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Question: The “3n + 1 algorithm” works as follows. Start with any number n. If n is even, divide by 2. If n is odd, replace it with 3n + 1. Repeat. In these cases, we end up repeating some number a that appeared earlier in our list, in which case the block of numbers between the two a’s will repeat indefinitely. Therefore we say that the algorithm terminates at the last non-repeated value, and the number of distinct entries in the list is called the length of the algorithm. 


A) Find the length and terminating value of the 3n + 1 algorithm for each of the following values of n: 



i) n = 21





   = 21





3(21) +1 = 64



64/2
   = 32



32/2
   = 16



16/2        = 8



8/2
   = 4



4/2
   = 2



2/2
   = 1



3(1) + 1  = 4




4/2
   = 2




2/2
   = 1


Therefore you can see that since 21 is odd we multiply by 3 and add 1. Then 64 is even so we divide by 2, and so forth. Then at the end, the number “4,2,1" kept repeating, so the algorithm is terminated at 1. Then the length is determined by all the non-repeated numbers (in bold) and the length is 8.



ii) n = 13





   = 13




3(13) +1 = 40




40/2
   = 20




20/2
   = 10




10/2
   = 5




3(5) +1   = 16




16/2
   = 8




8/2
   = 4




4/2
   = 2




2/2
   =1


Therefore again we can see from above that the pattern once it hits 1 will just continue with “4,2,1" so the terminating value is 1. The length again is all the number that are non-repeated, so the length is 10.



iii) n = 31



31, 94, 47, 142, 71, 214, 107, 322, 161, 484, 242, 121, 364, 182, 91, 274, 137, 412, 206, 103, 310, 155, 466, 233, 700, 350, 175, 526, 263, 790, 395, 1186, 593, 1780, 890, 445, 1336, 668, 334, 167, 502, 251, 754, 377, 1132, 566, 283, 850, 425, 1276, 638, 319, 958, 479, 1438, 719, 2158, 1079, 3238, 1619, 4858, 2429, 7288, 3644, 1822, 911, 2734, 1367, 4102, 2051, 6154, 3077, 9232, 4616, 2308, 1154, 577, 1732, 866, 433, 1300, 650, 325, 976, 488, 244, 122, 61, 184, 92, 46, 23, 70, 35, 106, 53, 160, 80, 40, 20, 10, 5, 16, 8, 4, 2, 1


Again the terminating number is 1, and the length of the algorithm is 108. 


B) Do some further experimentation and try to decide whether 3n + 1 algorithm always terminates and if so what values it terminates at. 


n = 22


22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1 , 4, 2 , 1


n = 32


32, 16, 8, 4, 2, 1, 4, 2, 1


n = 100

100, 50, 25, 76, 38, 19, 58, 29, 88, 44, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1, 4, 2, 1


We found that 3n + 1 algorithm always terminates, and it always terminates at 1. Once the algorithm hits 1, it just repeats “4, 2, 1" like we said earlier. 


C) Let L(n) be the length of the algorithm for starting value n. Show that if n= 8k + 4 then L(n) = L(n + 1).  Starting with 8k + 4 as n, we start with an even number.


n = 8k + 4


(8k + 4)/2 = (4k + 2)/2 = (2k +1) * 3 + 1 = (6k + 4)/2 = 3k + 2

3k + 1 is where this algorithm terminates because we no longer can conclude whether the answer will be even or odd because the constant is odd. Therefore the length of the algorithm is 5 plus the rest. If it was even we can decide by the additional number but in this case 3k + 1 is where it ends. Now let’s see if it’s the same for 8k + 5 which is starting with an odd number.


n = 8k + 5


(8k + 5) * 3 + 1= (24k + 16)/2 = (12k + 8)/2 = (6k + 4)/2 = 3k + 2. 

Again we receive the same answer, showing that L(n) = L(n + 1) because L(8k + 4) = L(8k + 4) +1.   Therefore again the length is 5 plus the rest, and in both cases the rest will be equal. 


D) Show that if n = 128k + 28 then L(n) = L(n + 1) = L(n+2).


L(n)= L(128k + 28)



128k + 28, 64k + 14, 32k + 7, 96k + 22, 48k + 11, 144k + 34, 72k + 17, 216k + 52, 108k + 26, 54k + 13, 162k + 40.


L(n + 1) = L(128k + 29)



128k + 29, 384k + 88, 192k + 44, 96k + 22,  48k + 11, 144k + 34, 72k + 17, 216k + 52, 108k + 26, 54k + 13, 162k + 40. 


L(n + 2) = L(128k + 30)



128k + 30, 64k + 15, 192k + 46, 96k + 23, 288k + 70, 144k + 35, 423k + 106, 216k + 53, 648 k + 160, 324k + 80, 162k + 40.


Each of L(n), L(n+1), and L(n+2) reach the term 162k+40 after 11 computations.  There is no need to go further because no matter what k is, each answer will be exactly the same from 11 places on.  Therefore no matter how many more calculations it takes to reach the answer, the length will be the same for all three.

E) Find other conditions, similar to those in c and d for which consecutive values of n have the same length.


We found that any condition where the coefficient is 8 times a multiple of 16, with adding a number value that is 4 times a multiple of 7 will calculate values of n with the same length. 

L(n) = 2048k+196

2048k+196, 1024k+98, 512k+49, 1536k+148, 768k+74, 384k+37, 1152k+112
L(n+1) = 2048k+197


2048k+197, 6144k+592, 3072k+296, 1536k+148, 768k+74, 384k+77, 1152k+112
L(n+2) = 2048k+198


2048k+198, 1024k+99, 3072k+298, 1536k+149, 4608k+448, 2304k+224, 1152k+112

Each of L(n), L(n+1), and L(n+2) in this example result in 1152k+112 at the 7th term.

EXTENSION


Is there a pattern using the algorithm 5n+1, where an even number is divided by 2, and an odd number is multiplied by 5 and added to 1?

We tried this pattern for various different values of n:

n=3

3,16,8,4,2,1,6,3,16,8,4,2,1,6,3,16,8,4,2,1,6,3,16,8…

n=4

4,2,1,6,3,16,8,4,2,1,6,3,16,8,4,2,1,6,3,16,8,4…

n=5

5,26,13,66,33,166,83,416,208,104,52,26,13,66,33,166,83,416,208,104,52,26,13…
n=6

6,3,16, 8,4,2,1,6,3,16,8,4,2,1,6,3,16,8,4,2,1,6,3,16…

n=7

7,36,18,9,28,14,7, 36,18,9,28,14,7, 36,18,9,28,14,7,36,18…

n=8

8,4,2,1,6,3,16,8,4,2,1,6,3,16, 8,4,2,1,6,3,16,8,4,2,1,6,3…
n=10

10,5,26,13,66,33,166,83,416,208,104,52,26,13,66,33,166,83,416,208,104,52,26,13…

We noticed that in each of these examples, there is a repeating sequence.  In the cases of n=3,4,6,7, and 8, the sequence starts with n and repeats over and over.  For n=5 and n=10, however, the n value is excluded after the first round of the sequence.
