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Nonlinear bounce-gyrocenter Hamilton equations for full electromagnetic field fluctuations in
general magnetic geometry are derived by the phase-space Lagrangian Lie-perturbation method.
These reduced dynamical equations can be used to follow the orbits of magnetically trapped charged
particles in the presence of low-frequency electromagnetic fluctuations in magnetic-field geometries
suitable for applications in fusion and space plasma physics. ©2000 American Institute of
Physics.@S1070-664X~00!01308-2#
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I. INTRODUCTION

The magnetic confinement of charged particles imp
the existence of orbits enclosed within a compact volume
space, which in turn generically allows the existence of th
orbital frequencies.1 The first of these orbital frequencie
called the gyrofrequency~denotedvc!, exists even in uni-
form ~unconfining! magnetic fields and describes the gyr
tion of a charged particle about a single magnetic field li
The second orbital frequency, called the bounce freque
~denotedvb!, requires longitudinal confinement along ma
netic field lines~due to nonuniformity parallel to the field
lines! and describes oscillations in the parallel componen
the particle’s velocity, which vanishes at turning points alo
the trapped-particle orbit. Although certain magnetic geom
etries~e.g., axisymmetric tokamak geometry!2 allow for the
existence of confined, untrapped~or circulating! charged par-
ticles whose parallel velocity exhibit oscillatory behavi
about a nonvanishing value, we focus our attention only
trapped-particle orbits in the present work. The third orb
frequency, called the drift-precession frequency~denoted
vd!, describes the periodic drift motion across magnetic fi
lines~e.g., due to magnetic curvature!. In general, these thre
orbital frequencies are widely separated~for a single particle
species!, with vc@vb@vd .

When the characteristic time scale of interest~denotedt!
is much longer than the gyroperiod~i.e., when the particle
has executed many gyration cycles during timet!, the fast
gyration angle can be asymptotically removed from the p
ticle’s orbital dynamics and a corresponding adiabatic inv
ant ~the magnetic momentm! can be constructed.1 The re-
sulting guiding-centerdynamics takes place in a reduce
four-dimensional phase space with noncanonical coordin
(X,pi), whereX denotes the particle’s guiding-center po
tion andpi denotes its parallel kinetic momentum. Guidin
center dynamics has been shown to possess a
canonical Hamiltonian structure,3,4 i.e., Ẋ[$X, Hgc%gc and
ṗi[$pi , Hgc%gc are expressed in terms of a guiding-cen
Hamiltonian functionHgc and a noncanonical guiding-cent
Poisson bracket$ %gc; here and throughout the paper, a d
denotes a time derivative.

When the characteristic time scalet is also much longer
3231070-664X/2000/7(8)/3238/9/$17.00
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than the bounce period~i.e., when the particle has execute
many bounce cycles during timet!, the fast bounce angle
can be asymptotically removed from the particle’s orbi
dynamics and a corresponding adiabatic invariant~the longi-
tudinal or bounce actionJ! can be constructed. The resultin
bounce-averaged guiding-centerdynamics takes place in
reduced two-dimensional phase space with spatial coo
nates (y1,y2), where each coordinateya ~with a51 or 2!
satisfies the conditionB"“ya50; the coordinates (y1,y2)
are known as magnetic field linelabels. Bounce-averaged
guiding-center dynamics in static magnetic fields has a
been shown to possess a canonical Hamiltonian struct5

~see Sec. III!.
In the present paper we are interested in construc

nonlinear Hamilton equations for charged particles in
presence of low-frequency electromagnetic fluctuations w
characteristic mode frequencyv[2p/t such that

vd , v!vb!vc , ~1!

i.e., the characteristic time scale is much longer than
gyration and bounce orbital time scales. This time-scale
dering thus allows the removal of the fast gyration a
bounce angles, i.e., the reduced dynamics preserves th
variance of the magnetic momentm and the bounce actionJ.

In deriving these reduced equations, we introduce t
different orderings represented by the small dimension
parametersed andev . The first small parameter (ed) repre-
sents the ratio of the fast bounce-motion time scale to
slow drift-motion time scale in a nonuniform backgroun
magnetic field~i.e., vd!vb!. The second small paramete
(ev) represents the ratio of the fast bounce-time scale to
slow characteristic time scale associated with electrom
netic field perturbations~i.e., v!vb!. Such perturbation
fields, whose amplitudes are represented by the dimens
less ordering parametered , have characteristic frequencyv
and characteristic parallel and perpendicular wave numb
ki andk' , respectively, with respect to the background ma
netic field. The reduced Hamilton equations derived h
contain terms up to ordered

2 .
In the present paper, we ignore finite-Larmor-radius

fects associated with the electromagnetic field perturbati
8 © 2000 American Institute of Physics

pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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~i.e., we take the limit of small gyroradius,k'
2 r2!1!, and we

refrain from ordering the perpendicular and parallel wa
numbers, sinceki /k' may not be small. Next, we ignor
relativistic effects even if these effects might be relevant
certain class of trapped particles; nonlinear relativistic gy
kinetic equations have recently been derived,6 and future
work will undoubtedly focus on the derivation of nonline
relativistic bounce dynamics. We also ignore any ba
ground static electric fields, i.e., any electric field is au
matically viewed as the result of electromagnetic field flu
tuations.

We adopt a two-step transformation scheme. First,
bounce-angle dependence due to the background~static!
magnetic field is asymptotically eliminated with the help
the bounce-averaged guiding-center~bgc! transformation; in
the process, a bounce-action adiabatic invariant is c
structed as an asymptotic expansion in powers ofed . Next,
low-frequency electromagnetic field fluctuations are int
duced into the unperturbed bgc phase-space Lagrang
These perturbations reintroduce bounce-angle dependen
the bgc phase-space Lagrangian and thus the bgc bo
action is no longer invariant. To construct a new boun
action invariant, we proceed with the bounce-averaged g
center ~bgy! phase-space transformation which asympto
cally eliminates the bounce-angle dependence introduce
the field perturbations. In this process, a new bgy boun
action adiabatic invariant is constructed as an asymptotic
pansion in powers ofed .

The remainder of this paper is organized as follows.
Sec. II, we present the mathematical foundations for the c
struction of general magnetic geometries. The notation in
duced in this section will be used throughout the paper
Sec. III, the Hamiltonian theory of bounce-guiding-cen
motion in static magnetic geometry is presented; only res
are presented and the reader is refered to the original wor
Littlejohn5 for further details. Magnetic coordinates intro
duced in Sec. II are used here to describe the unpertu
bounce and drift motions.

In Sec. IV, electromagnetic field perturbations are int
duced and shown to destroy the adiabatic invariance of
unperturbed bounce action by re-introducing bounce-an
dependence in the perturbed bounce guiding-center Ha
tonian system. Here, the electromagnetic field fluctuati
are represented by the perturbed scalar potentialdf, the par-
allel component of the perturbed vector potentialdAi , and
the parallel component of the perturbed magnetic fielddBi .
The phase-space Lagrangian Lie-perturbation method7 is
used to remove this new bounce-angle dependence and
struct new bounce-gyrocenter coordinates. In particular,
new bounce-gyrocenter action is preserved by the pertu
bounce-averaged Hamiltonian dynamics. Section V sum
rizes our work and discusses possible applications in fus
and space plasma physics. Last, the Appendix presents
important magnetic geometries: the axisymmetric tokam
geometry~for fusion plasma applications! and the distorted
dipole geometry~for space plasma applications!.
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II. MAGNETIC FIELD GEOMETRY

This section focuses on the general representation
magnetic fields in terms of Euler and Clebsch potentials
introduces the definition of magnetic geometries in terms
magnetic coordinates. After having read this section,
reader may consult the Appendix for explicit examples
magnetic geometries suitable for applications in fusion a
space plasma physics.

A. Magnetic field representations

In general, a magnetic field is divergenceless and can
written ~at least locally! as

B[“jÃ“c, ~2!

wherej andc are called Euler potentials.8 According to~2!,
each magnetic field line is labeled byc andj ~sinceB"“c
505B"“j), and the magnetic vector potentialA ~with B
[“ÃA! can be written as

A[ 1
2~j “c2c “j!1“a, ~3!

where the gauge functiona ~which may be multivalued! is
involved in the definition of magnetic helicityA"B5B"“a.
Since the gauge term“a does not play a role in what fol
lows @see the discussion following~12!#, however, we hence
forth omit it.

Another useful representation for the magnetic field
the covariant~Clebsch! representation

B[(
i

l i “x i , ~4!

where (l i ,x i) are Clebsch potentials9 ~here the indexi goes
from 1 to 3!; note that these potentials must still satisfy t
condition “"B50. The Clebsch representation is use
when an explicit expression for“ÃB[( i “l iÃ“x i is
known. For example, if“ÃB[0, then the magnetic fieldB
can simply be written asB[“x.

B. Magnetic coordinates and magnetic geometry

1. Magnetic coordinates

The magnetic field representations~2! and ~4! allow the
introduction of the magneticcoordinates C i[(j,c,s),
where j and c are the Euler potentials forB and s is the
spatial coordinate along a magnetic field line:

]X

]s
[b̂[

B

B
. ~5!

Using the notationy[(j,c) for coordinates in the space o
field-line labels~i.e., each magnetic field line is represent
as a point iny space!, the magnetic field~2! and the magnetic
vector potential~3! can also be written as

B[ 1
2hab“yaÃ“yb, A[ 1

2hab ya
“yb, ~6!

where hab is antisymmetric in its indices~with h12511
52 h21!.

To define a magnetic geometry, we require the comp
sets of contravariant basis vectors (]X/]C i) and covariant
basis vectors (“C i). Since the vectors“ya are given in~6!
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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and]X/]s is given by~5!, we only need expressions for“s
and ]X/]ya. In deriving these expressions, we use the
thogonality relations

“C i "
]X

]C j 5d j
i , ~7!

between the contravariant and covariant basis vectors. U
these relations, we obtain the following expression for“s:

“s[b̂2(
a

Ra“ya, ~8a!

where

Ra[b̂"
]X

]ya 5(
i

l i

B

]x i

]ya , ~8b!

while we find for]X/]ya:

]X

]ya [Ra b̂1(
b

hab“ybÃ
B

B2 . ~9!

It is now quite simple to check that the sets (“ya,“s) and
(]X/]ya,]X/]s) satisfy the orthogonality relations~7!.

Next, we construct the parallel gradient operator] i

[b̂"“5]/]s and the perpendicular gradient operator“'[

2 b̂Ã(b̂Ã“), which only hasya components:

]X

]ya "“'[
]

]ya 2Ra

]

]s
[]'a .

Hence the gradient operator can be expressed as“[b̂ ] i

1“ya ]'a . Last, the Jacobian for the transformationX
→(j,c,s) is

]X

]j
Ã

]X

]c
"
]X

]s
[B21[~“jÃ“c"“s!21, ~10!

so thatd3X[B21 d2y ds is the infinitesimal volume elemen
in magnetic coordinates.

2. Magnetic geometry

A magneticgeometryis defined in terms of the magnet
coordinates (c,j,s) and the contravariant and covariant b
sis vectors (]X/]C i) and (“C i), respectively. The
covariant-basis vectors yield the following componentsgi j

[“C i "“C j for the two-contravariant metric tensor:

gab[“ya"“yb,

gas[“ya"“s52gabRb , ~11a!

gss[u“su2511RagabRb ,

where summation over repeated indices is henceforth
sumed, the identityb̂"“ya[0 was used, and~8a! was used
for “s. The contravariant-basis vectors yield the followin
componentsgi j []X/]C i "]X/]C j for the two-covariant
metric tensor:

gab[]X/]ya"]X/]yb5RaRb2B22hacg
cdhdb ,

gas[]X/]ya"]X/]s5Ra , ~11b!

gss[u]X/]su251.
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
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The componentsgi
j[]X/]C i "“C j5d i

j of the mixed metric
tensor are given by the orthogonality relations~7!.

Last, by definition, we have

“C i[gi j
]X

]C j ,
]X

]C i [gi j“C j ,

while “"A[B] i(B
21 Ai), where Ai[A"“C i , and

(“ÃA) i[e i jkB] jAk , whereAi[A"]X/]C i . We note that
the determinant of the two-contravariant metric tensorgi j is
equal toB2, the determinant of the two-covariant metric te
sor gi j is equal toB22, and thatgi j gjk[dk

i . The metric
tensors defined here can then be used to define the mag
geometry~e.g., we can construct Christoffel symbols, etc.!.

III. UNPERTURBED BOUNCE-GUIDING-CENTER
MOTION

In this section, we consider the motion of charged p
ticles in a static nonuniform magnetic fieldB0[B0b̂0 ~the
subscript 0 is used here to distinguish the unperturbed b
ground magnetic field from the fluctuating magnetic fie
dB!. To lowest order inr/LB ~whereLB is the background
magnetic-field length scale!, the unperturbed guiding-cente
phase-space Lagrangian for guiding-center particles~of mass
m and chargeq! is4

g05
q

c
A0"dX1pib̂0"dX2S mB01

pi
2

2mDdt, ~12!

where (X,pi ;m) are the guiding-center reduced phase-sp
coordinates:X[(y,s) gives the guiding-center position i
magnetic-coordinate space,pi5mv i is the parallel guiding-
center momentum, andm is the guiding-center magnetic mo
ment~an exact dynamical invariant in guiding-center Ham
tonian theory!. From ~3! and ~7!, we find

A0"dX[~1/2!haby
a dyb1da,

where the last term comes from the gauge term“a in A0 .
Since the phase-space Lagrangian~12! is only defined up to
an exact derivative, however, we can omit the gauge termda

in A0"dX. Using ~8a!, we also findb̂0"dX[ds1Ra dya.
The unperturbed guiding-center phase-space Lagrangian~12!
can therefore be written as

g05S q

2ced
haby

a1piRbDdyb1pi ds

2S mB0~y,s!1
pi

2

2mDdt

[Fb dyb1pi ds2H0 dt, ~13!

whereed!1 is introduced as an ordering parameter rep
senting the ratio of the fast bounce time scale to the s
drift time scale@see the discussion following~15!#.

From the phase-space Lagrangian~13!, expressed asg0

[L0 dt, the Euler–Lagrange equations associated with
guiding-center LagrangianL0[Fbẏb1piṡ2H0 lead to the
following dynamical equations: the components for t
guiding-center drift velocity are
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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ẏa52edS c/q

11edD Dhab~m]'bB01mv i
2] iRb!, ~14a!

where hab[hab
2152hab and D[(cpi /qB0)b̂0"“Ãb̂0

5(cpi /q)hab]'bRa ; the guiding-center parallel velocit
equation is

v i5 ṡ1Raẏa, ~14b!

and the acceleration of the guiding-center parallel velocit

v̇ i52~m/m!] iB01~v i] iRa!ẏa. ~14c!

We note that the dynamical equations~14a!–~14c! conserve
the particle energyE0[pi

2/2m1mB0 exactly, i.e.,

dE0

dt
5 ẏa~m]'aB01mv i

2] iRa![0, ~14d!

where we used~14a! and the antisymmetry ofhab. Note also
thatv iÞ ṡ since the spatial coordinates (y,s) are nonorthogo-
nal ~i.e., gi j Þ0 for iÞ j !.

A. Preliminary phase-space tranformation

To lowest order in theed ordering, we see that the drif
velocity ~14a! vanishes while~14b! and ~14c! yield

ṡ5v i , v̇ i52~m/m!] iB0 . ~15!

Hence, to lowest order ined , the motion is taking place
along a magnetic field line~labeled byy! and drift motion is
absent. Since the lowest-order bounce equations~15! are ze-
roth order ined while the drift equations are first order, w
see that the parametered is indeed the ratio of the fas
bounce time scale over the slow drift time scale.

Bounce motion thus takes place in the (s,v i) plane
~henceforth known as the bounce plane!, where

v i~s,E0 ,m;y![6A2

m
@E02mB0~s;y!#.

Here,6 refers to the sign ofv i along the magnetic field, i.e.
the particle moves either in the same direction~1! or the
opposite direction ~2! of the magnetic field. If E0

.mB0(s) everywhere along the magnetic field line~i.e., for
fixed y!, the parallel velocityv i exhibits modulations in its
amplitude and its sign is an invariant~i.e., the6 branches
are separated!; such a particle orbit is calledcirculating.

On the other hand, if at some points5s0 along a mag-
netic field line the conditionE05mB0(s0) is satisfied, then
the6 branches coincide atv i50 and the points0 is called a
turning point. The particle bounces from this turning po
~sinceṡ changes sign at that point! and moves back along th
field line until it encounters another turning point, locat
say ats5s1 . Bounce motion is therefore periodic in boths
andv i .

Following a standard procedure in classical mechanic10

one constructs action-angle canonical variables assoc
with this periodic motion. Here, the action-angle coordina
(J,z) associated with periodic bounce motion have the f
lowing lowest-order expressions: For the bounce actionJ,
we find1,5
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
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J~E0 ,m;y![
1

2p R pi~s,E0 ,m;y!ds

5
1

p E
s0

s1A2m@E02mB0~s;y!#ds, ~16a!

where (s0 ,s1) are the turning points wherev i vanishes,
while for the bounce anglez, we find5

z~s,E0 ,m;y![p6vbE
s0

s ds8

A2

m
@E02mB0~s8;y!#

,

~16b!

where z(s5s0)[p for both branches. The bounce fre
quencyvb is defined from~16a! as

vb~y;E0 ,m![S ]J

]E0
D 21

52pS R ds

v i
D 21

. ~16c!

From this expression, we see that the bounce frequencyvb

scales asE0
1/2 in terms of the total energyE0 and also in-

cludes a dependence on the ratiomB̄0(y)/E0 ~related to pitch
angle!, where B̄0(y) is a ~local! minimum value along the
magnetic field line.

We can now proceed to perform the substitution (s,pi)
→(J,z) in the guiding-center phase-space Lagrangian~13!.
First, we note that the transformation (s,pi)→(J,z)[u is
canonical since

]pi

]z

]s

]J
2

]pi

]J

]s

]z
51. ~17!

Next, we note that by definition]s/]ya[0 and, hence, the
parallel spatial coordinates is a function of the bounce
action-angle coordinatesu only: s5s(u). In ~13!, the differ-
ential ds becomesds5]as dua. The unperturbed guiding
center phase-space Lagrangian~13! becomes

g0[S q

2ced
haby

a1piRbDdyb

1S pi

]s

]uaDdua2H0~y,u!dt, ~18!

where H0(y,u)[mB0(y;s(u))1@pi(y,u)#2/2m is the
lowest-order unperturbed guiding-center Hamiltonian a
explicit bounce-angle dependence now appears in~18!. The
unperturbed guiding-center HamiltonianH0 , however, is in-
dependent of the bounce anglez ~to lowest order! since

]H0

]z
[S v i

]pi

]s
1m

]B0

]s D ]s

]z
[0,

where we used the lowest-order expression~15! for the
guiding-center parallel acceleration.

B. Bounce-guiding-center phase-space transformation

Because of its dependence on the field-line labelsy, the
bounce action~16a! is not conserved at ordered @i.e.,
dJ/dt5O(ed)#. To remove the bounce-angle dependence
~18! and construct an asymptotic expansion for the boun
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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action adiabatic invariant, we proceed by performing an
finitesimal phase-space transformation (y,u)→( ȳ,ū), where
the relation between the guiding-center coordinates (y,u)
and the bounce guiding-center~bgc! coordinates (ȳ,ū) is
given in terms of the asymptotic expansions

ya[ ȳa2edG1
a1¯ ,

~19!
ua[ūa2edG1

a1¯ ,

where the componentsGn
a andGn

a of the nth-order generat-
ing vector field are constructed so that the bounce actioJ̄

5J1(k51
n ed

kGk
J is conserved at thenth order, i.e.,dJ̄/dt

5O(ed
n11). The y components of the first-order generatin

vector are5

G1
a52hab

c

q S ]S1

] ȳb 1piRbD , ~20a!

where the gauge functionS1( ȳ,ū) is defined from the rela-
tion

]S1

]ūb [2
hab

2
ūa2pi~ ȳ,ū!

]s

]ūb ~ ū!, ~20b!

with hab antisymmetric in its indices~with h12511!. The
reader is referred to Ref. 5 for further details on the unp
turbed bounce-guiding-center phase-space transforma
since theu components of the first-order generating vec
(G1

a) are not needed in what follows, we omit them here
The purpose of this transformation is thus to remove

bounce-angle dependence at all orders ined . Hence, the un-
perturbed bgc phase-space Lagrangian becomes

ḡ0[
q

2ced
hab ȳa dȳb1 J̄ dz̄2H̄0~ ȳ,J̄;ed!dt, ~21a!

and the unperturbed bgc Hamiltonian is5

H̄0~ ȳ,J̄;ed![H0~ ȳ,J̄!2
ed

2 S vbhabK G1
a

]G1
b

]z̄
L D

1O~ed
2!, ~21b!

where ^ & denotes averaging with respect toz̄. The unper-
turbed bounce guiding-center Poisson bracket is define
terms of two arbitrary functionsF andG on bounce guiding-
center phase space (ȳ,ū) as

$F,G%5
ced

q

]F
] ȳa hab

]G
] ȳb 1

]F
]ūa hab

]G
]ūb , ~21c!

wherehab[hab
2152hab .

From the unperturbed bounce guiding-center Ham
tonian ~21b! and the unperturbed bounce guiding-cen
Poisson bracket~21c!, the unperturbed bounce guiding
center Hamilton equations can now be written as

dȳa

dt
[$ ȳa,H̄0%5edhab

c

q

]H̄0

] ȳb , ~22a!

dJ̄

dt
[$J̄,H̄0%52

]H̄0

]z̄
[0, ~22b!
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
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dz̄

dt
[$z̄,H̄0%5

]H̄0

] J̄
. ~22c!

We note that since the unperturbed bounce guiding-ce
HamiltonianH̄0 is asymptotically independent of the boun
guiding-center anglez̄, the longitudinal bounce guiding
center actionJ̄ is an adiabatic invariant.

Last, we note that the bounce-guiding-center positionȳa

is simply the~bounce-motion! time-averaged position of the
guiding-center positionya, i.e., ȳa[^ya&, where^ & denotes
bounce-angle averaging with respect toz̄, and thus

Lb
a[ya2^ya&52edG1

a~ ȳ,ū!1O~ed
2! ~23!

represents the bounce-angle dependentbounceradius. This
definition of the bounce radius is entirely analogous to
definition of the gyroradius as the difference between
particle position and its~gyromotion! time-averaged posi-
tion, the guiding-center position.

IV. NONLINEAR BOUNCE-CENTER HAMILTON
EQUATIONS

In the presence of electromagnetic field fluctuations,
background magnetic field becomes perturbed. Depend
on the characteristic time scales of the fluctuating fields,
situation typically may lead to the destruction of the guidin
center adiabatic invariantsm and/orJ̄. Here, the electromag
netic field fluctuations are represented by: the perturbed
lar potential df, the parallel component of the perturbe
vector potentialdAi([b̂0"dA), and the parallel componen
of the perturbed magnetic fielddBi([b̂0"“ÃdA). We shall
assume that the characteristic mode frequencyv is much
smaller than the bounce frequencyvb , i.e.,

vb
21 ]

]t
[O~ev!, ~24!

whereev is a small ordering parameter; we henceforth seted

equal to one for clarity.
The perturbed guiding-center phase-space Lagran

can be written as

ḡ5ḡ01edḡ11ed
2ḡ21¯ , ~25!

where the first-order guiding-center phase-space Lagran
is11

ḡ1[S q

c
dĀi

]s

]ūaDdūa2~qdf̄1m̄dB̄i!dt. ~26!

Here, dependence on the fast bounce-anglez̄ is re-introduced
in ḡn (n>1) because the perturbation fields (df̄,dĀi ,dB̄i)
depend onz̄ throughs(ū)[s(u) ~to lowest order ined! and
y[ ȳ1Lb . For example, the perturbed scalar potent
df̄( ȳ,ū) is defined as

df̄~ ȳ,ū;t ![df~ ȳ1Lb ,s~ ū!;t !, ~27!

and, using this expression, we therefore find
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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]df̄

] ȳa [
]df

]ya ,

]df̄

]ūa [
]s

]ūa

]df

]s
1O~ed!.

In what follows, we make no assumptions about the ord
ings of the parallel and perpendicular wave numbers. In~26!,
the gyrocenter magnetic moment

m̄[m1edF q

B
r"“̄S df̄2

v i

c
dĀi D2m

dB̄i

B
G1O~ed

2!

~28a!

is an adiabatic invariant for the low-frequency nonlinear g
rocenter Hamiltonian dynamics11 while m is the ~unper-
turbed! guiding-center magnetic moment andr is the gyro-
radius. The second-order perturbed guiding-center ph
space Lagrangian can be written asḡ2[2H̄2dt, where

H̄2[2
mc2

2B0
2 U“̄'S df̄2

v i

c
dĀi D U2

2dĀ'"
b0

B0
Ã“̄'S df̄2

v i

c
dĀi D ~28b!

is the second-order gyrocenter Hamiltonian~in the limit
r2k'

2 !1!.
The new bounce-gyrocenter phase-space Lagrangia

chosen to be of the form

ĝ[
q

2c
habŷ

adŷb1 Ĵ dẑ2Ĥ dt, ~29a!

i.e., all the electromagnetic perturbation effects have b
transferred to the bounce-gyrocenter Hamiltonian

Ĥ~ ŷ,t; Ĵ![Ĥ01edĤ11ed
2Ĥ2 , ~29b!

where terms of ordered
3 , eded , andeved are omitted. The

perturbed bounce-gyrocenter~bgy! Hamilton equations be
come

dŷa

dt
[$ ŷa,Ĥ%5

c

q
hab

]Ĥ

] ŷb , ~30a!

dĴ

dt
[$Ĵ,Ĥ%52

]Ĥ

]ẑ
[0, ~30b!

dẑ

dt
[$ẑ,Ĥ%5

]Ĥ

] Ĵ
, ~30c!

where the bgy Poisson bracket is given for two arbitra
functionsF( ŷ,û) andG( ŷ,û) as

$F,G%[
c

q

]F
] ŷa hab

]G
] ŷb 1

]F
]ûa hab

]G
]ûb . ~31!

By having removed the bounce-angle dependence from
phase-space Lagrangian~29a!, we have restored the adiabat
invariance of the bounce action, now given asĴ[ J̄1edḠ1

J
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1¯ . To derive explicit expressions forĤn (n>1), we pro-
ceed by the phase-space Lagrangian Lie perturba
method.7,11

A. First-order analysis

The relation between the old first-order bounce-guidin
center phase-space Lagrangianḡ1 and the new first-order
bounce-gyrocenter phase-space Lagrangianĝ1 is expressed
as

ĝ15ḡ12~Ḡ1•dĝ02dĝ0•Ḡ1!1dS̄1[2Ĥ1 dt, ~32a!

where Ḡ1 is the first-order generating vector field for th
transformation (ȳ,ū)→( ŷ,û), S̄1 is an arbitrary phase-spac
gauge function, and the new first-order Hamiltonian is

Ĥ15H̄12Ḡ1•dĤ02] tS̄1 . ~32b!

The requirement thatĝ1[2Ĥ1 dt dictates that the compo
nents of the first-order generating vector field be

Ḡ1
a[$S̄1 ,ŷa%, ~33a!

Ḡ1
a[$S̄1 ,ûa%1

q

c
dĀi$s,ûa%. ~33b!

When these components are substituted into~32b!, with H̄1

5qdf̄1m̄dB̄i and Ḡ1•dĤ0[$S̄1 ,Ĥ0%1(q/c)dĀiv i ,
wherev i[$s,Ĥ0%, we obtain

Ĥ15qdf̄1m̄dB̄i2S d̂S̄1

dt
1

q

c
dĀiv i D[K̄12

d̂S̄1

dt
, ~34!

whered̂S̄1 /dt[] tS̄11$S̄1 ,Ĥ0%. The right-hand side of this
equation has both bounce-angle independent and depen
parts. By design, we want the new first-order Hamiltoni
Ĥ1 to be bounce-angle independent and hence we set

Ĥ1[^K̄1&5 K qdf̄1m̄dB̄i2
q

c
dĀiv i L , ~35!

where the bounce-angle averaging^ & is now with respect
to ẑ.

Because the Hamiltonian dynamics is independent of
phase-space gauge functionsS̄n (n>1), we choosê S̄n&
[0. To lowest order in the bounce-kinetic ordering~24!, we
find

d̂S̄1

dt
5vb

]S̄1

]ẑ
5K̄12^K̄1&[K! 1 , ~36!

whose solution isS̄1[vb
21*K! 1 dẑ. To first order ined , the

phase-space transformation from (ȳ,ū) to (ŷ,û) is repre-
sented by

ȳa5 ŷa2ed$S̄1 ,ŷa%1¯ ,
~37!

ūa5ûa2edS $S̄1 ,ûa%1
q

c
dĀi$s,ûa% D1¯ .

The main advantage of the phase-space Lagrangian Lie
turbation method is its algorithmic approach: one can c
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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tinue the perturbation to arbitrary orders ined . To derive
nonlinear perturbed Hamiltonian dynamics, we now proce
to derive terms of ordered

2 in the phase-space Lagrangian

B. Second-order analysis

The relation between the old second-order boun
guiding-center phase-space Lagrangianḡ2 and the new
second-order bounce-gyrocenter phase-space Lagrangiaĝ2

is11

ĝ25ḡ22~Ḡ2•dĝ02dĝ0•Ḡ2!2
1

2
@Ḡ1•d~ ḡ11ĝ1!

2d~ ḡ11ĝ1!•Ḡ1#1dS̄2 , ~38a!

whereḠ2 is the second-order generating vector field for t
transformation (ȳ,ū)→( ŷ,û), S̄2 is an arbitrary phase-spac
gauge function, and the new second-order Hamiltonian i

Ĥ25H̄22Ḡ2•dĤ02
1

2
Ḡ1•d~H̄11Ĥ1!2] tS̄2 . ~38b!

The requirement thatĝ2[2Ĥ2 dt dictates that the compo
nents of the second-order generating vector field be

Ḡ2
a[$S̄2 ,ŷa%1

q

2c
Ḡ1

aH dĀi

]s

]ûa ,ŷaJ , ~39a!

Ḡ2
a[$S̄2 ,ûa%1

q

2c F Ḡ1
bH dĀi

]s

]ûb ,ûaJ 2Ḡ1•d~dĀi$s,ûa%!G .
~39b!

When these components are substituted into~38b!, we obtain

Ḡ2•dĤ05$S̄2 ,Ĥ0%1
q

2c
Ḡ1

s@$~dĀi]ss!,Ĥ0%

1hab]aĤ0]s~dĀi]bs!#. ~40!

After some manipulations,~40! becomes

Ḡ2•dĤ05H S S̄22
q

2c
dĀi$s,S̄1% D ,Ĥ0J

1
q

2c
dĀiS $s,$S̄1 ,Ĥ0%%1

q

c
dĀi$s,$s,Ĥ0%% D

2
q

2c S $S̄1 ,dĀi$s,Ĥ0%%1
q

c
dĀi$s,dĀi$s,Ĥ0%% D ,

so that expression~38b! can be written as

Ĥ25H̄22H S S̄22
q

2c
dĀi$s,S̄1% D ,Ĥ0J 2

q2

2mc2 ~dĀi!
2

2
1

2 H S̄1 ,S H̄11Ĥ12
q

c
dĀi$s,Ĥ0% D J

2
q

2c
dĀi H s,S H̄11Ĥ11$S̄1 ,Ĥ0%2

q

c
dĀi$s,Ĥ0% D J ,

~41!

where we used the canonical relation~17!, or $s,$s,Ĥ0%%
[1/m, in the third term.
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
d
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The right-hand side of~41! has both bounce-angle inde
pendent and dependent parts. By design, we want the
second-order Hamiltonian to be bounce-angle independ
and hence we set

Ĥ2[^H̄2&1
q2

2mc2 ^~dĀi!
2&2

1

2
^$S̄1 ,K̄1%&, ~42!

whereK̄1 is defined in~34!, ^$¯ ,Ĥ0%&50 to lowest order
in ev anded , and we used the identity

H̄11Ĥ11$S̄1 ,Ĥ0%2
q

c
dĀi$s,Ĥ0%52K̄1 . ~43!

The second-order phase-space gauge functionS̄2 in ~41! is
not needed in what follows and will not be given here.

C. Nonlinear bounce-gyrocenter Hamiltonian
dynamics

The nonlinear bounce-gyrocenter Hamiltonian is e
pressed as

Ĥ[Ĥ01edK qdf̄1m̄dB̄i2
qv i

c
dĀi L

1ed
2F ^H̄2&1

q2

2mc2 ^~dĀi!
2&2

1

2
^$S̄1 ,K̄1%&G . ~44!

This expression generalizes the previous works of Gang
Diamond12 and Fong and Hahm,13 who considered electro
static perturbations only. The nonlinear bounce-gyrocen
Hamilton equations presented here contain terms assoc
with full electromagnetic perturbations and include classi
(^H̄2&) and neoclassical (^$S̄1 ,K̄1%&) terms.

V. SUMMARY

We now summarize our work and discuss possible
tensions and applications. We have derived nonlinear
duced Hamilton equations describing the bounce-gyroce
dynamics of trapped particles in nonuniform magnetiz
plasmas in the presence of low-frequency electromagn
field fluctuations. The derivation was done within the conte
of a general magnetic field geometry defined in terms
magnetic coordinates; these equations can therefore be
in a variety of applications in fusion and space plasma ph
ics, such as the dynamics of fusion alphas or beam ion
high-temperature tokamak plasmas or the dynamics
trapped protons in planetary magnetoplasmas.

The characteristic mode frequencyv for these fluctua-
tions was assumed to be much smaller than the gyro
quency (vc) and bounce-frequency (vb). This time-scale
ordering allowed the asymptotic elimination of the fast g
romotion and bounce-motion degrees of freedom from
exact Hamiltonian dynamics; the asymptotic elimination
fast degrees of freedom is performed by using the pha
space Lagrangian Lie-perturbation method.7 For low-
frequency electromagnetic field fluctuations in general m
netic geometry, the asymptotic elimination of the fa
gyromotion time scale was carried out previously
Brizard.11 The asymptotic elimination of the fast bounc
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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motion time scale, on the other hand, was described in
present paper. Here, the phase-space transformations~19!
and ~37! were explicitly written in terms of first-order gen
erating vector fields (G1

a ,G1
a) and (Ḡ1

a ,Ḡ1
a), respectively.

The equations presented here do not take into acc
the self-consistent response of the electromagnetic fiel
the presence of a trapped-particle population. Future w
will consider the derivation of the low-frequency bounc
gyrocenter Vlasov–Maxwell equations in which the char
density and current in the Maxwell equations are expres
as moments of the bounce-gyrocenter Vlasov distribut
function. For this purpose, we plan to derive these equat
from a variational principle, from which explicit conserva
tion laws will also be derived~through the Noether method!.
The variational principle will make explicit use of the phas
space transformations described here and in Ref. 11.
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APPENDIX: EXAMPLES OF MAGNETIC GEOMETRIES

In this appendix we consider two explicit magnetic g
ometries: the axisymmetric tokamak geometry~for applica-
tions in fusion plasma physics! and the asymmetric geomag
netic geometry~for applications in space plasma physics!.

1. Axisymmetric tokamak geometry

As a first example, we consider a general axisymme
tokamak magnetic field.2 This magnetic field has toroida
(Bw[B"“w) and poloidal (Bu[B"“u) components, where
w and u are the toroidal and poloidal angles, respective
and the magnetic field possesses toroidal symmetry, i.e
componentsBw and Bu are independent of the toroida
anglew.

The Euler-potential representation

B[“jÃ“c ~A1!

for an axisymmetric tokamak magnetic field is given in ter
of the poloidal flux functionc and the angle-like Euler po
tential

j~c,u,w![w2n~c,u!, ~A2!

whereu is the poloidal angle and

]n~c,u!

]u
[Q~c,u! ~A3!

represents the local safety factor~i.e., Q[B"“w/B"“u rep-
resents the amount of twist in the magnetic field lines!. The
covariant representation~4! for the axisymmetric tokamak
magnetic field, on the other hand, is written as

B[I ~c,u!“w1g~c,u!“cu, ~A4!

where “cu[“u2“c(“u"“c/u“cu2) while “c"“w[0
~by axisymmetry!. In this representation, the local safety fa
tor is Q5I u¹wu2/(gu¹cuu2). Last, the tokamak magneti
field can also be expressed as
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
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B[“CÃ“u1“wÃ“c, ~A5!

where C(c,u) is the toroidal flux function andQ
[]C/]c. We note that in the covariant representationA
[C“u2c“w, the magnetic helicity isA"B5CJ 21

2B"“(wc), where J 21[“cÃ“u"“w. If the magnetic
field has the Euler representation~A1!, then A"B5B"“a,
wherea[b2wc and C[]ub and n[]cb ~since]C/]c
[Q[]n/]u).

We now construct the vectors“C i and]X/]C i for axi-
symmetric tokamak geometry. From~A2!, we find

“j[“w2Q~c,u!“cu2D~c,u!“c, ~A6!

where the function

D~c,u![
“n"“c

u¹cu2
5

]n

]c
1Q

“u"“c

u¹cu2
~A7!

includes magnetic shear (]n/]cÞ0) and includes the
Shafranov shift in the magnetic surfaces (“u"“cÞ0). The
parallel spatial coordinates(c,u,w) is defined by the cova-
riant expression

]X

]s
[b̂5B21~ I“w1g“cu!. ~A8!

The complement“s to this equation is

“s[b̂1
gD

QB
“c, ~A9!

so that in axisymmetric tokamak geometry

Rj5b̂"
]X

]j
[0, Rc5b̂"

]X

]c
[2

gD

QB
. ~A10!

Thus the vectors“c, “j @~A6!#, ]X/]s @~A8!#, and]X/]ya

@~A9!# can now be combined with the contravariant vecto

]X

]c
52S gD

QBD b̂1
B

B2Ã“j,
]X

]j
52

B

B2Ã“c, ~A11!

to define the axisymmetric tokamak geometry.

2. Asymmetric geomagnetic geometry

Our next example involves the geomagnetic field in t
region below 10RE ~RE is the Earth’s radius!. As a result of
the solar wind, the geomagnetic field exhibits a day–ni
asymmetry.14,15 Yet, as was shown by Stern,16 the geomag-
netic field has the following Euler–Clebsch representatio

B[“jÃ“c[“x, ~A12!

where the last expression represents the fact that“ÃB50
for the geomagnetic field. To lowest order, the geomagn
field is represented as a pure dipole field with Euler/Cleb
potentials

j0[w,

c0[Mr 21 sin2 u, ~A13!

x0[Mr 22 cosu,

where M[B0RE
3 denotes the dipole moment and (r ,u,w)

are spherical coordinates in the tilted-dipole frame.17
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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The asymmetry in the geomagnetic field enters at hig
multipole order. In the two-parameter first-order model p
sented by Stern,16 we find

c5Mr 21 sin2 uF ~12er3!

12dr4S 12
7

3
sin2 u D cosw/sinuG ,

j5w2dr4 sinw/sinu, ~A14!

x5Mr 22 cosu@~112er3!17dr4 cosw sinu#,

wherer[r /r E is the normalized~dimensionless! radius and
e andd are two small dimensionless parameters. This mo
is a good approximation of the geomagnetic field up to
RE. The compressed-dipole model is obtained from~A14!
by setting d50. When dÞ0, the night side (p/2,w
,3p/2) opens up and allows field lines to extend to infini
these potentials yield the so-called distorted dipole mode18

Finally, introducing the magnetic coordinates (c,j,s),
where from~8b!, we find

B[
]x

]s
, Ra[

1

B

]x

]ya . ~A15!
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
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These expressions can now be used to define the asymm
geomagnetic geometry.
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