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Problem 5.5: The “3n+1 algorithm” works as follows. Start with any number n. If n is even, divide it by 2. If n is odd, replace it with 3n+1. So, for example if we start with 5, we get the list of numbers:




5, 16, 8, 4, 2, 1, 4, 2, 1, 4, 2, 1, …

and if we start with 7, we get:


7, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1, 4, 2, 1, …

Notice that if we ever get to 1 the list continues to repeat with 4, 2, 1’s. In general, one of the following two possibilities will occur:

i) We may end up repeating some number, a, that appeared earlier in our list, in which case the block of numbers between the two a’s will repeat indefinitely. In this case we say that the algorithm terminates at the last non-repeated value, and the number of distinct entries in the list is called the length of the algorithm. For example, the algorithm terminates at 1 for both 5 and 7. The length of the algorithm for 5 is 6, and the length of the algorithm for 7 is 17. 

ii) We may never repeat the same number, in which case we say that the algorithm does not terminate. 

a) 
Find the length and terminating value of the 3n+1 algorithm for each of the following starting values of n:

i) n=21

21, 64, 32, 16, 8, 4, 2, 1, 4 (repeated value), 2,1,…

for n=21, terminating value = 1

length of algorithm = 8

ii) n=13

16, 40, 20, 10, 5, 16, 8, 4, 2, 1, 4 (repeated value), 2, 1, …

for n=13, terminating value = 1

length of the algorithm = 10
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iii) n=31

**After calculating over 50 numbers and not finding any repeating values, we decided to use maple. Please see the attached maple sheet**

b) 
Do some further experimentation and try to decide whether the 3n+1 algorithm always terminates and, if so, what value (s) it terminates at.



**Please see the attached maple sheet**

c) 
Let L(n) be the length of the algorithm for starting value n (assuming that it terminates, of course) For example, L95)=6 and L(7)=17. Show that if n=8k+4 then L(n)=L(n+1). (Hint: What does the algorithm do to the starting values 8k+4 and 8k+5?).

Our first idea was to plug in values for k and see what happens:

k=1

8k+4=12 Now apply 3n+1 algorithm starting at 12:

12, 6, 3, 10, 5, 16, 8, 4, 2, 1, …

8k+5=13

13, 40, 20, 10, 5, 16, 85, 4, 2, 1, …

k=2


8k+4=21


20, 10, 5, 16, 8, 4, 2, 1, …


8k+5=21


21, 64, 32, 16, 8, 4, 2, 1, …

k=3


8k+4=28


28, 14, 7, 22, 11, 34, 17, 52, 20, 13, 40, 20, 10, 5, 16, 8, …


8k+5=29


29, 88, 44, 22, 11, 34, 17, …
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We noticed that when the algorithm was applied to each term they kept coming together at the 4th distinct entry. To see why this was happening and if it would always happen, we applied the algorithm directly to 8k+4 and 8k+5:


8k+4 (even), 4k+2 (even), 2k+1 (odd), 6k+4, …


8k+5 (odd), 24k+16 (even), 12k+8 (even), 6k+4, …

So, when 8k+4=n, L(n) and L(n+1) always come together at the 4th entry, so they will always be the same length.

d)
Show that if n=128k+28 then L(n)=L(n+1)=L(n+2).


Again, we started by plugging in a value for k and seeing what happened:


k=1



128k+28=156



156, 78, 39, 118, 59, 178, 89, 268, 134, 67, 202, 101, 304, …



128k+19=157



157, 472, 236, 118, 59, 178, 89, 268, 134, 67, 202, 101, 304, …



130k+30=158



158, 79, 238, 119, 358, 179, 538, 269, 808, 404, 202, 101, …

In this case, the algorithm for n and n+1 came together at the 4th entry again, but it wasn’t until the 11th entry that n, n+1, and n+2 all acme together to be the same entry. Again, we applied the algorithm directly to 128k+28, 128k+29, and 128k+30 to see if this will always work:

128k+28, 64k+14, 32k+7, 96k+22, 48k+11, 144k+34, 72k+17, 216k+52, 108k+26, 54k+13, 162k+40, …

128k+29, 384k+88, 192k+44, 96k+22, …, 162k+40

128k+30, 64k+15, 192k+46, 96k+23, 288k+70, 144k+35, 432k+106, 216k+53, 648k+160,324k+80,162k+40, …

So , when n=128k+28, L(n), L(n+1), and L(n+2) always come together at the 11th entry, so they will always be the same length.
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e) 
Find some other conditions, similar to those in c) and d) for which consecutive values of n have the same length.


For this part, we observed that the relation between 8k+4 and 128k +28 to try to figure out another n value for which L9n)=L(n+1)=L(n+2). We noticed:



8k*16=128k



4*7=28


From this data we decided to multiply 128k by 16, and 28 by 7 to see if that would give us a desired n value:



128k*16=2048k



28*7=196


If n=2048k+196, n+1=2048k+197, n+2=2048k+198. We can apply the algorithm:


2048k+196, 1024k+98, 512k+49, 1536k+148, 768k+74, 384k+37, 1152k+112, …



2048k+197, 6144k+592, 3072k+296, 1536k+148, 768k+74, …, 1152k+12, …



2048k+198, 1024k+99, 3072k+298, 1536k+149, 4608k+448, 2304k+244, 1152k+112, …


This showed us that our conditions worked to give us a new n=2048k+196 for which L(n)=L(n+1)=L(n+2).
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Extentsion: 
For our extension, we thought about the conditions we found in part e) and how we found them. With our first n=8k+4, we found L(n)=L(n+1). When we multiplied 8k by 16 and 4 by 28, we found L(n)=L(n+1)=L(n+2). Then, in part e) we multiplied 8 by 16^2 and 4 by 7^2 to get another n for which L(n)=L(n+1)=L(n+2). We wondered if the last n value we found (n=2048k+196) could go one step further and give us L(n)=L(n+1)=L(n+2)=L(n+3).


First we found L(n) for n=8k+6 with k=1:


14, 7, 22, 11, 34, 17, 52, 26, 13, 40, 21, 10, 5, 16, 8, 4, 2, 1, …


This showed that for n=8k+4, L(n)=L(n+1) does not equal L(n+2)


Then looking at n=128k+31 with k=1, we found L(n):


159, 478, 239, 718, 359, 1078, 539, 1618, 809, 2428, 1214, 607, 1822,…


This showed that for n=128k+28 L(n)=L(n+1)=L(n+2) does not equal L(n+3). 

We claim that: 


For n=2048k+196, L(n)=L(n+1)=L(n+2)=L(n+3)


We already know that L(n)=L(n+1)=L(n+2) for n=2048k+196 from part e), so we only need to see if n and n+3 come together at the same entry. 


For n =2048k+196:


2048k+196, 1024k+98, 512k+49, 1536k+148, 768k+74, 384k+37, 1152k+112, 576k+56, 288k+28, 144k+14, 72k+7, 216k+22, 108k+11, 324k+34, 162k+17, 486k+52, 243k+26, …


243k+26 is the 17th entry for n=2048k+196, and it can be even or odd, so we can not continue any further with the algorithm.


For n+3=2048k+199


2048k+199, 6144k+598, 3072k+299, 9216k+898, 4608k+449, 13824k+1348, 6912k+674, 3456k+337, 10368k+1012, 5184k+506, 2592k+253, 7776k+760, 3888k+380, 1944k+190, 972k+95, 2916k+286, 1458k+143, …
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By the 17th entry for n+3 when n=2048k+196, we do not have any entries in common between the two sequences. It seems safe to say that L(n) does not equal L(n+3) in this case, but I don’t think that we proved it quite yet. 
