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Relativistic bounce-averaged quasilinear diffusion equation
for low-frequency electromagnetic fluctuations

Alain J. Brizard
Department of Chemistry and Physics, Saint Michael's College, Colchester, Vermont 05439

Anthony A. Chan
Department of Physics and Astronomy, Rice University, Houston, Texas 77005

(Received 14 June 2001; accepted 13 August 2001

A relativistic bounce-averaged quasilinear diffusion equation is derived to describe stochastic
particle transport associated with low-frequency electromagnetic fluctuations in a nonuniform
magnetized plasma. Expressions for the relativistic quasilinear diffusion coefficients are calculated
explicitly for magnetically-trapped particle distributions in axisymmetric magnetic geometry in
terms of drift-bounce resonant contributions associated with low-frequency fluctuations which
conserve the first adiabatic invariant. ZD01 American Institute of Physics.
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I. INTRODUCTION is equal to harmonics of the bounce frequenrgy, and the
drift-resonancein which the wave frequency is equal to
%armonics of the magnetic-drift frequenay).

The derivation of a relativistic quasilinear Vlasov equa-
tion describing collisionless diffusion in action space begins

ticles during magnetic storms. Relativistic radiation-belt . : ) ;
L . - with the standard relativistic Vlasov equation written in
electrons are of special interest because of their damagmlq S
amiltonian form as

effects on spacecraft electronics. During magnetic storms,
MeV electron fluxes in Earth’s magnetosphere typically drop  gF
by a few orders of magnitude early in the storm and then rise "5 +{F,H}=0, Y
to values one to two orders of magnitude above pre-storm
values over a period of a day or tWwdRecent observational WhereF is the Vlasov distribution functiorti is the single-
studies have shown strong correlations between these fll@rticle relativistic Hamiltonian, and,} is the Poisson
variations and the occurrence of hydromagnetic fluctuation®racket. The Vlasov equatioil) can be written in terms of
in the 2 to 10 mHz ULF frequency rangé.In related work,  the action-anglecoordinates §;,6') (with i=1,2,3), with
simulation results of Elkington, Hudson, and Changgest Which the Poisson bracket has the form
that the ULF fluctuations may play an important role in the

) e JF oH oF oH
radial transport and energization of the MeV electrons (FHI=— ———. —.
through magnetic-drift wave-particle resonances. More gen- d0 93 9 J0

erally, it has long been established that trapped magnetqqext, we expand the Viasov distributidh and the Hamil-
spheric particles can exhibit stochastic behavior in the prespnjan H in powers of a small dimensionless parameter

ence of multiple wave-particle resonantésleading t0  associated with wave-perturbation amplitude:
dissipationless transport.

One of the outstanding problems in magnetospheri
physics is the nature of the mechanispresponsible for the
transport and energization of trappéddiation-belt par-

. F=Fq(J;7)+€dF(J,0,t),

A. General quasilinear theory @)
Stochastic transport of charged particles interacting with H=Ho(J)+€sH(J,0.1),

low-frequency electromagnetic waves can faithfully be mod-whereF , andH, are functions of the action variabl@ssuch
eled by a quasilinear diffusion equation in which wave-that{F,,H,}=0, andF, is also a slow function of time+(
particle resonances are explicitly taken into account. Quasi=¢?t), i.e., JF,/dt=0(e?). The first-order perturbation
linear theory was originally developed to describe thetermssF and sH are associated with the presence of waves
collisionless evolution of an unsgtable velocity-space particleperturbing the background medium whose typical wave time
distribution in a uniform plasm&? The derivation of a qua- scales are short compared to the quasilinear evolution time
silinear kinetic equation for a nonuniform magnetizedscale of the background medium.
plasma in the full phase space using action-angle coordinates Upon expanding the Vlasov equatiéh) in powers ofe

was first performed by Kaufmalft:* This formulation, as is  and averaging over the fast-wave time scales, we obtain the
shown below, explicitly displays the following three wave- following equations for=, and 5F:

particle resonances: the gyroresonaficewhich the wave
frequencyw is equal to harmonics of the cyclotron frequency 5_':0 _ _m 3)
w.), the bounce-resonancm which the wave frequency ar ' '
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modeled by replacing the small denominatorw,(
at +{0F Ho}=—{Fo,6H}, @ —m-0) ! with (0,—m-Q+iv)"L, where the autocorrela-
N tion time r,.=1/v represents the time scale over which a

where(- - -) denotes averaging with respect to the fast-anglgesonant particle loses correlation with the waleslence,
variables and time, and we have omitted the nonlinear tersing the prescription Img,—m-Q+iv) " t=— 7, for

{oF,6H} in the evolution equation fobF (as required by  respnant particleé.e., o ,=m- ), and the quasilinear dif-
the quasilinear analygisWe now consider the Fourier de- f,sion tensor Eq(9) is replaced with theenormalizedqua-

composition silinear diffusion(RQL) tensor
SF sy SFm(J;,) - . ) ey

= ~ exa(mo,—w,t), (5 ij = E mimi| sH (res , 10

SH) = m \oHp(Jw,) : ROL | e [SHm ™) 7ac (10

where_mz(ml,mz,m?’) labels Fourier componentsach in- ;a0 sHe9= M1 (J;0,=m- Q). Such nonlinear effects

i i ! ’
dexm' takes integer values fromr o to +x), the SUM=, 516 however, beyond the scope of the present work and we
denotes a sum over normal modes with eigenfrequenci€§osinone further discussion of nonlinear resonance-
@, and 6F (= w,)=[Fn(w,)]* as follows from the proadening effects to future work on applications of relativ-

reality condition on the perturbation fields. Substituting thiSiStiC bounce-averaged quasilinear diffusion in magneto-
decomposition into the right side of E¢(B) yields? spheric physics.

oF,0H}= i oF 9oH
{oF.oH}= 73 90
B. Orbital time scales for relativistic electrons
J ~ ~
= 5(2 imoFh(J;w,) 5Hm(J;wK)) In the present work, we focus our attention on axisym-
m, k

metric magnetic geometry represented by the magnetic coor-
dinates {/, ¢,s), where the azimuthal angleis an ignorable
. (6) coordinate whereas the magnetic flinis a radial-like coor-
dinate ands is the parallel coordinate along a magnetic-field
Substituting the Fourier decomposition E§) into Eq. (4), line labeled by ¢,¢). The background Vlasov distribution
on the other hand, yields the formal solution for the FourierFo(Jq,&,4) is a function of the relativistic gyro-actiod
componentsF , : =|p,|%(2Mw,) (anadiabaticinvariant associated with the
asymptotic elimination of the gyroangi®,'* the particle en-
SFr(diw)=— (0, —m-Q) Im ,a_':f’éﬁ (Jwy), () ergye [i_nst_ead of the b_ounce actidg=(1/2m) 45_p” ds_], and
aJ the radial-like drift actionly=q¢/c (an exact invariant as-
sociated with axisymmetry igp).

The type of hydromagnetic fluctuations considered in
this work are ultra-low-frequencyULF) fluctuations in the
frequency range 2—10 mHz. For a 1-MeV test electron at
geosynchronous orbtf, the cyclotron frequency is in the

IFy 0 IFg range 1-3 kHz, the bounce frequency is in the range 1-3

or a1 ( DaL- H) ' ®) Hz, and the drift frequency for equatorially-trapped electrons

- o is in the range of a few mHz. Hence, a 1-MeV trapped elec-
where the components of the quasilinear diffusion tensor argqpy can easily encounter magnetic-drift resonances with a
- o _ ULF wave; hence, ULF waves can lead to radial transport as
D= mm[78(w,~m-Q)|[sH(J;w)?], (9 a result of the destruction of the third adiabatic invariant.
.« Because of the time-scale ordering<w. and w.>wy
and we have used Im(.—m-Q) '=—78w,—m- Q), >wy, the ULF fluctuations conserve the first adiabatic in-
which indicates that quasilinear diffusion is produced byvariant, while the second and third invariants may be broken
resonant wave-particle interactions. The action-angle formuer not.
lation of quasilinear transport theory therefore establishes the In low-frequency gyrokinetics? the fluctuation time
following paradigm: each wave-particle resonance intro-scale (27/ ) is assumed much longer than the fast cyclotron
duces an explicit violation of the adiabatic invariance of antime scale (2r/w.) and could be comparable to the interme-
action variable which results in stochastic transp@rg., diate bounce time scale {Zw;) or the slow drift time scale
bounce-resonant fluctuations destroy violate adiabati¢27/wg). Becausew<wy= vy lws, an asymptotic expres-
bounce invariance and set up stochastic transport in bouncsion for the relativistic gyroactiod; can be constructed
action space which is conserved in the presence of low-frequency electro-

We note that the singular character of the quasilineamagnetic fluctuations. The conditian~ w,, or wg4, On the
diffusion tensor Eq.(9) disappears when nonlinear effects other hand, implies that the construction of the bounce and
such as resonance broadening are taken into acébtitin drift invariants beyond their simplest expressions is unneces-
Eq. (9), for example, resonance broadening effects may beary.

> mim(SH(J;0,) SF m(J;w,))

m, k

3

where Q;(J)=6;=0H,/4J" is the unperturbed orbital fre-
guency associated with the fast orbital angle Finally, sub-
stituting this solution into Eq(6), the evolution equatiofB)
for Fo becomes the quasilinear diffusion equation
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C. Relativistic drift-kinetic Vlasov equation represent grad-B and curvature magnetic drifts across field
lines, respectively. After making the substitutipp—e and
_using Eq.(13), the relativistic drift-kinetic Vlasov equation
)(/11) becomes

We now review the relativistic gyrokinetic Vlasov equa-
tion for low-frequency electromagnetic fluctuations in a non
uniform magnetized plasma with general magnetic geometr

recently derived by Brizard and Ch&hBecause electrons P 5
have negligible Larmor radii compared to the background <—+X0'V)F=€ —-VF X V&H
scale lengths, we focus our attention on the drift-kinetic qB;

limit. For a particle species with ma#4 and chargey (par-

ticle species_her_e is_arbit_re)rythe relativistic drift-kinetic +Xo°(V5Hi—VF dSH (14
Vlasov equation is written in terms of the gyrocenter Vlasov d de
distribution F(X,p;,t;Jg) and the relativistic gyrocenter o ] ) ] ]
HamiltonianH (X, p; ,t;J,) as The physical interpretation df in Eq. (14) is that it repre-
Ag sents the phase-space number density of gyrocenters; its re-
JF B* 9H cb B* dF lationship to the particle phase-space denditys that
ot g ap T pree XVH - VE= o0 VHEE =0 F(X.eidg, L) =f(x,p:t) to all orders ine.
! ! (11) Lastly, the Jacobian for the transformation from the par-

o . ticle phase-space coordinatesy) to the reduced gyrocenter
whereB*=V X[A+(cp,/q) b], b=B/B, andB['=b-B*  phase-space coordinatesX,¢;J;) is (2w|q|/c)B}/|v|,
are quantities derived from the unperturbed backgroundvhere the factor 2 comes from the elimination of the gy-
magnetic field only. In the drift-kinetic limit, the linearized roangle variable/. One can easily show from E¢L3) that

gyrocenter Hamiltoniat is expressed as D=B;/|v,| satisfies the identities
Py I Db d
— (i 2 __H ol . c :
H=(y—1)Mc+e Q<5¢ ,yMcéAH +tlgwg5 } V. (XoD)=0 and V X B*)Eg(XoD)- (15)
I
=Hqy+edH, (12)

For the axisymmetric magnetic geometry considered in this
wherewy=|q|B/Mc is the rest-mass gyrofrequency and thework, we find B* =B and we henceforth writd®=B/|uv|
relativistic factor is wherever it appears.

2), 0
’y(X,p” ,Jg)E \/1+ ng + (%
Mc D. Organization

In Egs.(11) and(12), the gyrocenter phase-space coordinates  The remainder of the paper is organized as follows. In
(X,py) are the gyrocenter positiad and the relativistic gy-  gec. II, relativistic quasilinear drift-kinetic equations are de-
rocenter parallel momentupy=yMuy), the relativistic gy-  rived in axisymmetric magnetic geometry in which the back-
roactionJg is an invariant of gyrocenter Hamiltonian dynam- ground fields are independent of the azimuthal argl&or
ics, and the background electric field is assumed to benis purpose, magnetic coordinates, &,s) are introduced,
negligible. In Eq.(12), the electromagnetic-field fluctuations \yhere the magnetic fluy is an exact invariant of the unper-
are represented by the following scalar fieldg: denotes the  tyrhed guiding-center motion and the parallel spatial coordi-
perturbed electrostatic scalar potential, whi#& ,=b-J6A  nates denotes a location along a magnetic field line labeled
and 53”55 - 5B denote the parallel components of the per-by (#,¢). The perturbed Vlasov distributiodF is then de-
turbed magnetic vector potential and the perturbed magneticomposed into the adiabatic padH{J.F) and the nonadia-
field, respectively. batic part(denoted6G). Quasilinear drift-kinetic equations
Before proceeding to the derivation of the relativistic are subsequently written for the slow-time evolutiorFgfin
quasilinear drift-kinetic equations, we first perform a changeerms of adiabatic and nonadiabatic contributions and the
of gyrocenter phase-space coordinates wherein we replagast-time evolution of the nonadiabatic part of the perturbed
the relativistic gyrocenter parallel momentup with the  Vlasov distributiondéG. In Sec. lll, the quasilinear evolution
unperturbed relativistic gyrocenter particle energsggH,.  drift-kinetic equation forF, is bounce averaged and we
We also introduce the unperturbed relativistic guiding-centeshow that only nonadiabatic contributions remain, i.e., under

2

velocity general assumptions, the adiabatic contributions to quasilin-
. ear diffusion vanish. In Sec. IV, we solve explicitly for the
_B*dHy cb components of the relativistic bounce-averaged quasilinear
Xo=——+ X VH, e . . X .
Bf P qgBf diffusion tensor associated with stochastic transpori/irz§

space. We summarize our work in Sec. V and discuss pos-
p, . cb pe. . sible applications in magnetospheric physics. Lastly, Appen-
- X | g Vagt Mb “VbJ, (13 dices Aand B present additional details associated with gen-
eral axisymmetric magnetic geomeippendix A and the
where the first term in Eq(13) represents parallel motion form of the perturbed electric and magnetic fie{@gpendix
along a magnetic-field line, while the second and third term®).
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Il. RELATIVISTIC QUASILINEAR DRIFT-KINETIC where Eq(18) was used. We can rewrite E@0) by decom-
EQUATIONS IN AXISYMMETRIC MAGNETIC posing the perturbed gyrocenter Vlasov distributié® in
GEOMETRY terms of itsadiabatic and nonadiabaticcomponents® re-
A. General relativistic quasilinear drift-kinetic spectively:
equations IF

Relativistic quasilinear drift-kinetic equations can now 5FE‘3H¥+5G’ @D

be derived from Eq(14) by first introducing the following

decomposition on the gyrocenter Viasov distribution: where 6G represents the nonadiabatic part of the perturbed

gyrocenter Vlasov distribution. The linear relativistic drift-
F=Fo+ e oF, (16)  kinetic Vlasov equation for the nonadiabatic pa@ is then
obtained by substituting Eq21) into Eq. (20):
where the gyrocenter Vlasov distributidr, is defined as N
having aslow (transp'or). tim.e scale dependence Wh'ile the 3+XOvV) 5G= C—b~VFO XV— =221 5H.
gyrocenter Vlasov distribution’F has afast (wave time at BJf de ot
scale dependence. (22

Next, we introduce the fast time scale and azimuthal-rys e ativistic drift-kinetic equation generalizes the earlier
angle average with the property theg§=Fo, andoF=0;the  nonrelativistic works of Antonsen and LaheCatto, Bald-
notation(- - -) is henceforth used to mean fast time scale anqyin, and Tang® and Cheri?
azimuthal-angle averaging only and appropriate notation for
bounce averaging will be introduced later. Upon averaging

IFy @

Eq. (14), we obtain B. Axisymmetric magnetic geometry
In the present paper, we are interested in deriving quasi-
J . : doF dSH . LR . :
€—+XV|Fo=€ Xo+| VOH — -V 6F —— linear drift-kinetic equation$§l9) and(22) for an axisymmet-
ar de de ric magnetic field geometryhowever, note that deviations

cbh —
+ ——+(VoF X VoH)
aB;

from axisymmetry can be incorporated as magnetic perturba-
tions 6B with zero frequency; see Appendices A and B for

, (1) . . , T .
detaily. The axisymmetric magnetic field geometry is repre-
sented by the magnetic coordinates ¢,s), where

whereFo=F(...,e’t=7), i.e., the slow time scale depen- X
d_erllc(j:e ofF enters at second order éAt order €®, Eq.(17) B=Vy X Ve=B(4,s) - (23)
yields

. Here, the magnetic fluy represents a radial-like coordinate,
Xo*VFo=0, (18 ¢ denotes the azimuthal angle, andenotes the position of

a point along a magnetic field line labeled by, (). Note

{hat the background magnetized plasma is assumed to be
independent of the azimuthal angpe By definition, the par-

allel coordinates is such that

i.e., Fy is a constant along an unperturbed guiding-cente
orbit. At ordere?, on the other hand, Eq17) yields

JFy | cb

a

< (VSF X VéH)

qB

b=Vs+aVy, (24)

with a(¢,s)= b- d,X, i.e., the magnetic coordinates (p,s)
(199  are nonorthogonal coordinates. Moreover, from &4), we
find VX b=bX (dsaV), and thusb-V Xb=0 so that

* R B ; in i _
This quasilinear drift-kinetic equation states that the sIovaH _tB. Wwe r?Ot;t_h%t n aX|syn_1thm<;tr|c=rgagn§3c d=|poIBe ge
time scale relativistic gyrocenter Vlasov distributidh, ety W€ haves= x(¢.5), with 9;x=B andd,x=a B.
evolves as a result of quadratic wave nonlinearities associ-
ateq with the perturbed relativistic_g_yrpcenter Vlasov dist'ri-cl Perturbed magnetic and electric fields
bution §F and the perturbed relativistic gyrocenter Hamil-

+X,+ | VSH i V oF JoH
0° de de

tonian SH. To derive a relativistic quasilinear drift-kinetic The perturbed vector potential can be written in purely
diffusion equation from Eq(19), we must now establish a covariant form as
relation betweerSF and SH. SA=V Sa+ Sy Veo—Sx Vi, (25)

For this purpose, we consider the linearized relativistic ) .
drift-kinetic Vlasov equation. On the fast time scateder ~ Whereda, i, andédy are perturbation scalar potentidtee
€), Eq. (14 yields Appendix B for details Note that the parallel component of

the perturbed vector potential &\, =b - 5SA=ds5a. Hence,

J . cb . dFq using Eq.(25), the perturbed magnetic fieldB=V X A
it XKo" V| oF= q? "VFoXVOH+Xo-VoH—=1, can be expressed in explicit divergenceless form as
Il
(20) SB=V 6y X Vo+ Vi X Vdy. (26)
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Using the covariant representation Eg5) for the perturbed
vector potential SA, the perturbed electric fieldoE
=—Vép—c 1.5A, on the other hand, is written as

ISy

ot

dox

Vo— ——

:_V5®_E ot

Vi, (27)

where the scalar potentiap and da are combined to de-
fine 6 as follows:

1 dda
ob= 5¢+77.

c at (28)

A. J. Brizard and A. A. Chan

96H2.
de

ie

Da

;|

D5 = Xy VSHZ,

cb _
Xo+ q—x V5H2> -V

and (32

while the nonadiabatic coefficientR(R®) are defined

R=Vy' | 6G

. b
Xo——+ =X vaH)
and (33

R°=Xq - (8GVSH).

Hence the paraIIeI component of the perturbed electric fielerhg |inear relativistic drift-kinetic Viasov equatiof2?2) for

D. Quasilinear equations in axisymmetric magnetic
geometry

In axisymmetric magnetic geometry, the unperturbed

guiding-center operatoK,-V is thus written in terms of
magnetic coordinates/(, ¢,S) as

d

. d
Xo'V:U||;S+wd %1 (29)

wherev,=p,/yM is the parallel component of the relativis-
tic guiding-center velocity and the magnetic-drift frequency
is defined as

grad-B curvature
—_— ~—
c Jw, Jw, pﬁ da
e T A AT P

(30

We note that sinc&, - V=0, the drift-actiond;=qu/c is
an invariant for unperturbed particle motion in axisymmetric
magnetic geometry. We also find from H48) thatFy(l,7)
depends on the three invariants (s,,Jg) of unperturbed
guiding-center motion in axisymmetric magnetic geometry.
Using the magnetic coordinateg,(p,s)= ' and the de-
composition Eq.(21), the slow-time relativistic quasilinear
drift-kinetic Vlasov equation(19) can be written in diver-
gence form® as

J DFy)=—V -| DX 5F(75H CDBX SFV 6H
a—T( 0)= o| OF — q_B( )

d [
+ E[DXO-(éFVBH)]

— D I+Di8(9FO

T S4B A ge
+ | p| et pee o 31
% A 68 ] ( )

where the adiabatitA) coefficients D'¥,D5%) are defined
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6G can be written in terms of the magnetic coordinates
(4, ,9) as

(9+ a+ £75G
ot Uuﬁ—s wd% =

q dy do de dt

(34)
where the total time derivative appearing on the left side
contains bounce and magnetic-drift contributions. Although
the adiabatic coefficients E¢32) are shown in the next sec-
tion to vanish under bounce averaging, we keep them here
for completeness.

Ill. RELATIVISTIC BOUNCE-AVERAGED QUASILINEAR
DRIFT-KINETIC DIFFUSION EQUATION

Since the time-independent background medium is axi-
symmetric in ¢, we decompose the perturbation fields in
Fourier components in timeand azimuthal angle:

-3

K Mm=-—x
In what follows, we shall use the notatidnto indicate ex-
plicit s-dependence in a functidhand the notatiorf to in-

dicates-independencéi.e., anEO). For two arbitrary func-

tions f(X,t) andg(X,t), the fast time scale averagég) is
now explicitly written as

oo

6G(s;l,w,)
SH(s:1,0,)

) e(imqo—wKt). (35)

(fg)=2 Th(4s0.09m(#15 0.0, (36)
Thus we find from Eqs(32) and (35) that D4°=0 andD}’
= %UH 073(st.

Next, sinceF is independent of the parallel coordinate
s, we introduce a bounce-average operation defined as

E

o=*1Js

sy ds

(HH= f(s,a;l), (37)

|U|||

where the sum is over the two possible signs pfnote that
DIB=1/v|), and the bounce period is defined as

sy ds an
W)= ZJ =27,
) o’z‘*'l S 4 de

license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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with s (1) andsy(l) denoting the lowerl() and upper () the relativistic quasilinear bounce-averaged drift-kinetic dif-
turning points. We note that sind&, is independent of the fusion equation38) now becomes
parallel spatial coordinate we have(Fq)=F.

We now perform the bounce-average operation on Eq. Fo_1 9 ( ez ﬁFO +D¢ aFO”

(31) to obtain the relativistic quasilinear bounce-averaged 97 b ¢ Cge oy

drift-kinetic diffusion equatiorf* R (Dws FIR o L 7Fo 46
LRRIRE =)
ar Ty I where the relativistic quasilinear bounce-averaged diffusion

1 3 coefficients are defined as
+— ——[7(Xo" (8G VSH)) ], (38) .
To 0 alh=2 oiln(liw),
where thesterm in Eq. (31) is averaged out while the '
¢-term vanishes as a result of axisymmetry. Here, we used

* e = a . =pPe
Xo+ V=0 in the first term in Eq(38) while the adiabatic Dai(h mE (MAQ) oLl =Dar(h), S
coefficientD;* vanishes upon bounce-averaging since
1] go2 DELN=2 (MdQ)* (1w,
(Da >——<X0 - VoH >— U= Js 0

This quasilinear diffusion tensor describes stochastic trans-

Hence, only nonadiabatic effects contribute to quasilineaport in (,e)-space induced by low-frequency electromag-
diffusion. netic fluctuations which conserve the fitatliabati¢ invari-

Using the Fourier decomposition E(B5) in the linear —antJy. We now proceed to obtain an explicit expression for
relativistic drift-kinetic Vlasov equatiofB4) for the nonadia- I'|, in terms of the perturbation HamiltoniasH
batic part of the perturbed Vlasov distribution, we obtain

L5Gm(a,8)=1 FoHp(0,9), (39 |v. SOLUTION OF THE NONADIABATIC DRIFT-KINETIC
whereF(l,0,)=w, deFy+(mdq) d,Fo and we henceforth EQUATION FOR TRAPPED PARTICLES
omit displaying the dependence of the perturbation fields on 14 gptain an explicit expression for the quasilinear per-
| andw,. In Eq. (39), the differential operatof is defined . . a . .
as t.ur.ba_ltlon.potgnngl"m, we need to solve the Ilngarlzgd rela-
tivistic drift-kinetic equation(39) for the nonadiabatic part
5G(,s) of the perturbed gyrocenter Vlasov distribution in
terms of the perturbed relativistic gyrocenter Hamiltonian
(40 SH(0,9).
The fact that the perturbed relativistic gyrocenter Hamil-
tonian Eq.(41) depends omr introduces some difficulties in

LG (a,5)=

Jd . ~
O'|U||| U')_S—I (wk—mwd)}ﬁGm((r,S),

and the perturbed Hamiltonian defined in Ef2) becomes

~ ~ v ||| 5Bym(S) solving Eq.(39). The solution of Eq(39) can, however, be

5Hm(U’S)ZQ( 0hm(S) =0 == OAm(S) | +Jg0g—p—  simplified as follows. First, using’A=b- SA=ddalds
(41)  from Eg.(25), we can writeSH,, as

The operatorZ defined in Eq.(40) has the following prop- ~ ~ q -~
erty associated with bounce-averaging operation defined in OHm(0,8)=Kn(s) — Eﬁﬁam* (48)
Eq. (37):

a. (37 with

(f* (£g))=—{(LH)* g) (42)

-~ - q -
for two arbitrary functionsf and g. Using Eq.(35) in Eq.  9Km(S)=0 8¢+ Jgg(6Bjm/B)—i C (@, —Mwq) San

(38), we therefore find

imq
(Xy- [5GV 5H))= 2 o, Im( 55 571, 43 q 6D, +J wg(b“BHm/B)+ wg S, (49
where §& .= 8 —i(w,/c) San, [see Eq(29)]; the reader
is referred to Appendix B for a representation &, in
b terms of components of the perturbed electric and magnetic
<—>< Vi (8GV 5H)> Ez m Im<5ém bﬂ’r;). (44) fields. When the decomposition E@8) is inserted into Eq.
B m,« (39), we obtain the new equation

and

By introducing thequasilinearperturbation potential £5G! (0,5)=iFoK .(s) (50)
m ’ m )
Fn(lo)=F 1 Im(sGy, sHy), (45 where the new nonadiabatic paiG, (c,s) is defined as
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6Gm=6G/| —i gfa'&m. (52)

Using properties Eq42) of £ and the decompositions Egs.

A. J. Brizard and A. A. Chan

2. Homogeneous term

We now solve for the homogeneous teﬁ@m(a). The
matching conditionsG, (+1,s)=6G/ (—1s,) at the turn-

(48) and(51), we can show that the quasilinear perturbationing point s=s, yields 8g,,(+1)= 8g,,(—1)=59,,, while

potential Eq.(45) can also be written as

Dm=F 1 Im(5G,, 5K*), (52)

in terms of 5G/, and 5K,

A. General solution for 5é;n(a-,s)

To proceed with the solution of the linearized drift-
kinetic equation50) we first write the operatof [defined in
Eg. (39)] in terms of the integrating factaf:

L‘5Gr'n(cr,5)EE"’"(S)vua_s[e_'00(3)5(3;71(‘7’5)]’

where 4(s) is defined as

s !

6(s_,s)= | | (w,—Mayg). (53)
SL Uy
Hence, Eq(50) can be written as
) J . ~ ~
7o)y sle” 709 5G/ (0,5)]=i FoK (S), (54)

which implies that its general solutiomé;n(a,s) (for
trapped particles with turning points e s, ands=sy) can
be written as

5G/ (0,8)=F eI 5g(0) + 8gm(,S)]. (55)

The homogeneous termg,,(c) is determined from two
matching conditions foﬁér’n(cr,s) for c=+1 ats=s; and
s=sy (see below

1. Inhomogeneous term

We first solve for the inhomogeneous tedg(a,s).
After substituting the inhomogeneous tetg,, exp{ot)
into Eq. (54), we find o|v;| ds6gm=i6Ke '?’. This equa-
tion is solved, subject to the boundary conditiég,,(o,s
=g5,)=0, as

_e io6(s. s )5K (S )
|Uu

590, S)—Iaf

=igdKky(0,S). (56)

By definition, thes-dependent functiorsk,,(o,s) satisfies
the following relations:8k,,(o,s=s,)=0 and

~ Th ~ .
K(T,5=5y)= E(&Kme 1oy

= %((5Rmcosa>—io(5ﬁmsin 6)).

(57)

the matching conditiorsG/ (+1,5,)=6G/ (— 1) at the
turning points=sgy yields

ei@

~ _Tb —ig
5gm+|§<e SK )

—-i0

8Gm~— (58)

Tb, o
5 (e 5Km>},

where Eq. (57) was used and the phase fact@®
=60(s_,sy) is defined from Eq(53) as

Ty
7(

0

wK—m<wd>)Ewib(wK—m<wd)). (59)

The matching condition Eq58) can now be used to solve
for the sindependent functiodg,,:

8Qm=— %(cot@(éﬁmcosaﬂwﬁmsin 6)). (60)

By combining the inhomogeneous solution E§7) and
the homogeneous solution E@O0), the general solution of
Eq. (50) is therefore written as

8G! (0,9)=Fe )i skn(o,s)

- %(cot@(&ﬁm cosh)+ (5K, sin6))|.
(61)

B. Quasilinear perturbation potential

The quasilinear perturbation potential E§2) can now
be evaluated explicitly. First, using E1) and the bounce-
average definition Eq37), we obtain

[ m=1m(5K* 7% 5gm+i0c SKm))

o doKY,
:lm(agm<5K;cosa>)+Re< |v”| 5km>, (62)

where, in the first term, we have used the fact that

independent of o

J'Sv ds
Sy | H|

Ty

(06R*sinf)= >, o
o==*1

8K ¥ sin 0)

and, in the second term, we have used Exf) to obtain
oK* €'7=|v |96k 9s. Next, using Eq(60), the first term
in Eq. (62) becomes
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[’

Im( 8gm( 5K cose)) = — %Kéﬁm cos6)|2Im(cot®) Po(liw)= 2_ 7 8w, —M{wg)—N wp)
+ Am((3K pcos6) (5K, sin)). X [(oKn(sil @ )cost(silw)% (69

This expression contains contributions from magnetic-drift
(63 resonances d,~m{wy)) and bounce resonancesw,(

The second term in Eq62), on the other hand, becomes ~Nwp).
35k*m 1 o?|5~km|2 C. Relativistic bounce-averaged quasilinear diffusion
R |vu| 5K =3 ol s tensor
Substituting Eq.(69) into Eq. (47), the components of
2 suds 4| 5km|2 the relativistic quasilinear bounce-averaged quasilinear diffu-
|v il ol =5 sion tensor in {,e)-space are now expressed as
1 _ ce 2 _ _
=2—7_b[|5km(cr=+1,$U)|2 QL_mgK o 718w, —m{wg)—N wp)
—| Kl 0= —150)[2], (64) X|(8Km cost)|*],
where we have used the fact thék(o,s.)=0 (by defini- gSL: E (MdQq) o] 78(w,—M(wg)—N wp)

tion). Using Eq.(57) and the identity(for arbitrary complex
functions a and b) |a*io b|?=|a|?+|b|?*+ 20 Im(ab*),

2
the inhomogeneous term E@4) finally becomes X |(8Kycos6)|*]=Dgy , (70)
29K . . D4l= > (MAQ) (76w, —m(wg)—n wp)
Re< il —5 - ok >=—%m<<6chosa><6K;sma>>, ¥ i v
(65 X|( 8K ;n cos8)|?].

which then cancels the second term in E&B). By combin-  As expected, these expressions are very similar in form to
ing the homogeneous and inhomogeneous terms, the quasiose obtained from general quasilinear thdsse Eq.(9)].

linear perturbation potential E¢62) therefore becomes In the equatorial planéwhere 6= ), the term|sK |2 is
directly proportional to the energy spectral density of the
= |(5K cosh)|?Im(— cot®). (66)  waves. For particles which mirror off the equator, the diffu-

sion tensor elements are calculated by bounce-averaging an
We now show that the quasilinear diffusion of magnetically- s-dependent energy spectral density weighted by the factor

trapped patrticles arises froresonantmagnetically-trapped cosé, as shown in Eq(70).
particles only. Usmg the identity c@l==;___ (®@—nwm)!

(for ®+#0,*+,...), weobtain, after substituting Eq59), V. SUMMARY AND DISCUSSION

the expression In this paper a relativistic quasilinear bounce-averaged
. drift-kinetic diffusion equatiofEqg. (46)] has been derived
© . . e
cot®= — 2 b 67) and explicit expressions for the diffusion tensor elements

have been obtaingdeq. (70)].

In the Introduction, beginning with the relativistic Vla-
wherewy,=2/ 7, is the bounce frequency. We note that thesoy equation in Poisson-bracket form, the standard two time
denominator in Eq(67) is a function of the invariant$  scale decomposition of quasilinear theory is made, action-
=(&,4,dq) with (@, ,m,n) appearing as parameters. Using angle variables are introduced, and the solution of the linear
the Plemelj formul& Vlasov equation in action-angle form is substituted into the

. Co 14 Fo evolution equation and averaged over all fast variables to
I|m+ (x=atin) "=Hx-a) "]-i7sx-a), obtain the general action form of the relativistic quasilinear

70 diffusion equation(8) and the corresponding diffusion tensor
we readily find Img—a) '=— « §(x—a). Hence, by ap- element{Eq. (9)].
plying the Plemelj formula in Eq67), we obtain the follow- The derivation of Eqs46) and(70) follows steps analo-
ing expression for Im{ cot®): gous to the general action-angle derivation, but with impor-
tant differences because of the use of different guiding-center
phase-space coordinates and magnetic coordinates. The start-

T n=-= (wk_m<wd>_n wb) ’

[

Im(—cot®)= >, wpdw,—M{wg)—Nwy), (68

n ing point is the relativistic drift-kinetic equatiofill) ob-
A tained from the corresponding relativistic gyrokinetic equa-
and the final expression fdr, is therefore tion derived recently by Brizard and Ch&hAfter changing
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from the (X,p; ;Jg) phase-space coordinates ,£;J,) co- The magnetic geometry is further defined by the compo-
ordinates the two time scale quasilinear decomposition i§ents of the two-contravariant metric tengpt=Vy'-Vy/
introduced and arFy-evolution equation and linear drift- and the two-covariant metric tensgf;=d;X - 9;X. These
kinetic equation are obtainefEgs. (19) and (22)]. Next, tensors are used in the following relations:

magnetic coordinatesy(,¢,s) are introduced vig Eq(23) 0iXEgijV¢j and Vyi=gl X, (A1)

and a bounce-averaged equat{88) for F, and a linearized

relativistic drift-kinetic equatior(39) are obtained. After in- Where summation over repeated indices is implied. We also
troducing a quasilinear perturbation poteniia| [Eq. (45)],  find det(g;)=B "2 and det§)=B? and we note thag

the final form of the relativistic quasilinear bounce-averaged™ %X * V#'= 4] . For axisymmetric magnetic-field geometry,
drift-kinetic equation(46) is obtained. Finally, in Sec. IV the the components of the two-covariant metric tensor are given
linearized relativistic drift-kinetic equatiof89) is solved and ~ eXPlicitly as

th(_a result.s are used to yield explic_it expressions for the qua- IX=Vs+aVy= b,

silinear diffusion tensor elements in E0).

By Eg. (18) and the discussion following E¢30), F is yX=(V Yl|Vyl?)+a b, (A2)
independent of gyrophase, distance along the fielddimsad I
azimuthal anglep, so to lowest ordeF can be regarded as I X=RVe,
being averaged over these three variables. Thug4&yde-  \ypere R=|Ve| ! and  a(y,s)=b- dX=—Vs

scribes slow, diffusive changes in a gyro-, bounce-, and drift- Vyl(|Vy|?). The components of the two-contravariant

averaged phase-space density due to breaking of the secopgtric tensorg'! are obtained by inverting the matrg; .
and third adiabatic invariants by drift-bounce wave-particle

resonances associated with ultra-low-freque(diF) elec-

tromagr_let_ic qu_ctuationSNhich, however, conserve the firs_t APPENDIX B: PERTURBED MAGNETIC FIELD IN

adiabatic invariant We note that ULF fluctuations associ- aox|SyYMMETRIC MAGNETIC GEOMETRY

ated with radial and energy quasilinear diffusion are not nec-

essarily associated with strong pitch-angle scattefivigich Using the magnetic coordinateg,(g,s), the perturbed

moves the particle mirror points along field liné3. magnetic vector potentialbA is written (in the gauge
Lastly, we have remarked in the Introduction that the A -V¢=0) as

singular character of the quasilinear diffusion tensor disap-

pe:grs when nonlinear ef(fqects are taken into accbufit. P OA= OV S— OBV Y=V dat oYV e oxVi, (B1)

Analogous expressions exist for the relativistic bouncewhere 6A=dsda, &¢Y=— d,6a, and Sy=05B+d,da.

averaged quasilinear diffusion tensor Eg0), and these ex- Hence, the perturbed magnetic fiel8=V X JA is written

pressions will be used in future work to calculate renormal-as

ized diffusion c;oefficignt; for the drift_—resonant transport of g VX Ve+ VX Vsy. (B2)
magnetospheric relativistic electrons in the presence of low-
frequency hydromagnetic waves. Since magnetic fields are most easily measured in terms of

magnetic fluxes across surfac8di.e., the perturbed mag-
netic flux through a constan® surface is
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Note that the perturbed magnetic flux through a consgant-
surface issW¥= da and that the parallel component of the
perturbed magnetic fieIGSBHEB- 6B is written in terms of
these  components as 6B ,=6BS+asB’=B d.(6B

Magnetic field geometry is defined in terms of magnetic
coordinates)'= (i, ¢,s), whereB=V ¢ X V¢ and b=B/B
=9 X. In axisymmetric magnetic-field geometry, where the
azimuthal anglep is an ignorable coordinate, the magnetic +a0,0a)
field is represented in contravariant formBs:B(y/,s) sX, Tshe p.erturbed electric field is written in terms of the
wheres denotes the spatial coordinate along a magnetic-field )
line labeled by (s, ). By definition, Vs~V X Vo=B and pertgrbed scalar potentidl¢ and the perturbed vector po-
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Since electric fields are most easily measured in terms ofpr

voltages along curveg€ (i.e., the perturbed loop voltage
along loopC is [c— SE;d¢'), the perturbed electric field
Eq. (B4) has the foIIowmg covariant componentsE;
=6E - 9;X:

Relativistic bounce-averaged quasilinear diffusion . . . 4771

force and where we have uset-(X,X 5B)
=— wq 6BY/B. Using Eq.(B7), on the other hand, we find
that the first term can be written asi(w,— Mwy)ddy,
where 8J4=(q/c) d« is the perturbed drift action.

Finally, although we assume the stationary magnetic
field B is axisymmetric, deviations from axisymmetry can be
incorporated by adding a zero-frequency magnetic perturba-
tion 6B, in addition to the time-dependerifluctuation
fields. For example, the day—night asymmetry of the mag-
netosphere can be accounted for by addingrenl pertur-
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OE,=—3,0¢, (B5)
O = — 0500 =—dy(Sp+c L 6a).
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- i [ 6BY c - ic [ -
5amE—— ?dsz mwK 5E‘Pm_w_K 5E”mdS,

where the second expression fi,, is based on the identity

W, 5@%

mc B

= _ —i3Em
lul s

m

Thus we obtain two useful expressions for the perturbation (a,.

Hamiltonian
=~ = ! 515’% ~B\Im
iq
=—(mwd K)J Tds+J wg B —5E
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