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The dissipative Budden problem:
Effect of converted-wave damping on primary-wave reflection
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Abstract

The Budden equation represents a double conversion, whereby a primary wave first converts to a localized secondary
wave, which then converts to a reflected primary wave. We analyze this process in phase space, to include secondary-wave
damping between the two conversions, which reduces the reflection coefficient. The results are then applied to gyroresonant
damping of the (secondary) ion-hybrid wave by fusion alpha-particles, suggesting a diagnostic test. c© 1999 Elsevier
Science B.V.
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The Budden equation [1] describes the one-
dimensional propagation of a primary wave a through
a nonuniform medium which also supports a spatially
localized secondary wave b at position x = xb (say).
The resonant coupling between the waves causes a
fraction C of the energy flux of the primary wave to be
converted to that of the secondary wave. In addition,
a fraction R of the primary wave’s energy flux is re-
flected, and the remainder T = 1−R−C is transmitted
through the resonance layer. In this paper, we study
the effect on the primary wave of the secondary wave
damping. By using a ray phase-space analysis [2],
we show that the conversion is a two-step process,
with transmission occurring at the first step, reflec-
tion at the second step, and secondary-wave damping
being effective between the two steps (Fig. 1).

First, we derive the coupled equations for the two
wave fields, a(x) and b(x), first in the absence of

dissipation and then in its presence. We present a geo-
metric interpretation of the conversion process, yield-
ing an explicit formula for the effect of damping on
reflection. We then solve the equations analytically
to verify the result. Next, we apply these results to
the conversion of a magnetosonic wave a to an ion-
hybrid wave b in a slab model of tokamak geome-
try [3]. In a fusion plasma, the neonatal alphas in-
teract gyroresonantly with the ion-hybrid wave b, but
not with the right-circularly-polarized magnetosonic
wave a. We evaluate the damping coefficient and the
resulting modification of reflection, and suggest a di-
agnostic test. Finally, we summarize our results, and
discuss generalizations.

For linear wave propagation in a medium with spa-
tial variation in only one coordinate (x), we express
the N-component wave field as
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Fig. 1. In 2-dimensional phase space (x, kx), the dispersion sur-
faces, Da = 0 and Db = 0, are respectively the horizontal lines
kx = ±kx and the vertical line x = xb. Their intersections are the
lower and upper conversion points. The a-rays and b-rays are co-
incident with the dispersion surfaces in 2D phase space; the direc-
tion of energy flux, or group velocity, is indicated by arrows. The
lower conversion is from incident a-wave to intermediate b-wave;
the upper is from the latter to the reflected a-wave.

q(x) exp[i(kyy + kz z − ωt)] , (1)

with ky , kz , ω as constants. The underlying physics
leads to a linear ordinary differential equation for
q(x),

D(k̂x, x; ky, kz , ω) ·q(x) = 0 , (2)

where D is an N×N matrix, whose elements are given
functions of its arguments, and k̂x ≡ −i∂x is an op-
erator on q(x). In our plasma application, q is the
3-component electric field, and the dispersion matrix
D, obtained from the linearized Vlasov or fluid equa-
tions, plus the Maxwell equations, can be obtained
explicitly.

In the absence of dissipation, we can replace (2)
by a variational principle; the stationarity of the func-
tional

A(q) ≡
∫

dxq∗(x) ·D ·q(x) , (3)

with respect to infinitesimal variations of q(x) yields
(2), if the operator D is Hermitian. For a mode-
coupling problem, we constrain the wave field q(x)
to represent the superposition of the two modes a and
b:

q(x) = êaa(x) + êbb(x) . (4)

The two polarizations (êa, êb) are obtained from (2)
in regions of phase space where the coupling is neg-
ligible. On substituting (4) into (3), the variational
principle reduces to

A(a, b) =
∫

dx [a∗Daa+ b∗Dbb+ a∗ηb+ b∗η†a] ,

(5)

where the dispersion operators Dj (j = a, b) are pro-
jections of D onto the polarizations,

Dj ≡ ê∗j ·D · êj , (6)

and the coupling operator η is its cross-projection:

η ≡ ê∗a · D · êb , η† ≡ ê∗b ·D · êa . (7)

On varying A with respect to a(x) and b(x), we
obtain the coupled equations for the two wave fields,

Daa+ ηb = 0 , η†a+Dbb = 0 . (8)

In the Budden problem, the primary wave a has a
dispersion function of the form

Da(kx) = κa[k2
a(ky, kz , ω)− k2

x] , (9)

quadratic in kx and independent of x. The secondary
wave b, on the other hand, has a dispersion function
independent of kx and linear in x,

Db(x) = κb[x− xb(ω)] . (10)

(Below we derive these forms, and determine the con-
stants κa, κb and the functions ka, xb.)

In the absence of coupling (η → 0), the uncoupled
Eqs. (8) become

Daa = 0 , (11)

Dbb = 0 . (12)

The primary wave field a(x) is, from (11) and (9),
a superposition,

a(x) = a−e−ikax + a+e+ikax , (13)

of left-going and right-going waves, with phase-
velocities∓(ω/ka). (If mode a is non-dispersive, i.e.,
dka/dω = ka/ω, these are also the group velocities,
ẋ.) For mode b, we Fourier-transform to kx-space:

b(kx) ≡
∫

dx b(x) e−ikxx , (14)
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so that, in (10), x becomes the operator x̂ ≡ +i∂/∂kx.
Then (12) yields

b(kx) = b0e−ixbkx , (15)

a wave propagating in kx-space. In x-space, (15) is

b(x) = 2πb0δ(x− xb) , (16)

showing that the secondary wave is localized on the
ray x = xb. (The group velocity in kx-space is k̇x =
−∂ω(x)/∂x = −[dxb/dω]−1; it is positive in our
application.)

As is evident from Fig. 1, the two modes are reso-
nant at the lower (kx = −ka, x = xb) and upper (kx =
+ka, x = xb) crossings of their rays. In the Budden
problem, the coupling η is treated as a constant (de-
termined locally from (7)). If wave energy is incident
only on the a− branch, we see that there are three pos-
sible ray paths: (1) transmission through the lower
crossing `; (2) first conversion from a− to b at `, fol-
lowed by transmission at u, leading to net conversion;
(3) first conversion from a− to b at `, followed by a
second conversion to a+ at u, leading to reflection. Let
T` be the transmission coefficient at the lower cross-
ing; i.e., the ratio of energy flux transmitted to energy
flux incident. Since energy conservation can be for-
mulated in phase space [4], we can define the lower
conversion coefficient C`, such that C` + T` = 1. At
the upper crossing, the secondary wave b is incident
with relative energy flux C`; thus the net conversion
is C = TuC`, and the reflection is R = CuC`. Because
both crossings in our problem have the same param-
eters, we have Tu = T` and Cu = C`. Further, T = T`,
and so R = (1 − T)2 and C = T(1 − T). Checking,
we note that R+ C = 1− T , as required.

To evaluate T , we use the standard formula for linear
conversion [517]

T = exp[−2π|η|2/B] , (17)

where the Poisson bracket B is

B ≡ |{Da,Db}| = |(∂Da/∂kx)(∂Db/∂x)|
= 2kaκaκb . (18)

Thus

T = exp[−πkaL0] , (19)

where

L0 ≡ |η|2/k2
aκaκb . (20)

Now we wish to relate our approach to the conven-
tional Budden equation. In (8), we eliminate b, and
use (9) forDa and (10) forDb. Simple algebra yields
the Budden equation for a(x),[

d2

dx2
+
(

1− L0

x− xb

)
k2
a

]
a(x) = 0 . (21)

In terms of a WKB representation (d/dx→ ikx), this
equation states that

k2
x(x) = k2

a

(
1− L0

x− xb

)
. (22)

It thus exhibits a “resonance” k2
x → ∞ at xb, and

a “cutoff” k2
x = 0 at xb + L0. Eq. (19) for T , and

the relation R = (1 − T)2 are in agreement with the
traditional [1] analytic solution of (21).

We now include the effects of dissipation, by al-
lowing D in (2) to have an additional anti-Hermitian
part iD′′; i.e., D → D′ + iD′′. In place of a varia-
tional principle, we insert (4) directly into (2), as a
Galerkin approximation, and then multiply by ê∗a and
by ê∗b . We again obtain (8), but now Da and Db may
be complex-valued functions of their arguments, while
η† = ê∗b · D · êa. (In the Budden problem, we have
η† = η∗, but this need not be true in general.)

In our plasma application, dissipation D′′ affects
only mode b directly; i.e., ê∗a ·D′′ = 0 = D′′ · êa. Thus
Da and η are unchanged, while the complex Db can
be expressed as

Db(x, kx) = κb[x− xb + iν] . (23)

Generically, ν could depend on both x and kx. To
proceed analytically, we neglect its x-dependence by
evaluating it at the hybrid-wave’s location xb; i.e.,
ν(x, kx) → ν(xb, kx) → ν(kx = −id/dx). In the
Budden equation (21), the term L0/(x− xb) is now
replaced by L0/[x−xb+ iν(−id/dx)]. While daunt-
ing in the x-representation, this dissipative Budden
equation is easy to solve in the kx-representation.

First let us consider the effect of ν(kx) heuristi-
cally. The uncoupled Eq. (12) now reads, in the kx-
representation,
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i

d
dkx
− xb + iν(kx)

]
b(kx) = 0 , (24)

with the solution (normalized by b(kx = 0) = 1)

b(kx;η = 0) = e−ixbkx exp

[
−

kx∫
0

dk′x ν(k′x)

]
. (25)

Thus ν(kx) dkx is the exponential damping in the in-
terval dkx. Hence we expect that, between the two
conversions (see Fig. 1), the b-wave undergoes the
amplitude damping e−Γ , with

Γ ≡
ka∫
−ka

dkx ν(kx) . (26)

As a result, the energy entering the second conversion
is reduced by e−2Γ , and accordingly the reflection and
net conversion coefficients are reduced by this factor.

With the insight provided by the heuristic argument,
we now return to the analytic calculation. We solve
(8) for a(kx) using (9),

a(kx) = − η

κa(k2
a − k2

x)
b(kx) . (27)

Then (8) and (23) yield for b(kx):[
d

dkx
+ ν(kx) + ixb

]
b(kx) =

−ik2
aL0

k2
a − k2

x

b , (28)

with solution

b(kx) = b(kx;η = 0)

∣∣∣∣kx − kakx + ka

∣∣∣∣ikaL0/2

×

 0, kx < −ka,
b1, −ka < kx < ka,
b2, kx > ka.

(29)

The condition of no incoming b-wave implies that
b(kx) = 0 for kx < −ka. In the other two intervals,
b1 and b2 are the integration constants.

Inserting (29) into (27), and Fourier-transforming,
we obtain

a(x) = − η

κa

∫
dkx
2π

eikxx b(kx)
k2
a − k2

x

. (30)

To obtain the transmission and reflection coefficients,
we examine the asymptotics of a(x) as x → ±∞.

Then only the neighborhoods of the branch points at
±ka contribute, and we find the form (13), with∣∣∣∣ a+

a−

∣∣∣∣(x) =

∣∣∣∣b1J
∗(x;−µ)− b2J(x;µ)

b1J(x;−µ)

∣∣∣∣e−Γ (31)

and

T ≡
∣∣∣∣a−(−∞)
a−(+∞)

∣∣∣∣2 =

∣∣∣∣J(x→ −∞;−µ)
J(x→ +∞;−µ)

∣∣∣∣2 , (32)

where

J(x;µ) ≡
∞∫

0

dk
k

eikxkiµ (µ ≡ 1
2kaL0) (33)

and we note that

J∗(x;µ) = J(−x;−µ) . (34)

(We do not need to use the fact that (33) can be ex-
pressed in terms of a gamma function.) The bound-
ary condition, of no incident a-wave from the left, is
a+(x→ −∞) = 0; so (31) yields

b2J(x→ −∞;µ) = b1J
∗(x→ −∞;−µ) (35)

as the relation between the integration constants. Then
the reflection is

R ≡
∣∣∣∣ a+

a−

∣∣∣∣2(x→ +∞)

= e−2Γ

∣∣∣∣1− J2(x→ +∞;µ)
J2(x→ −∞;µ)

∣∣∣∣2 . (36)

In (33), deforming the contour, for x > 0, to
∫ −∞

0
yields the relation

J(x;µ) = e−πµJ(−x;µ) . (37)

Using these relations in (32) and (36), we obtain

T = e−2πµ (38)

and

R = e−2Γ(1− e−2πµ)2 = e−2Γ(1− T)2 , (39)

in agreement with our heuristically derived results.
We now turn from the general dissipative Budden

problem to our particular plasma-physics applica-
tion, the conversion of a magnetosonic wave a to an
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ion-hybrid wave b in a two-ion-species (DT) toka-
mak plasma [3]. Under fusion conditions, the ener-
getic alpha-particles gyroresonantly damp the hybrid
wave [8].

We use the standard slab model, with nonuniform
magnetic field B = ẑ[1 − (x/LB)]B0. Because typ-
ically kz and ky are boundary-determined and small
compared to kx, which is dispersion-relation deter-
mined, we neglect them in D′ and take k = x̂kx. We
have the wave polarizations êa = êR ≡ (x̂ + iŷ)/

√
2

(right-circular) and êb = k̂ = x̂ (longitudinal); then
(6) yields the two dispersion functions

Da(kx) = εR − k2
xc

2/2ω2 , (40)

Db(x) = ε⊥(x) , (41)

in the cold-plasma model, where

ε⊥(x) ≡
∑
i

ω2
i

Ω2
i (x)− ω2

(42)

and

εR ≡
∑
i

ω2
i

Ωi(Ωi + ω)
. (43)

(The x-dependence of εR is suppressed, since it varies
slowly because it has no resonant denominator.) The
magnetosonic dispersion function (40) has the form
(9), with κa = c2/2ω2 and k2

a = εR/κa ≡ ω2/c2
A

(defining the Alfven speed cA). Setting Db = 0, we
obtain the x-dependent ion-hybrid frequency

ωH(x) =
ω2
TΩ

2
D(x) + ω2

DΩ
2
T(x)

ω2
T + ω2

D

, (44)

which is then inverted to obtain the location xb(ω)
of this wave. Taylor-expanding ε⊥(x) about xb, we
obtain (10), with

κb =
∂ε⊥
∂x

=
2
LB

ω2
H

(Ω2
D −Ω2

T)2

(ω2
T + ω2

D)3

ω2
Tω

2
D

. (45)

The coupling of the two waves is obtained from (7):
η = εR/

√
2. Substituting these expressions into (19),

and choosing equal densities for D, T (nD = nT =
1
2ne), we obtain the transmission coefficient

T = exp[−(kaLB)/27] . (46)

We now consider the effects of damping. The gy-
roresonant susceptibility of the alphas is [9,10]

D′′ =
4π
ω2

∫
d3p πδ(ω−Ωα(x)− kz vz) j1j

∗
1

×
(
− ∂

∂pg
− kz

∂

∂pz

)
fα(pg, pz) , (47)

where fα is their Vlasov density (ignoring the con-
tribution of spatial gradient), pg and pz are gyromo-
mentum and parallel momentum, and

j1 = (eαΩα/kx)(x̂J1 − iŷλJ′1) , (48)

with λ ≡ kxrg(pg) the argument of the Bessel func-
tion J1. We choose the α-distribution to be isotropic
at their production energy Eα = 1

2mαv
2
α (representing

neonatal α’s),

fα =
nαΩα

4πmαvα
δ

(
pgΩα +

p2
z

2mα
− Eα

)
. (49)

On using (49) in (47), we obtain

D′′ = 1
2π

ω2
α

ω|kz |vα
×
[

1
λ

d
dλ
{(x̂J1 − iŷλJ′1)(x̂J1 + iŷλJ′1)}

]
, (50)

with λ evaluated at

pg =

[
Eα − 1

2mα

(
ω−Ωα(x)

kz

)2]
/Ωα , (51)

corresponding to local gyroresonance. For typical ap-
plications, λ ∼ vα/cA ∼ O(1), so we can approxi-
mate J1(λ) by its leading term 1

2λ. Then (50) sim-
plifies tremendously to

D′′ = 1
2π

ω2
α

ω|kz |vα
êLê
∗
L (52)

within the gyroresonance layer |ω−Ωα(x)| < |kz |vα,
and zero outside it. Thus, in this approximation, the
alphas gyroresonate only with the left-circular com-
ponent (êL ≡ (x̂ − iŷ)/

√
2) of a wave, and indeed

D′′ · êa = 0, while

D′′b ≡ x̂ · D′′ · x̂ = 1
4π

ω2
α

ω|kz |vα
. (53)
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From (23) and (45), we obtain ν, and from (26), the
damping decrement Γ:

Γ =
2
√

2
9

(
nα
ne

)∣∣∣∣kakz
∣∣∣∣(cA

vα

)
(kaLB) . (54)

This is composed of the small factor nα/ne ∼ 10−3,
the large factors |ka/kz | ∼ 10 and kaLB ∼ 200, and
the order-one factor cA/vα. Thus Γ may be of order
one, and offers a possible diagnostic test: the logarithm
of the reflection coefficient should be linear in the
alpha-density, by (36) and (54).

In summary, we have shown that the Budden equa-
tion is equivalent to a double conversion, and have
calculated the effect of secondary-wave damping on
primary-wave reflection, suggesting a diagnostic test.
Extensions of this work should include:

(i) The effects of primary wave reflection from the
plasma boundaries [11];

(ii) Effects of higher dimensionality, replacing the
slab model of a tokamak by a more realistic poloidal
section [3].

This work was supported by the US Department of
Energy under Contract DE-AC03-76SFOO098.
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