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Relativistic bounce-averaged quasilinear diffusion equation
for low-frequency electromagnetic fluctuations
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A relativistic bounce-averaged quasilinear diffusion equation is derived to describe stochastic
particle transport associated with low-frequency electromagnetic fluctuations in a nonuniform
magnetized plasma. Expressions for the relativistic quasilinear diffusion coefficients are calculated
explicitly for magnetically-trapped particle distributions in axisymmetric magnetic geometry in
terms of drift-bounce resonant contributions associated with low-frequency fluctuations which
conserve the first adiabatic invariant. ©2001 American Institute of Physics.
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I. INTRODUCTION

One of the outstanding problems in magnetosphe
physics is the nature of the mechanism~s! responsible for the
transport and energization of trapped~radiation-belt! par-
ticles during magnetic storms. Relativistic radiation-b
electrons are of special interest because of their dama
effects on spacecraft electronics. During magnetic stor
MeV electron fluxes in Earth’s magnetosphere typically dr
by a few orders of magnitude early in the storm and then
to values one to two orders of magnitude above pre-st
values over a period of a day or two.1 Recent observationa
studies have shown strong correlations between these
variations and the occurrence of hydromagnetic fluctuati
in the 2 to 10 mHz ULF frequency range.2,3 In related work,
simulation results of Elkington, Hudson, and Chan4 suggest
that the ULF fluctuations may play an important role in t
radial transport and energization of the MeV electro
through magnetic-drift wave-particle resonances. More g
erally, it has long been established that trapped magn
spheric particles can exhibit stochastic behavior in the p
ence of multiple wave-particle resonances5–7 leading to
dissipationless transport.

A. General quasilinear theory

Stochastic transport of charged particles interacting w
low-frequency electromagnetic waves can faithfully be mo
eled by a quasilinear diffusion equation in which wav
particle resonances are explicitly taken into account. Qu
linear theory was originally developed to describe t
collisionless evolution of an unstable velocity-space part
distribution in a uniform plasma.8,9 The derivation of a qua-
silinear kinetic equation for a nonuniform magnetiz
plasma in the full phase space using action-angle coordin
was first performed by Kaufman.10,11 This formulation, as is
shown below, explicitly displays the following three wav
particle resonances: the gyroresonance~in which the wave
frequencyv is equal to harmonics of the cyclotron frequen
vc), the bounce-resonance~in which the wave frequencyv
4761070-664X/2001/8(11)/4762/10/$18.00
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is equal to harmonics of the bounce frequencyvb), and the
drift-resonance~in which the wave frequencyv is equal to
harmonics of the magnetic-drift frequencyvd).

The derivation of a relativistic quasilinear Vlasov equ
tion describing collisionless diffusion in action space beg
with the standard relativistic Vlasov equation written
Hamiltonian form as

]F

]t
1$F,H%50, ~1!

whereF is the Vlasov distribution function,H is the single-
particle relativistic Hamiltonian, and$,% is the Poisson
bracket. The Vlasov equation~1! can be written in terms of
the action-anglecoordinates (Ji ,u i) ~with i 51,2,3), with
which the Poisson bracket has the form

$F,H%[
]F

]u
•

]H

]J
2

]F

]J
•

]H

]u
.

Next, we expand the Vlasov distributionF and the Hamil-
tonian H in powers of a small dimensionless parametere
associated with wave-perturbation amplitude:

F5F0~J;t!1edF~J,u,t !,
~2!

H5H0~J!1e dH~J,u,t !,

whereF0 andH0 are functions of the action variablesJ, such
that $F0 ,H0%[0, andF0 is also a slow function of time (t
[e2 t), i.e., ]F0 /]t[O(e2). The first-order perturbation
termsdF anddH are associated with the presence of wav
perturbing the background medium whose typical wave ti
scales are short compared to the quasilinear evolution t
scale of the background medium.

Upon expanding the Vlasov equation~1! in powers ofe
and averaging over the fast-wave time scales, we obtain
following equations forF0 anddF:

]F0

]t
52$dF,dH%, ~3!
2 © 2001 American Institute of Physics
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]dF

]t
1$dF,H0%52$F0 ,dH%, ~4!

where(•••) denotes averaging with respect to the fast-an
variables and time, and we have omitted the nonlinear t
$dF,dH% in the evolution equation fordF ~as required by
the quasilinear analysis!. We now consider the Fourier de
composition

S dF

dH
D 5(

k
(
m

S dF̃m~J;vk!

dH̃m~J;vk!
D expi ~mju j2vk t !, ~5!

wherem[(m1,m2,m3) labels Fourier components~each in-
dex mi takes integer values from2` to 1`), the sum(k

denotes a sum over normal modes with eigenfrequen
vk , and dF̃2m(2 vk)[@dF̃m(vk)#* as follows from the
reality condition on the perturbation fields. Substituting th
decomposition into the right side of Eq.~3! yields12

2$dF,dH%5
]

]J
" S dF

]dH

]u D
5

]

]J
•S (

m,k
imdF̃m* ~J;vk!dH̃m~J;vk! D

[
]

]J
•F(

m,k
mIm~dH̃m* ~J;vk!dF̃m~J;vk!!G . ~6!

Substituting the Fourier decomposition Eq.~5! into Eq. ~4!,
on the other hand, yields the formal solution for the Four
componentdF̃m :

dF̃m~J;vk![2 ~vk2m"V!21m "
]F0

]J
dH̃m~J;vk!, ~7!

where V i(J)[u̇ i5]H0 /]Ji is the unperturbed orbital fre
quency associated with the fast orbital angleu i . Finally, sub-
stituting this solution into Eq.~6!, the evolution equation~3!
for F0 becomes the quasilinear diffusion equation

]F0

]t
[

]

]J
•S DQL•

]F0

]J D , ~8!

where the components of the quasilinear diffusion tensor

DQL
i j [(

m,k
mimj@pd~vk2m "V!udH̃m~J;vk!u2#, ~9!

and we have used Im(vk2m•V)21[2pd(vk2m•V),
which indicates that quasilinear diffusion is produced
resonant wave-particle interactions. The action-angle form
lation of quasilinear transport theory therefore establishes
following paradigm: each wave-particle resonance int
duces an explicit violation of the adiabatic invariance of
action variable which results in stochastic transport~e.g.,
bounce-resonant fluctuations destroy violate adiab
bounce invariance and set up stochastic transport in bou
action space!.

We note that the singular character of the quasilin
diffusion tensor Eq.~9! disappears when nonlinear effec
such as resonance broadening are taken into account.11,13 In
Eq. ~9!, for example, resonance broadening effects may
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
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modeled by replacing the small denominator (vk

2m"V)21 with (vk2m"V1 in)21, where the autocorrela
tion time tac[1/n represents the time scale over which
resonant particle loses correlation with the waves.13 Hence,
using the prescription Im(vk2m "V1 in)21[2 tac for
resonant particles~i.e., vk5m "V), and the quasilinear dif-
fusion tensor Eq.~9! is replaced with therenormalizedqua-
silinear diffusion~RQL! tensor

DRQL
i j [S (

m,k
mimj udH̃m

(res)u2D tac, ~10!

wheredH̃m
(res)[dH̃m(J;vk5m "V). Such nonlinear effects

are, however, beyond the scope of the present work and
postpone further discussion of nonlinear resonan
broadening effects to future work on applications of relat
istic bounce-averaged quasilinear diffusion in magne
spheric physics.

B. Orbital time scales for relativistic electrons

In the present work, we focus our attention on axisy
metric magnetic geometry represented by the magnetic c
dinates (c,w,s), where the azimuthal anglew is an ignorable
coordinate whereas the magnetic fluxc is a radial-like coor-
dinate ands is the parallel coordinate along a magnetic-fie
line labeled by (c,w). The background Vlasov distribution
F0(Jg ,«,c) is a function of the relativistic gyro-actionJg

[up'u2/(2Mvg) ~an adiabatic invariant associated with the
asymptotic elimination of the gyroanglez!,14 the particle en-
ergy« @instead of the bounce actionJb[(1/2p) rpi ds], and
the radial-like drift actionJd[qc/c ~an exact invariant as
sociated with axisymmetry inw).

The type of hydromagnetic fluctuations considered
this work are ultra-low-frequency~ULF! fluctuations in the
frequency range 2–10 mHz. For a 1-MeV test electron
geosynchronous orbit,15 the cyclotron frequency is in the
range 1 – 3 kHz, the bounce frequency is in the range 1
Hz, and the drift frequency for equatorially-trapped electro
is in the range of a few mHz. Hence, a 1-MeV trapped el
tron can easily encounter magnetic-drift resonances wit
ULF wave; hence, ULF waves can lead to radial transpor
a result of the destruction of the third adiabatic invaria
Because of the time-scale orderingv!vc and vc@vb

@vd , the ULF fluctuations conserve the first adiabatic
variant, while the second and third invariants may be brok
or not.

In low-frequency gyrokinetics,14 the fluctuation time
scale (2p/v) is assumed much longer than the fast cyclotr
time scale (2p/vc) and could be comparable to the interm
diate bounce time scale (2p/vb) or the slow drift time scale
(2p/vd). Becausev!vg[g21vc , an asymptotic expres
sion for the relativistic gyroactionJg can be constructed
which is conserved in the presence of low-frequency elec
magnetic fluctuations. The conditionv;vb or vd , on the
other hand, implies that the construction of the bounce
drift invariants beyond their simplest expressions is unnec
sary.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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C. Relativistic drift-kinetic Vlasov equation

We now review the relativistic gyrokinetic Vlasov equ
tion for low-frequency electromagnetic fluctuations in a no
uniform magnetized plasma with general magnetic geom
recently derived by Brizard and Chan.14 Because electron
have negligible Larmor radii compared to the backgrou
scale lengths, we focus our attention on the drift-kine
limit. For a particle species with massM and chargeq ~par-
ticle species here is arbitrary!, the relativistic drift-kinetic
Vlasov equation is written in terms of the gyrocenter Vlas
distribution F(X,pi ,t;Jg) and the relativistic gyrocente
HamiltonianH(X,pi ,t;Jg) as

]F

]t
1S B*

Bi*

]H

]pi
1

cb̂

qBi*
Ã¹H D "¹F2

B*

B*
"¹H

]F

]pi
50,

~11!

whereB* [¹ Ã @A1(cpi /q) b̂#, b̂[B/B, and Bi* [b̂ "B*
are quantities derived from the unperturbed backgro
magnetic field only. In the drift-kinetic limit, the linearize
gyrocenter HamiltonianH is expressed as

H5~g21! Mc21e F qS df2
pi

gMc
dAi D1Jg vg

dBi

B G
[H01edH, ~12!

wherevg[uquB/Mc is the rest-mass gyrofrequency and t
relativistic factor is

g~X,pi ,Jg![A11
2Jgvg

Mc2
1S pi

McD 2

.

In Eqs.~11! and~12!, the gyrocenter phase-space coordina
(X,pi) are the gyrocenter positionX and the relativistic gy-
rocenter parallel momentumpi[gMv i , the relativistic gy-
roactionJg is an invariant of gyrocenter Hamiltonian dynam
ics, and the background electric field is assumed to
negligible. In Eq.~12!, the electromagnetic-field fluctuation
are represented by the following scalar fields:df denotes the
perturbed electrostatic scalar potential, whiledAi[b̂ " dA
anddBi[b̂ " dB denote the parallel components of the p
turbed magnetic vector potential and the perturbed magn
field, respectively.

Before proceeding to the derivation of the relativis
quasilinear drift-kinetic equations, we first perform a chan
of gyrocenter phase-space coordinates wherein we rep
the relativistic gyrocenter parallel momentumpi with the
unperturbed relativistic gyrocenter particle energy«[H0.
We also introduce the unperturbed relativistic guiding-cen
velocity

Ẋ0[
B*

Bi*

]H0

]pi
1

cb̂

qBi*
Ã¹H0

5
pi

gM
b̂1

cb̂

gqB*
Ã S Jg ¹vg1

pi
2

M
b̂ "¹b̂D , ~13!

where the first term in Eq.~13! represents parallel motio
along a magnetic-field line, while the second and third ter
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
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represent grad-B and curvature magnetic drifts across fi
lines, respectively. After making the substitutionpi→« and
using Eq.~13!, the relativistic drift-kinetic Vlasov equation
~11! becomes

S ]

]t
1Ẋ0 "¹ DF5eF cb̂

qBi*
"¹F Ã¹dH

1Ẋ0" S ¹dH
]F

]«
2¹F

]dH

]« D G . ~14!

The physical interpretation ofF in Eq. ~14! is that it repre-
sents the phase-space number density of gyrocenters; it
lationship to the particle phase-space densityf is that
F(X,«;Jg ,z;t)[ f (x,p;t) to all orders ine.

Lastly, the Jacobian for the transformation from the p
ticle phase-space coordinates (x,p) to the reduced gyrocente
phase-space coordinates (X,«;Jg) is (2puqu/c)Bi* /uv iu,
where the factor 2p comes from the elimination of the gy
roangle variablez. One can easily show from Eq.~13! that
D[Bi* /uv iu satisfies the identities

¹ " ~Ẋ0 D![0 and ¹ Ã S cDb̂

qBi*
D [

]

]«
~Ẋ0 D!. ~15!

For the axisymmetric magnetic geometry considered in
work, we find Bi* [B and we henceforth writeD[B/uv iu
wherever it appears.

D. Organization

The remainder of the paper is organized as follows.
Sec. II, relativistic quasilinear drift-kinetic equations are d
rived in axisymmetric magnetic geometry in which the bac
ground fields are independent of the azimuthal anglew. For
this purpose, magnetic coordinates (c,w,s) are introduced,
where the magnetic fluxc is an exact invariant of the unper
turbed guiding-center motion and the parallel spatial coo
nates denotes a location along a magnetic field line labe
by (c,w). The perturbed Vlasov distributiondF is then de-
composed into the adiabatic part (dH]«F0) and the nonadia-
batic part~denoteddG). Quasilinear drift-kinetic equations
are subsequently written for the slow-time evolution ofF0 in
terms of adiabatic and nonadiabatic contributions and
fast-time evolution of the nonadiabatic part of the perturb
Vlasov distributiondG. In Sec. III, the quasilinear evolution
drift-kinetic equation forF0 is bounce averaged and w
show that only nonadiabatic contributions remain, i.e., un
general assumptions, the adiabatic contributions to quas
ear diffusion vanish. In Sec. IV, we solve explicitly for th
components of the relativistic bounce-averaged quasilin
diffusion tensor associated with stochastic transport in (c,«)
space. We summarize our work in Sec. V and discuss p
sible applications in magnetospheric physics. Lastly, App
dices A and B present additional details associated with g
eral axisymmetric magnetic geometry~Appendix A! and the
form of the perturbed electric and magnetic fields~Appendix
B!.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp



w

e

a

n
fo
in

-

te

ow

oc
tri
il-
c

ti

ed
t-

ier

asi-

s
rba-
or
e-

e,
f

be

e-

ly

f

4765Phys. Plasmas, Vol. 8, No. 11, November 2001 Relativistic bounce-averaged quasilinear diffusion . . .
II. RELATIVISTIC QUASILINEAR DRIFT-KINETIC
EQUATIONS IN AXISYMMETRIC MAGNETIC
GEOMETRY

A. General relativistic quasilinear drift-kinetic
equations

Relativistic quasilinear drift-kinetic equations can no
be derived from Eq.~14! by first introducing the following
decomposition on the gyrocenter Vlasov distribution:

F[F01e dF, ~16!

where the gyrocenter Vlasov distributionF0 is defined as
having aslow ~transport! time scale dependence while th
gyrocenter Vlasov distributiondF has a fast ~wave! time
scale dependence.

Next, we introduce the fast time scale and azimuth
angle average with the property thatF0[F0 anddF[0; the
notation(•••) is henceforth used to mean fast time scale a
azimuthal-angle averaging only and appropriate notation
bounce averaging will be introduced later. Upon averag
Eq. ~14!, we obtain

S e2
]

]t
1Ẋ0 "¹ DF05e2F Ẋ0 " S ¹dH

]dF

]«
2¹dF

]dH

]« D
1

cb̂

qBi*
" ~¹dF Ã¹dH !G , ~17!

whereF05F0( . . . ,e2t[t), i.e., the slow time scale depen
dence ofF0 enters at second order ine. At ordere0, Eq. ~17!
yields

Ẋ0 "¹F0[0, ~18!

i.e., F0 is a constant along an unperturbed guiding-cen
orbit. At ordere2, on the other hand, Eq.~17! yields

]F0

]t
5F cb̂

qBi*
" ~¹dF Ã¹dH !

1Ẋ0 " S ¹dH
]dF

]«
2¹dF

]dH

]« D G . ~19!

This quasilinear drift-kinetic equation states that the sl
time scale relativistic gyrocenter Vlasov distributionF0

evolves as a result of quadratic wave nonlinearities ass
ated with the perturbed relativistic gyrocenter Vlasov dis
bution dF and the perturbed relativistic gyrocenter Ham
tonian dH. To derive a relativistic quasilinear drift-kineti
diffusion equation from Eq.~19!, we must now establish a
relation betweendF anddH.

For this purpose, we consider the linearized relativis
drift-kinetic Vlasov equation. On the fast time scale~order
e), Eq. ~14! yields

S ]

]t
1Ẋ0 "¹ D dF5S cb̂

qBi*
"¹F0 Ã¹dH1Ẋ0 "¹dH

]F0

]« D ,

~20!
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
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where Eq.~18! was used. We can rewrite Eq.~20! by decom-
posing the perturbed gyrocenter Vlasov distributiondF in
terms of itsadiabatic and nonadiabaticcomponents,16 re-
spectively:

dF[dH
]F0

]«
1dG, ~21!

wheredG represents the nonadiabatic part of the perturb
gyrocenter Vlasov distribution. The linear relativistic drif
kinetic Vlasov equation for the nonadiabatic partdG is then
obtained by substituting Eq.~21! into Eq. ~20!:

S ]

]t
1Ẋ0 "¹ D dG5S cb̂

qBi*
"¹F0 Ã¹2

]F0

]«

]

]t D dH.

~22!

This relativistic drift-kinetic equation generalizes the earl
nonrelativistic works of Antonsen and Lane,17 Catto, Bald-
win, and Tang,18 and Chen.19

B. Axisymmetric magnetic geometry

In the present paper, we are interested in deriving qu
linear drift-kinetic equations~19! and~22! for an axisymmet-
ric magnetic field geometry~however, note that deviation
from axisymmetry can be incorporated as magnetic pertu
tions dB with zero frequency; see Appendices A and B f
details!. The axisymmetric magnetic field geometry is repr
sented by the magnetic coordinates (c,w,s), where

B[¹c Ã¹w[B~c,s!
]X

]s
. ~23!

Here, the magnetic fluxc represents a radial-like coordinat
w denotes the azimuthal angle, ands denotes the position o
a point along a magnetic field line labeled by (c,w). Note
that the background magnetized plasma is assumed to
independent of the azimuthal anglew. By definition, the par-
allel coordinates is such that

b̂[¹s1a ¹c, ~24!

with a(c,s)[b̂ " ]cX, i.e., the magnetic coordinates (c,w,s)
are nonorthogonal coordinates. Moreover, from Eq.~24!, we
find ¹ Ã b̂5b̂Ã (]sa ¹c), and thusb̂ "¹ Ã b̂50 so that
Bi* [B. We note that in axisymmetric magnetic-dipole g
ometry, we haveB5¹x(c,s), with ]sx[B and]cx[a B.

C. Perturbed magnetic and electric fields

The perturbed vector potential can be written in pure
covariant form as

dA[¹da1dc ¹w2dx ¹c, ~25!

whereda, dc, anddx are perturbation scalar potentials~see
Appendix B for details!. Note that the parallel component o
the perturbed vector potential isdAi[b̂ " dA5]sda. Hence,
using Eq. ~25!, the perturbed magnetic fielddB[¹ Ã dA
can be expressed in explicit divergenceless form as

dB[¹dc Ã¹w1¹c Ã¹dx. ~26!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Using the covariant representation Eq.~25! for the perturbed
vector potential dA, the perturbed electric fielddE
[2 ¹df2c21 ] tdA, on the other hand, is written as

dE52 ¹dF2
1

c S ]dc

]t
¹w2

]dx

]t
¹c D , ~27!

where the scalar potentialsdf andda are combined to de
fine dF as follows:

dF[df1
1

c

]da

]t
. ~28!

Hence, the parallel component of the perturbed electric fi
is dEi[b̂ " dE52 ]sdF.

D. Quasilinear equations in axisymmetric magnetic
geometry

In axisymmetric magnetic geometry, the unperturb
guiding-center operatorẊ0 "¹ is thus written in terms of
magnetic coordinates (c,w,s) as

Ẋ0 "¹5v i

]

]s
1vd

]

]w
, ~29!

wherev i[pi /gM is the parallel component of the relativis
tic guiding-center velocity and the magnetic-drift frequen
is defined as

~30!

We note that sinceẊ0 "¹c50, the drift-actionJd[qc/c is
an invariant for unperturbed particle motion in axisymmet
magnetic geometry. We also find from Eq.~18! that F0(I ,t)
depends on the three invariantsI[(«,c,Jg) of unperturbed
guiding-center motion in axisymmetric magnetic geometr

Using the magnetic coordinates (c,w,s)[c i and the de-
composition Eq.~21!, the slow-time relativistic quasilinea
drift-kinetic Vlasov equation~19! can be written in diver-
gence form20 as

]

]t
~DF0!52¹ " FDẊ0S dF

]dH

]« D1
cDb̂

qB
Ã ~dF¹dH !G

1
]

]«
@DẊ0 " ~dF¹dH !#

[2B
]

]c i FDB S Ri1DA
i« ]F0

]« D G
1

]

]« FDS R«1DA
««

]F0

]« D G , ~31!

where the adiabatic~A! coefficients (DA
i« ,DA

««) are defined
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
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DA
i«[

1

2
S ]dH2

]«
Ẋ01

cb̂

qB
Ã¹dH2D "¹c i

and ~32!

DA
««[ 1

2Ẋ0 "¹dH2,

while the nonadiabatic coefficients (Ri ,R«) are defined

Ri[¹c i " FdGS Ẋ0

]dH

]«
1

cb̂

qB
Ã¹dH D G

and ~33!

R«[Ẋ0 " ~dG¹dH !.

The linear relativistic drift-kinetic Vlasov equation~22! for
dG can be written in terms of the magnetic coordina
(c,w,s) as

S ]

]t
1v i

]

]s
1vd

]

]w D dG5S c

q

]F0

]c

]

]w
2

]F0

]«

]

]t D dH,

~34!

where the total time derivative appearing on the left s
contains bounce and magnetic-drift contributions. Althou
the adiabatic coefficients Eq.~32! are shown in the next sec
tion to vanish under bounce averaging, we keep them h
for completeness.

III. RELATIVISTIC BOUNCE-AVERAGED QUASILINEAR
DRIFT-KINETIC DIFFUSION EQUATION

Since the time-independent background medium is a
symmetric in w, we decompose the perturbation fields
Fourier components in timet and azimuthal anglew:

S dG

dH D[(
k

(
m52`

` S dG̃m~s;I ,vk!

dH̃m~s;I ,vk!
D e( imw2vkt). ~35!

In what follows, we shall use the notationf̃ to indicate ex-
plicit s-dependence in a functionf and the notationf̂ to in-
dicates-independence~i.e., ]sf̂ [0). For two arbitrary func-
tions f (X,t) andg(X,t), the fast time scale average( f g) is
now explicitly written as

~ f g![(
m,k

f̃ m* ~c,s;vk!g̃m~c,s;vk!. ~36!

Thus we find from Eqs.~32! and ~35! that DA
c«[0 andDA

««

[ 1
2 v i ]sdH2.

Next, sinceF0 is independent of the parallel coordina
s, we introduce a bounce-average operation defined as

^ f &~ I ![
1

tb
(

s561
E

sL

sU ds

uv iu
f ~s,s;I !, ~37!

where the sum is over the two possible signs ofv i ~note that
D/B[1/uv iu), and the bounce period is defined as

tb~ I ![ (
s561

E
sL

sUD
B

ds52 E
sL

sU ds

uv iu
[2p

]Jb

]«
,
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with sL(I ) andsU(I ) denoting the lower (L) and upper (U)
turning points. We note that sinceF0 is independent of the
parallel spatial coordinates, we havê F0&[F0.

We now perform the bounce-average operation on
~31! to obtain the relativistic quasilinear bounce-averag
drift-kinetic diffusion equation:21

]F0

]t
[

1

tb

]

]c
F tbK cb̂

qB
Ã¹c " ~dG¹dH !L G

1
1

tb

]

]«
@tb^Ẋ0 " ~dG ¹dH !&#, ~38!

where thes-term in Eq. ~31! is averaged out while the
w-term vanishes as a result of axisymmetry. Here, we u
Ẋ0 "¹c50 in the first term in Eq.~38! while the adiabatic
coefficientDA

«« vanishes upon bounce-averaging since

^DA
««&5

1

2
^Ẋ0 "¹dH2&5

1

2 K v i

]dH2

]s L [0.

Hence, only nonadiabatic effects contribute to quasilin
diffusion.

Using the Fourier decomposition Eq.~35! in the linear
relativistic drift-kinetic Vlasov equation~34! for the nonadia-
batic part of the perturbed Vlasov distribution, we obtain

LdG̃m~s,s![ i FdH̃m~s,s!, ~39!

whereF(I ,vk)[vk ]«F01(mc/q) ]cF0 and we henceforth
omit displaying the dependence of the perturbation fields
I andvk . In Eq. ~39!, the differential operatorL is defined
as

LdG̃m~s,s![Fsuv iu
]

]s
2 i ~vk2m vd!GdG̃m~s,s!,

~40!

and the perturbed Hamiltonian defined in Eq.~12! becomes

dH̃m~s,s!5qS df̃m~s!2s
uv iu
c

dÃim~s! D1Jgvg

dB̃im~s!

B
.

~41!

The operatorL defined in Eq.~40! has the following prop-
erty associated with bounce-averaging operation define
Eq. ~37!:

^ f * ~Lg!&52 ^~Lf !* g& ~42!

for two arbitrary functionsf and g. Using Eq.~35! in Eq.
~38!, we therefore find

^Ẋ0 " ~dG¹dH !&[(
m,k

vk Im^dG̃mdH̃m* &, ~43!

and

K b̂

B
Ã¹c " ~dG¹dH !L [(

m,k
m Im^dG̃m dH̃m* &. ~44!

By introducing thequasilinearperturbation potential

Ĝm~ I ;vk![F 21 Im^dG̃m dH̃m* &, ~45!
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the relativistic quasilinear bounce-averaged drift-kinetic d
fusion equation~38! now becomes

]F0

]t
[

1

tb

]

]« FtbS DQL
««

]F0

]«
1DQL

«c ]F0

]c D G
1

1

tb

]

]c FtbS DQL
c«

]F0

]«
1DQL

cc ]F0

]c D G , ~46!

where the relativistic quasilinear bounce-averaged diffus
coefficients are defined as

DQL
«« ~ I ![(

m,k
vk

2Ĝm~ I ;vk!,

DQL
c«~ I ![(

m,k
~mc/q! vkĜm~ I ;vk![DQL

«c~ I !, ~47!

DQL
cc~ I ![(

m,k
~mc/q!2Ĝm~ I ;vk!.

This quasilinear diffusion tensor describes stochastic tra
port in (c,«)-space induced by low-frequency electroma
netic fluctuations which conserve the first~adiabatic! invari-
ant Jg . We now proceed to obtain an explicit expression
Ĝm in terms of the perturbation HamiltoniandH̃m .

IV. SOLUTION OF THE NONADIABATIC DRIFT-KINETIC
EQUATION FOR TRAPPED PARTICLES

To obtain an explicit expression for the quasilinear p
turbation potentialĜm , we need to solve the linearized rela
tivistic drift-kinetic equation~39! for the nonadiabatic par
dG̃m(s,s) of the perturbed gyrocenter Vlasov distribution
terms of the perturbed relativistic gyrocenter Hamiltoni
dH̃m(s,s).

The fact that the perturbed relativistic gyrocenter Ham
tonian Eq.~41! depends ons introduces some difficulties in
solving Eq.~39!. The solution of Eq.~39! can, however, be
simplified as follows. First, usingdAi[b̂ " dA5]da/]s

from Eq. ~25!, we can writedH̃m as

dH̃m~s,s![dK̃m~s!2
q

c
Ldãm , ~48!

with

dK̃m~s![q df̃m1Jgvg~dB̃im /B!2 i
q

c
~vk2m vd! dãm

[q dF̃m1Jgvg~dB̃im /B!1
imq

c
vd dãm , ~49!

wheredF̃m[df̃m2 i (vk /c) dãm @see Eq.~28!#; the reader
is referred to Appendix B for a representation ofdK̂m in
terms of components of the perturbed electric and magn
fields. When the decomposition Eq.~48! is inserted into Eq.
~39!, we obtain the new equation

LdG̃m8 ~s,s![ iFdK̃m~s!, ~50!

where the new nonadiabatic partdG̃m8 (s,s) is defined as
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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dG̃m[dG̃m8 2 i
q

c
F dãm . ~51!

Using properties Eq.~42! of L and the decompositions Eq
~48! and~51!, we can show that the quasilinear perturbati
potential Eq.~45! can also be written as

Ĝm5F 21 Im^dG̃m8 dK̃m* &, ~52!

in terms ofdG̃m8 anddK̃m .

A. General solution for dG̃m8 „s,s …

To proceed with the solution of the linearized drif
kinetic equation~50! we first write the operatorL @defined in
Eq. ~39!# in terms of the integrating factoru:

LdG̃m8 ~s,s![eisu(s)v i

]

]s
@e2 isu(s)dG̃m8 ~s,s!#,

whereu(s) is defined as

u~sL ,s![E
sL

s ds8

uv iu
~vk2m vd!. ~53!

Hence, Eq.~50! can be written as

eisu(s)v i

]

]s
@e2 isu(s)dG̃m8 ~s,s!#5 iFdK̃m~s!, ~54!

which implies that its general solutiondG̃m8 (s,s) ~for
trapped particles with turning points ats5sL ands5sU) can
be written as

dG̃m8 ~s,s![F eisu(s)@dĝm~s!1dg̃m~s,s!#. ~55!

The homogeneous termdĝm(s) is determined from two
matching conditions fordG̃m8 (s,s) for s561 at s5sL and
s5sU ~see below!.

1. Inhomogeneous term

We first solve for the inhomogeneous termdg̃m(s,s).
After substituting the inhomogeneous termFdg̃m exp(isu)
into Eq. ~54!, we findsuv iu ]sdg̃m[ idK̃m e2 isu. This equa-
tion is solved, subject to the boundary conditiondg̃m(s,s
5sL)[0, as

dg̃m~s,s![ isE
sL

s ds8

uv iu
e2 isu(sL ,s8)dK̃m~s8!

[ isd k̃m~s,s!. ~56!

By definition, thes-dependent functiond k̃m(s,s) satisfies
the following relations:d k̃m(s,s5sL)[0 and

d k̃m~s,s5sU!5
tb

2
^dK̃me2 isu&

[
tb

2
~^dK̃m cosu&2 is ^dK̃m sinu&!.

~57!
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
2. Homogeneous term

We now solve for the homogeneous termdĝm(s). The
matching conditiondG̃m8 (11,sL)5dG̃m8 (21,sL) at the turn-
ing point s5sL yields dĝm(11)5dĝm(21)[dĝm , while
the matching conditiondG̃m8 (11,sU)5dG̃m8 (21,sU) at the
turning points5sU yields

eiQFdĝm1 i
tb

2
^e2 iudK̃m&G

5e2 iQFdĝm2 i
tb

2
^eiudK̃m&G , ~58!

where Eq. ~57! was used and the phase factorQ
[u(sL ,sU) is defined from Eq.~53! as

Q5
tb

2
~vk2m ^vd&![

p

vb
~vk2m ^vd&!. ~59!

The matching condition Eq.~58! can now be used to solv
for the s-independent functiondĝm :

dĝm[2
tb

2
~cotQ^dK̃m cosu&1^dK̃m sinu&!. ~60!

By combining the inhomogeneous solution Eq.~57! and
the homogeneous solution Eq.~60!, the general solution of
Eq. ~50! is therefore written as

dG̃m8 ~s,s!5F eisu(s)F is d k̃m~s,s!

2
tb

2
~cotQ^dK̃m cosu&1^dK̃m sinu&!G .

~61!

B. Quasilinear perturbation potential

The quasilinear perturbation potential Eq.~52! can now
be evaluated explicitly. First, using Eq.~61! and the bounce-
average definition Eq.~37!, we obtain

Ĝm5Im^dK̃m* eisu~dĝm1 is d k̃m!&

5Im~dĝm^dK̃m* cosu&!1ReK s uv iu
]d k̃m*

]s
d k̃mL , ~62!

where, in the first term, we have used the fact that

and, in the second term, we have used Eq.~56! to obtain
dK̃m* eisu[uv iu]d k̃m* /]s. Next, using Eq.~60!, the first term
in Eq. ~62! becomes
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Im~dĝm^dK̃m* cosu&!52
tb

2
u^dK̃m cosu&u2Im~cotQ!

1
tb

2
Im~^dK̃m cosu& ^dK̃m* sinu&!.

~63!

The second term in Eq.~62!, on the other hand, becomes

ReK s uv iu
]d k̃m*

]s
d k̃mL 5

1

2 K suv iu
]ud k̃mu2

]s L
5

1

2tb
(
s

sE
sL

sU ds

uv iu
uv iu

]ud k̃mu2

]s

5
1

2tb
@ ud k̃m~s511,sU!u2

2ud k̃m~s521,sU!u2#, ~64!

where we have used the fact thatd k̃m(s,sL)[0 ~by defini-
tion!. Using Eq.~57! and the identity~for arbitrary complex
functions a and b) ua6 is bu25uau21ubu262s Im(ab* ),
the inhomogeneous term Eq.~64! finally becomes

ReK s uv iu
]d k̃m*

]s
d k̃mL 52

tb

2
Im~^dK̃m cosu& ^dK̃m* sinu&!,

~65!

which then cancels the second term in Eq.~63!. By combin-
ing the homogeneous and inhomogeneous terms, the q
linear perturbation potential Eq.~62! therefore becomes

Ĝm[
tb

2
u^dK̃m cosu&u2Im~2 cotQ!. ~66!

We now show that the quasilinear diffusion of magnetical
trapped particles arises fromresonantmagnetically-trapped
particles only. Using the identity cotQ5(n52`

` (Q2np)21

~for QÞ0,6p, . . . ), weobtain, after substituting Eq.~59!,
the expression

cotQ[
1

p (
n52`

`
vb

~vk2m ^vd&2n vb!
, ~67!

wherevb[2p/tb is the bounce frequency. We note that t
denominator in Eq.~67! is a function of the invariantsI
[(«,c,Jg) with (vk ,m,n) appearing as parameters. Usin
the Plemelj formula22

lim
h→01

~x2a1 ih!21[P@~x2a!21#2 ip d~x2a!,

we readily find Im(x2a)21[2 p d(x2a). Hence, by ap-
plying the Plemelj formula in Eq.~67!, we obtain the follow-
ing expression for Im(2cotQ):

Im~2cotQ![ (
n52`

`

vbd~vk2m ^vd&2n vb!, ~68!

and the final expression forĜm is therefore
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
si-

-

Ĝm~ I ;vk![ (
n52`

`

p d~vk2m ^vd&2n vb!

3u^dK̃m~s;I ,vk!cosu~s;I ,vk!&u2. ~69!

This expression contains contributions from magnetic-d
resonances (vk;m^vd&) and bounce resonances (vk

;nvb).

C. Relativistic bounce-averaged quasilinear diffusion
tensor

Substituting Eq.~69! into Eq. ~47!, the components of
the relativistic quasilinear bounce-averaged quasilinear di
sion tensor in (c,«)-space are now expressed as

DQL
«« [ (

m,n,k
vk

2@pd~vk2m ^vd&2n vb!

3u^dK̃m cosu&u2#,

DQL
c«[ (

m,n,k
~mc/q! vk@pd~vk2m ^vd&2n vb!

3u^dK̃m cosu&u2#[DQL
«c , ~70!

DQL
cc[ (

m,n,k
~mc/q!2@pd~vk2m ^vd&2n vb!

3u^dK̃m cosu&u2#.

As expected, these expressions are very similar in form
those obtained from general quasilinear theory@see Eq.~9!#.
In the equatorial plane~where u5p), the term udK̃mu2 is
directly proportional to the energy spectral density of t
waves. For particles which mirror off the equator, the diff
sion tensor elements are calculated by bounce-averagin
s-dependent energy spectral density weighted by the fa
cosu, as shown in Eq.~70!.

V. SUMMARY AND DISCUSSION

In this paper a relativistic quasilinear bounce-averag
drift-kinetic diffusion equation@Eq. ~46!# has been derived
and explicit expressions for the diffusion tensor eleme
have been obtained@Eq. ~70!#.

In the Introduction, beginning with the relativistic Vla
sov equation in Poisson-bracket form, the standard two t
scale decomposition of quasilinear theory is made, acti
angle variables are introduced, and the solution of the lin
Vlasov equation in action-angle form is substituted into t
F0 evolution equation and averaged over all fast variable
obtain the general action form of the relativistic quasiline
diffusion equation~8! and the corresponding diffusion tens
elements@Eq. ~9!#.

The derivation of Eqs.~46! and~70! follows steps analo-
gous to the general action-angle derivation, but with imp
tant differences because of the use of different guiding-ce
phase-space coordinates and magnetic coordinates. The
ing point is the relativistic drift-kinetic equation~11! ob-
tained from the corresponding relativistic gyrokinetic equ
tion derived recently by Brizard and Chan.14 After changing
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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from the (X,pi ;Jg) phase-space coordinates to (X,«;Jg) co-
ordinates the two time scale quasilinear decomposition
introduced and anF0-evolution equation and linear drift
kinetic equation are obtained@Eqs. ~19! and ~22!#. Next,
magnetic coordinates (c,w,s) are introduced via Eq.~23!
and a bounce-averaged equation~38! for F0 and a linearized
relativistic drift-kinetic equation~39! are obtained. After in-
troducing a quasilinear perturbation potentialĜm @Eq. ~45!#,
the final form of the relativistic quasilinear bounce-averag
drift-kinetic equation~46! is obtained. Finally, in Sec. IV the
linearized relativistic drift-kinetic equation~39! is solved and
the results are used to yield explicit expressions for the q
silinear diffusion tensor elements in Eq.~70!.

By Eq. ~18! and the discussion following Eq.~30!, F0 is
independent of gyrophase, distance along the field lines, and
azimuthal anglew, so to lowest orderF0 can be regarded a
being averaged over these three variables. Thus Eq.~46! de-
scribes slow, diffusive changes in a gyro-, bounce-, and d
averaged phase-space density due to breaking of the se
and third adiabatic invariants by drift-bounce wave-parti
resonances associated with ultra-low-frequency~ULF! elec-
tromagnetic fluctuations~which, however, conserve the firs
adiabatic invariant!. We note that ULF fluctuations assoc
ated with radial and energy quasilinear diffusion are not n
essarily associated with strong pitch-angle scattering~which
moves the particle mirror points along field lines5,23!.

Lastly, we have remarked in the Introduction that t
singular character of the quasilinear diffusion tensor dis
pears when nonlinear effects are taken into account.11,13

Analogous expressions exist for the relativistic boun
averaged quasilinear diffusion tensor Eq.~70!, and these ex-
pressions will be used in future work to calculate renorm
ized diffusion coefficients for the drift-resonant transport
magnetospheric relativistic electrons in the presence of l
frequency hydromagnetic waves.
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APPENDIX A: AXISYMMETRIC MAGNETIC
GEOMETRY

Magnetic field geometry is defined in terms of magne
coordinatesc i[(c,w,s), whereB[¹c Ã¹w and b̂[B/B
5]sX. In axisymmetric magnetic-field geometry, where t
azimuthal anglew is an ignorable coordinate, the magne
field is represented in contravariant form asB[B(c,s)]sX,
wheres denotes the spatial coordinate along a magnetic-fi
line labeled by (c,w). By definition,¹s "¹c Ã¹w[B and
the Jacobian for the transformationX→(c,w,s) is B21, i.e.,
d3X5B21 dc dw ds.
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The magnetic geometry is further defined by the com
nents of the two-contravariant metric tensorgi j [¹c i "¹c j

and the two-covariant metric tensorgi j [] iX " ] jX. These
tensors are used in the following relations:

] iX[gi j ¹c j and ¹c i[gi j ] jX, ~A1!

where summation over repeated indices is implied. We a
find det(gi j )[B22 and det(gi j )[B2, and we note thatgi

j

[] iX "¹c j[d i
j . For axisymmetric magnetic-field geometr

the components of the two-covariant metric tensor are gi
explicitly as

]sX5¹s1a ¹c[b̂,

]cX5~¹c/u¹cu2!1a b̂, ~A2!

]wX5R2¹w,

where R[u¹wu21 and a(c,s)[b̂ " ]cX52 ¹s
"¹c/(u¹cu2). The components of the two-contravaria
metric tensorgi j are obtained by inverting the matrixgi j .

APPENDIX B: PERTURBED MAGNETIC FIELD IN
AXISYMMETRIC MAGNETIC GEOMETRY

Using the magnetic coordinates (c,w,s), the perturbed
magnetic vector potentialdA is written ~in the gauge
dA "¹w[0) as

dA5dAi¹s2db¹c[¹da1dc¹w2dx¹c, ~B1!

where dAi[]sda, dc[2 ]wda, and dx[db1]cda.
Hence, the perturbed magnetic fielddB[¹ Ã dA is written
as

dB5¹dc Ã¹w1¹c Ã¹dx. ~B2!

Since magnetic fields are most easily measured in term
magnetic fluxes across surfacesS ~i.e., the perturbed mag
netic flux through a constant-ck surface is

dCk[E
S

dBk

B
e i jk dc i dc j ,

wheree i jkB21 dc idc j denotes the infinitesimal surface el
ment on the constant-ck surface!, the perturbed magnetic
field Eq. ~B2! has the following contravariant componen
dBi[dB "¹c i :

dBc52B ]sdc[B ]s~]wda!,

dBw52B ]sdx[2B ]s~db1]cda!, ~B3!

dBs5B~]cdc1]wdx![B ]wdb.

Note that the perturbed magnetic flux through a constanc
surface isdCc5da and that the parallel component of th
perturbed magnetic fielddBi[b̂ " dB is written in terms of
these components as dBi5dBs1adBc5B ]w(db
1a ]sda).

The perturbed electric field is written in terms of th
perturbed scalar potentialdf and the perturbed vector po
tential Eq.~B1! as

dE52¹df2c21~] tdAi¹s2] tdb¹c!. ~B4!
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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Since electric fields are most easily measured in terms
voltages along curvesC ~i.e., the perturbed loop voltag
along loopC is *C2 dEi dc i), the perturbed electric field
Eq. ~B4! has the following covariant componentsdEi

[dE " ] iX:

dEc52]cdf1c21 ] tdb,

dEw52]wdf, ~B5!

dEi52]sdF[2]s~df1c21 ] tda!.

Lastly, we note that the perturbation Hamiltonian equ
tion ~49!

dK̃m[qdF̃m1Jgvg

dB̃im

B
1

imq

c
vddãm

can now be expressed in terms of the perturbed magnetic
electric fields, with

dF̃m[2E dẼim ds,

dãm[2
i

mE dB̃m
c

B
ds5

c

mvk
dẼwm2

ic

vk
E dẼim ds,

where the second expression fordãm is based on the identity

dẼim[
2 i

m

]dẼwm

]s
1

vk

mc

dB̃m
c

B
.

Thus we obtain two useful expressions for the perturba
Hamiltonian

dK̃m52qS E dẼim ds2
vd

c E dB̃m
c

B
dsD 1Jgvg

dB̃im

B
~B6!

5
q

mc
~mvd2vk!E dB̃m

c

B
ds1Jgvg

dB̃im

B
1

iq

m
dẼwm .

~B7!

Using Eq.~B6!, we obtain the following expression for th
perturbed parallel force:

d ṗim52
]dK̃m

]s
5b̂ " S q dẼm1

qẊ0

c
Ã dB̃mD

2
Jgvg

B

]dB̃im

]s
,

in which the last term represents the standard perturbed
Downloaded 19 Oct 2001 to 192.80.64.41. Redistribution subject to AIP
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ror force and where we have usedb̂ " (Ẋ0 Ã dB)
52 vd dBc/B. Using Eq.~B7!, on the other hand, we find
that the first term can be written as2 i (vk2mvd)dJd ,
wheredJd[(q/c) da is the perturbed drift action.

Finally, although we assume the stationary magne
field B is axisymmetric, deviations from axisymmetry can
incorporated by adding a zero-frequency magnetic pertu
tion dBa, in addition to the time-dependent~fluctuation!
fields. For example, the day–night asymmetry of the m
netosphere can be accounted for by adding anm51 pertur-
bation to the axisymmetric field.
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