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Our Ported Parametrized separator-strong Tutte Equations

> T(G) =xeT(G/e) +y.T(G\e)
if e is a non-separator and e & P.
» T(G) =X.T(G/e) if e is a coloop (isthmus) and e & P.
» T(G)=Y.T(G\e)if eisaloopande¢gP.
Zaslavsky, Bollobas-Riordan, Ellis-Monaghan-Traldi; P # () (sdc).

The Famous Tutte Polynomial

Take P=0, xe = ye =1, Xe = X and Y. = Y for all e,
define T(0) = 1:

T(G)(X,Y) is then a well-defined polynomial in X, Y.

Theorem (Tutte, Brylawski)

T(X,Y)= Z X Internal Activity(B) ys External Activity(B)
Bases BCE

independently of E's order used to define the activities.



Reminder about Activities

Given a linear order on E,
Given a basis B (spanning tree if G is connected):
» e ¢ B is externally active if e is the smallest element of the
(unique) circuit in BU {e}.
» e € B is internally active if e is the smallest element of the
(unique) cocircuit in E'\ B U {e}.
> Internal (External) Activity(B) is the number of internally
(externally) active elements.
Huh?? We will get intuition for this and extend it with P # () with
a Tutte (Computation) Tree (Gordon-MacMahon) view.

H. Crapo also proved the well-definedness of the Tutte polynomial
from its corank-nullity polynomial expression. But that doesn't
fully generalize to parametrized Tutte functions (Zaslavsky).



T (2 — circuit) is not defined unless...

Xe YF + YeXr = x¢ Ye + yrXe

s s

e A
Of f » e
e
Xe Yf yeXf Xf Ye )/er

These are Tutte (computation) trees, defined formally and used by
Gordon-MacMahon to study Tutte polynomials of greedoids, where
sometimes, the same element order cannot be used under each
branch.

A Detail
T (loop matroid on e) = Y. T(((empty matroid)), etc. so the real
ZBR condition is

T((Z))(Xe Yr+ YeXf) = T(@)(Xf Ye + Yer)



Problems: 2nd ZBR-type and 1st for P # ()
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More Problems..., 2nd for P # ()
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Solution—Setup

When do recursive equations have a solution?

“Have a solution” here means “Every calculation of T(G) using
the Tutte equations and initial values on members of F gives the
same answer.

Definition (Sep. Strong Ported Parametrized Tutte Function)

Let P be a set and F be a family of graphs, oriented matroids or
matroids that is closed under deletion and contraction of elements
not in P. Deletion of loops and contraction of coloops is allowed.
Let ring R elements X, Ye, xe and y. (for each e ¢ P) and
R—module elements /(Q) for every Q € F with Q over elements
of P only also be given.

This structure has a Tutte function if and only if the Ported
Parametrized Tutte Equations have (a necessarilly unique) solution
over all of F.

The X, Ye, Xe, Ye and /(Q) are called parameters and initial values.



Solution—Theorem

Theorem (After Zaslavsky, Bollobas-Riordan,
Ellis-Monaghan-Traldi)

F and values as above has a Tutte function iff the following
equations are satisfied whenever they arise from a member G € F:
1. Suppose G = Q & G’ where S(Q) C P.
1.1 With G’ a 2-circuit {e, f} (and so 2-cocircuit too),
H(Q)(xe Yr + yeXr) = 1(Q)(xr Ye + yr Xe).
1.2 With G’ a 3-circuit {e,f, g},
1(Q)Xg(xeyr + yeXr) = 1(Q) Xg(xrye + yrXe).
1.3 With G’ a 3-cocircuit {e,f, g},
H(Q)Ye(xe Y+ yexr) = 1(Q) Ye(xr Ye + yrxe).
These generalize the 3 ZBR equations merely by replacing
1(0) with 1(Q).
2. With {e, f} = E in series and not isolated (from P),
I(G/e\ F)(xeyr +yeXe) = 1(G/e\ F)(xrye + yrXe).
3. With {e, f} = E in parallel and not isolated,
I(G/e\ F)(xeYr + yexr) = 1(G/e\ F)(xrYe + yrxe).



Proof Outline

Ported ZBR equations are necessary

Consider the 1 + 4 matroid/graph classes with E(G) = {e, f} or
E(G) ={e,f,g}, where E(G) = S(G) \ P, corresponding to the 5
ZBR conditions.

For each, show (as I illustrated before) that assuming certain pairs
of computations of T(G) give equal results implies the condition.

Ported ZBR equations are sufficient

Induction: Assume G is a minimum |E(G)| counter example,
where E(G) = S(G) \ P. So: T(G/e) and T(G\ e) are
well-defined from the Tutte Equations for every e € E(G).

Lemma (Zaslavsky) shows all of E(G) is a series class or a parallel
class.

The relevent Tutte equations

(Is E isolated? Or is E connected to some of P?)

show there's a smaller E counterexample.



Some Details

> |E| > 2.
» No e € E is a separator in G.
» For no e, f € E(G) is this a Tutte tree:

The Tutte Tree formalism here
Gle G\e means e is a non-separator in G
and f is a non-separator in both

G/eand G\ e.

Gle/ff Gle\f G\e/f G\e\f

» Lemmas: Each e € E(G),f € E(G), e # f, is series pair or a
parallel pair.
e, f parallel and f, g series is impossible.
So all of E is a series class or is a parallel class.



Tutte (Computation) Trees and Internal /External Activities

A P-subbasis T C E(G) (“contracting set” [Diao-Hetyei]) is an
independent set (forest) for which T U P is spanning.

Path 7 contributes

[G'| P]x!P(T) EP(T) X IA(T) y EA(T)

to our Tutte Poly.

path m
only non-seps. del2or contr:

G'=G/IP(T)\EP(T)
E is partitioned: T =IP(T)UIA(T), E\T = EP(T)U EA(T).
IP(T) = {elements contracted along 7}.

EP(T) = {elements deleted along 7}.

In G, IA(T) is all coloops, EA(T) is all loops.

2F is partitioned into intervals {[X7, Y7]|P — subbasis T},

X7 =IP(T) C (T = IP(T)UIA(T)) C (T UEA(T)) = Yr.

All is determined by the Tutte tree, NOT an element order!



Tutte Polynomials and Activities

1. When the conditions in our P-ported ZBR theorem are
satisfied, all Tutte trees yield the same value in the R-module,
called THE Tutte polynomial (because trees«—computations.)
This value has multiple polynomial expressions.

2. The P-quotient [G/IP(T)|P] in the term contributed by
P-subbasis T is determined by the internally passive elements
of T.



P-subbasis (Spanning Tree) Polynomial

Tp(G)= > [G/TIPIXyE\T = >~ [G/IP(T)|PIxTyE\T
T:P—subbasis T:P—subbasis

with notation: z° = H ze(z=xor y).
ecS

Remark: If G is a tree, then E is the one P-subbasis, IP(E) = ()
and IA(E) = E.

T(G) =xT(G/e)+ y.T(G\ e) if e ¢ P is a non-separator.

T(G)=yT(G\e) if e Pis a loop.
T(G) = xcT(G/e) if e is an isthmus.

To enumerate the spanning trees in E, set

[all loops] <1 and [other P-quotients] < O



P-ported Forest Polynomial

Fe)= )  [G6/FIPKX"

FCE:F is a forest

The > xF coefficient of each [Q] variable enumerates a class of
forests. Examples: [/QaQ] — F spans both p and g; [Pld]] — F
spans neither p nor g.

F(G)= Y [6/TIPIXP(1 4 x)AT)
T:P—subbasis
= > [G/IP(T)PPT N~ XF
T:P—subbasis FCIA(T)
where (1 + x)° = H(l + Xe)
ecS

F(G) =xF(G/e)+ F(G\ e) if e P is a non-separator.
F(G)=F(G\e) ifeg Pis a loop.
F(G)=(1+x.)F(G/e) if e € P is an isthmus.



Spanning Tree polys solve Equations of Kirchhoff and Ohm

Variables _
For each e € E(G) ve or v, is the voltage drop across e or p;

orpec P, le OF ip is the current flow through e or p.
Equations

For some (unimodular) basis for the cocycle space (KL or p):
Jj=1,...,rank(G), 0 net flow across cuts:

Zkéie + Z k{;ip =0 forj=1,...,rank(G).

ecE peP

For some (unimodular) basis for the cycle space (¢!, o)

h=1,...,nullity(G), 0 sum of diffs. of potential around cycles:

Zc:ve + Z c[,’vp =0for h=1,..., nullity(G).
ecE peP

Foreache € E: XeVe — Yele =0
Physical Conductance = x, : Y., Resistance = y, : xe



Matrix M:Flow, Potential Egs. (Kirchhoff's) and Ohm's
2n + 2k ‘

‘/el le, V61 Ve, /P1 lPk Vpl Vpki ,,,,,,

””””” Coc.
COCYCI_e ~n=|E| -Matr.* = |Pt raTnk(G)
Matrix 0 cont’d 0

n+ kK Cyecle Cyc.
Matr.| null(G)

cont’d

~n=|E|— sk = |Pt
0 Matrix 0

k | diag(y.) | —diag(xe) | n=|E]|




Solution using Determinants

Let us apply current ip, through port edge pg, leave the other
ports “open” (means ip, =0, v # [3) and determine what is
voltage drop v, across port p,.

Mlleys -y leys Veys oo Vews Vipyooos pgsooes Vil
Vpo = — ’ IP,B
Mlley, ... ley, Vers oos Veps Vpr ooty Vi oy Vi, ]
In short: Coefficients in the linear relationships among port voltage
and current variables are ratios of full-rowed minors of M, all with
> k = |P| of the 2k column labels Iy, ..., I, , Vo, ..., Vp,.
» All 2n = 2|E| column labels /g, ..., le,, Ve, -, Ve

Theorem

Each of these minors (with carefully defined sign) satisfies the
P-ported parametrized Tutte equations.

Remark: Ratios of these minors with numerator gotten by
replacing more than one denominator label are higher order minors
of a square matrix relating some k port variables with some k port
variables.



Why the Tutte equations? Sketch

The last row is (0---0ye,0- -+ — x,0---0).
So, each minor can be written

—Xe,(a (2n+ k — 1) by (2n+ k — 1) minor)

+Ye,(a (2n+ 2k — 1) by (2n+ k — 1) minor)

In the first minor, the column for e, of the cycle matrix was
deleted.

Do row operations so the column for e, of the cocycle matrix
becomes (1,0,---,0)".

The resulting matrix corresponds to G/e,. The other minor
corresponds to G\ ep.



Application: Rayleigh ldentity, “Neg. Spanning Tree
Correlation”

Tg

. or o7 .

e(G) is equivalent conductance across e. Rayleigh: 0 < —2 = %/
dgr  Ogr

is equivalent to

0T 0T6)e
0= ogr ¢/ ' C g

=Tc/rTGre— TcTge/f
In fact,

2
Te/fTere = TG Tgresr = <TcJ;r/e & G/f TG/e & G/f)

:t .
TG /e & G/¢ €numerate the - common spanning trees.



Known Partial and Full Combinatorial Proofs

2
TeipTere = TaTGre/r = <T(J§r/e &6/f~ Tglew G/f)

:l: .
TG/e & G/f enumerate the £ common spanning trees.

Choe (2004) proved essentially this using the vertex-based
all-minors matrix tree theorem, combinatorial cases and Jacobi's
theorem relating the minors of a matrix to the minors of its
inverse..

Cibulka, Hladky, Lacroix and Wagner (2008) gave a completely
bijective proof that utilizes some natural 2:2 and 2:1
correspondances.

Difficulty: Some terms on the left cancel and some reduce to terms
with coefficients £2.



Linear Alg./Oriented Matroid Proof of Rayleigh's Identity

Let R be the transfer resistance matrix for 2 ports across e and f.
Our result implies that

R, Rer 7_G/e/f'
detR = ee €
’ Rfe  Re Te
It and better-known results tell us
+ —
TG/e Ter Terea it~ TGrea )t
ee TG ff TG ef fe TG

2
_ (Tt - :
TeipTere = TaTGre/r = (TG/e g c/f Tglee G/f) 1S
immediate after substituting these into

det R = Ree R — (Ref)2

The + follows from physical grounds if the gg, re > 0. Our
characterization and proof are combinatorial.



New Rayleigh's Identities!

The same method generates identities from

Ree Ref Reg T

G/e/f
Re R# Re |= +7{I'/ /s
Ree Rgf Reg ¢

ETC...

(Applications??7?)

Might the same methods address a much harder problem: The
same inequality for forests instead of spanning trees?



Negative Correlation in Forests Conjecture
Conjecture[Grimmett-Winker, Kahn and Pemantle]: For every pair
of edges p, q in a graph, let F, (F4) enumerate all forests with p
(q resp.), Fpq enumerate those with both p and g, and F
enumerate all forests.

FoFq — FFpog > 0 if Xe, Xp, xq > 0 for all e € E and p, q

Consider random forests, take for e, p, q: xe = Pr(e)/(1 — Pr(e)).

F,Fqy F
Corr(p € RF,q € RF) = 1<FF ,Zq)

FpFq — FFpq
XpXq

By calculation: W(G) = ]';I};I - fallj';IqI =

Example where the conjecture is true: If p and g are in series, then
fI = fqi = fa” and ﬁIqI = Fa” — ff;oq, SO

p

W(G) = FanFan — Fan(Fan — J;Oq) = Fanfyq = 0



Wagner's Conjectured Formula

W(G) = Tyl = Faunliy =7 3 x* (L 447)

For each A C E, the sum is over (some?) forests L, LN A =), for
which there is some B C L, AUBU{p, g} is a circuit.

We call AU BU{p, g} a linking circuit. The signs are related to
the relative orientations of p and g in the linking circuit.

W?(G) denotes Wagner's formula. Since LN A = (), any x2 can
only come from one or more (3" - --)? expressions.

We sketch a P-ported Tutte decomposition approach to the
conjecture. (It remains unproven.)



Towards Tutte Decompositions for p, g-in-Forest
Correlation

W(C) =TT = Fandy

Each of the four Fg satisfy separator-strong P-ported Tutte
equations with P = {p, q}:

Fr(G) = xeFr(G/e) + Fr(G \ &) for non-sep. e € E.
Fr(G) = xeFr(G/e) for isthmus e Fr(G) = Fr(G\e) for loop e.
Therefore;

W(G) = W(G\ e)+x2W(G/e) +x.B(G/e, G\ e)
Where:
B(G1, G2) = T4(61)74(G2) + T3(61) 73 (G2)
- a||(G1)};IqI(G2) JEI‘?I(G 1)Fan(Gz)



Towards Tutte Decompositions...

W(G) = W(G \ e) +xW(G/e) + xeB(G/e, G \ e)
Where B(Gy, G2) = 7‘,:1(@1)7‘;1(@2) +'7';,I(G1)};I(G2)
— all(Gl)J';IqI(Gz) — ﬁIqI(Gl)fan(Gz)
B(Gi, G2) = xeB(Gi/e, Go)+B(Gi\e, Go) if e & {p, q} is non-sep. in G;.
B(Gi1, Gp) = (xe+1)B(Gi/e, Gy) if e € {p, q} is an isthmus in G;.
B(Gi1, G2) = B(G1 \ e, G) if e € {p,q} is a loop in G;.

And similarly for G;.

Values on indecomposibles: W(qu) =1, W( 4 others) = 0.
Values of B on pairs of indecomposibles are expressed in a
symmetric bx5 table.



An Approach to an Inductive Proof

Verify W(G) = W’(G) for small cases. Use induction to verify
W(G) = W’(G) for separable G.

W(G) = x2W(G/e) + W(G \ e) + x.B(G/e, G \ e)
= (by induction) x2W*(G/e) + W (G \ e) + x.B(G/e, G \ e)
From a combinatorial definition (of o(A, L1, L) = 0¢)

WI(E) = XA = Lo 3 (ol L))

ACE ACE L1,Lo,CE\A

extract a combinatorial description of the terms with degree 1 in
Xe. There are 3 kinds: xe in x*, xe in x, xe in xt2. This will be
completed to a proof if we verify (combinatorially) that all
non-separable G:

B(G/e, G\ e) = 8|/|3X£G)|X€:O



Bi-Tutte Decomposition for B

Remember, B is well defined and

B(G/e, G\e) = > xFixF2B(G/e/Fi|P, G\ e/F>|P).

F1,F>: forests in E

Since B(G/e/F1|P, G\e/F:|P) = B(G/Fi/e|P, G/F\e|P) =
B((G/Fi|PUe)/e,(G/F2|PUe)\e), we can use ONE

{p, q, e}-ported Tutte tree, and then at each leaf labelled by Q,
append at most two branches, “Left” for Q/e and “Right” for
Q\e

The monomials have the form ca gx . There are at most 2|8l
Left/Right pairs of new leaves (Q./e, Qr \ €); the pair contributes
B(QL/e, Qr \ e) to ca B-

This at least helps us extract the coefficients of particular terms,
and how various partitions of B contribute....

2AXB
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