 50,
60, 0, 0.75,0.75,1, (sin(5*(s+sin(2*(t*s))))), 0.9, 1, -1 16,
-90, patchnogrid):

Plate 9. Flat-topped shell: k; < k.

> Shell(1, 1, 2, 0.175, 0.2, 0.16, 1, 0, 8*Pi, 500, 40, 60, O,
0.75,0.75,1, 0.7+0.3*sin(10*s), 0.5+0.5*cos(10*t)*sin (10*s),
0.3+0.7*sin(10*t)*(cos(10*s)), -116, -90, patchnogrid) ;

Plate 10. Loose spiral shellk, < k,. Body whorl interior plotted separately.

> Shell(0.5, 1.7, 0.75, 0.15, 0.15, 0.12, 1, O, 8*Pi, 500, 50,
60, 0, 1,0.75,1, 1-0.2*trunc(exp(sin(5*s))), 1-0.2*trun c(exp(
sin(3*s))), 1-0.2*trunc(exp(sin(2*s))), -116, -90,
patchnogrid):

> A:=SJ[1]:

Modeling Seashell Morphology 26



> Shell(0.5, 1.7, 0.7, 0.15, 0.15, 0.12, 1, 7.5*Pi, 8*Pi, 500 ,
50, 60, O, 1,0.75,1, 0.5, 0.5, 0.5, -116, -90, patchnogrid):

> B:=SJ[1]:

> display({A,B});

Plate 11. Clam shell: zo = k, = 0.

> Shell(0.001, 0, 0.5, 1, 0, 1.3, 1-cos(s), O, Pi, 100, 50, 20,
-45, 1,1,1, 1-(t/(Pi))"8, (1-(t/Pi)"8)*(1-cos(25*(s+Pi ),
(1-(t/Pi)"8)*(1-sin(50*(t+Pi))), -133, -43, patchnogri d):

Plate 12. Body whorl engul ng previous ones:k, > k,. Body whorl interior plotted
separately.

> Shell(0.5, 1.7, 0.75, 0.15, 0.15, 0.175, 1, 0, 8*Pi, 500, 50 ,
60, 0, 1,0.75,0.5, 0.7+ 0.2*(cos(t))*2 -0.4*sin(20*s),

0.8+0.2*(sin(2*s))"2 -0.4*sin(20*s), 0.7-0.4*sin(20*s ), -116,
-90, patchnogrid):

> A:=SJ[1]:

> Shell(0.5, 1.7, 0.71, 0.15, 0.15, 0.175, 1, 7*Pi, 8*Pi, 500 ,
50, 60, 0, 1,0.75,0.5, 0.98, 0.9, 0.9, -116, -90, patchnogri d
):

> B:=SJ[1]:

\

display({A,B});
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