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The dissipative Budden problem:
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Abstract

The Budden equation represents a double conversion, whereby a primary wave first converts to a localized secondary
wave, which then converts to a reflected primary wave. We analyze this process in phase space, to include secondary-wave
damping between the two conversions, which reduces the reflection coefficient. The results are then applied to gyroresonant
damping of the (secondary) ion-hybrid wave by fusion apha-particles, suggesting a diagnostic test. (© 1999 Elsevier

Science B.V.
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The Budden equation [1] describes the one-
dimensional propagation of aprimary wave a through
a nonuniform medium which also supports a spatialy
localized secondary wave b at position x = x; (say).
The resonant coupling between the waves causes a
fraction C of the energy flux of the primary waveto be
converted to that of the secondary wave. In addition,
afraction R of the primary wave's energy flux is re-
flected, and theremainder T = 1— R— C istransmitted
through the resonance layer. In this paper, we study
the effect on the primary wave of the secondary wave
damping. By using a ray phase-space analysis [2],
we show that the conversion is a two-step process,
with transmission occurring at the first step, reflec-
tion at the second step, and secondary-wave damping
being effective between the two steps (Fig. 1).

First, we derive the coupled equations for the two
wave fields, a(x) and b(x), first in the absence of

dissipation and then in its presence. We present a geo-
metric interpretation of the conversion process, yield-
ing an explicit formula for the effect of damping on
reflection. We then solve the equations analytically
to verify the result. Next, we apply these results to
the conversion of a magnetosonic wave a to an ion-
hybrid wave b in a slab model of tokamak geome-
try [3]. In a fusion plasma, the neonatal aphas in-
teract gyroresonantly with the ion-hybrid wave b, but
not with the right-circularly-polarized magnetosonic
wave a. We evaluate the damping coefficient and the
resulting modification of reflection, and suggest a di-
agnostic test. Finally, we summarize our results, and
discuss generalizations.

For linear wave propagation in a medium with spa-
tial variation in only one coordinate (x), we express
the N-component wave field as
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Fig. 1. In 2-dimensiona phase space (x, k), the dispersion sur-
faces, D, = 0 and D, = 0, are respectively the horizontal lines
ky = *kyx and the vertical line x = x;,. Ther intersections are the
lower and upper conversion points. The a-rays and b-rays are co-
incident with the dispersion surfaces in 2D phase space; the direc-
tion of energy flux, or group velocity, is indicated by arrows. The
lower conversion is from incident a-wave to intermediate b-wave;
the upper is from the latter to the reflected a-wave.

P (x) expli(kyy + k:z —wD)], (1)

with ky, k., w as constants. The underlying physics
leads to a linear ordinary differential equation for

P(x),
D(ky, x; ky, k;, @) - th(x) =0, (2)

whereD isan N x N matrix, whose elements are given
functions of its arguments, and IAcx = —id, is an op-
erator on ¢(x). In our plasma application, ¥ is the
3-component electric field, and the dispersion matrix
D, obtained from the linearized Vlasov or fluid equa-
tions, plus the Maxwell eguations, can be obtained
explicitly.

In the absence of dissipation, we can replace (2)
by avariational principle; the stationarity of the func-
tional

Ap) = /dw*(x) D). 3)

with respect to infinitesimal variations of ¢s(x) yields
(2), if the operator D is Hermitian. For a mode-
coupling problem, we constrain the wave field (x)
to represent the superposition of the two modes a and
b:

P(x) = eqa(x) + epb(x) . (4)

The two polarizations (e,, e,) are obtained from (2)
in regions of phase space where the coupling is neg-
ligible. On substituting (4) into (3), the variational
principle reduces to

A(a,b) = /dx [a*Dya+ b*Dpb+a*nb+ b ytal ,
(5)

where the dispersion operators D; (j = a, b) are pro-
jections of D onto the polarizations,

Dj=¢;-D-¢, (6)
and the coupling operator » is its cross-projection:
n=¢ée -D-&, ni=¢ D-é,. (7)

On varying A with respect to a(x) and b(x), we
obtain the coupled equations for the two wave fields,
Dsa+nb=0, nTa—i-Dbb:O. (8)

In the Budden problem, the primary wave a has a
dispersion function of the form

Dy(ky) = KalK2(ky, ke, @) — K21, (9)

quadratic in k, and independent of x. The secondary
wave b, on the other hand, has a dispersion function
independent of k, and linear in x,

Dy(x) = kplx — xp(w)]. (10)

(Below we derive these forms, and determine the con-
stants «,, «; and the functions k., x;.)

In the absence of coupling (n — 0), the uncoupled
Egs. (8) become

D,a=0, (11)
Dbb=0. (12)

The primary wave field a(x) is, from (11) and (9),
a superposition,

a(x) = a_e ¥ 4 g, grker (13)

of left-going and right-going waves, with phase-
velocitiesF(w/k,). (If mode a isnon-dispersive, i.e.,
dk,/de = k,/w, these are aso the group velocities,
x.) For mode b, we Fourier-transform to k,-space:

b(ky) = /dx b(x) e kx| (14)
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so that, in (10), x becomesthe operator x = +id/dk,.
Then (12) yields

b(ky) = boe™ ™", (15)
awave propagating in k,-space. In x-space, (15) is
b(x) = 2wbod(x — x3) , (16)

showing that the secondary wave is localized on the
ray x = x,. (The group velocity in k,-space is k, =
—dw(x)/dx = —[dx,/dw] ™% it is positive in our
application.)

Asis evident from Fig. 1, the two modes are reso-
nant at the lower (k, = —k,, x = x;,) and upper (k, =
+ky, x = xp) crossings of their rays. In the Budden
problem, the coupling 7 is treated as a constant (de-
termined locally from (7)). If wave energy isincident
only onthe a_ branch, we see that there are three pos-
sible ray paths: (1) transmission through the lower
crossing ¢; (2) first conversionfroma_ to b at ¢, fol-
lowed by transmission at u, leading to net conversion;
(3) first conversion from a_ to b at ¢, followed by a
second conversionto a, at u, leading to reflection. Let
T, be the transmission coefficient at the lower cross-
ing; i.e., theratio of energy flux transmitted to energy
flux incident. Since energy conservation can be for-
mulated in phase space [4], we can define the lower
conversion coefficient Cy, such that C, + T, = 1. At
the upper crossing, the secondary wave b is incident
with relative energy flux C,; thus the net conversion
isC =T,C;, and the reflection is R = C,C,. Because
both crossings in our problem have the same param-
eters, we have T, = T, and C, = C,. Further, T = T},
andso R = (1-T)?and C =T(1— T). Checking,
we notethat R+ C =1 — T, as required.

Toevaluate T, we usethe standard formulafor linear
conversion [5-7]

T = exp[ —27|n|*/B], (17)
where the Poisson bracket BB is

B =1|{D., Dp}| =|(dD,/dky) (dD}/dx)|
= 2k KuKp . (18)

Thus

T =exp[—mkaLo] , (19)

where
Lo = |7]|2/k5KaKb. (20)

Now we wish to relate our approach to the conven-
tional Budden equation. In (8), we eliminate b, and
use (9) for D, and (10) for D,. Simplealgebrayields
the Budden equation for a(x),

d* L
|:w+(l—xo )kg}a(x)zo. (21)

Xb

In terms of aWKB representation (d/dx — ik,), this
equation states that

X — Xp

K(x) = k§(1 Lo ) . (22)
It thus exhibits a “resonance’ k2 — oo a x,, and
a“cutoff” k2 = 0 at x, + Lo. Eq. (19) for T, and
the relation R = (1 — T)? are in agreement with the
traditional [1] anaytic solution of (21).

We now include the effects of dissipation, by al-
lowing D in (2) to have an additional anti-Hermitian
part iD”; i.e, D — D’ +iD”. In place of a varia-
tional principle, we insert (4) directly into (2), asa
Galerkin approximation, and then multiply by e and
by e,. We again obtain (8), but now D, and D, may
be complex-valued functions of their arguments, while
nt =&, -D - &, (Inthe Budden problem, we have
nt =7*, but this need not be true in general.)

In our plasma application, dissipation D" affects
only mode b directly; i.e, e, -D” =0=D"-¢,. Thus
D, and n are unchanged, while the complex D, can
be expressed as

Dy(x, ko) = kp[x —xp +iv]. (23)

Generically, v could depend on both x and k,. To
proceed analytically, we neglect its x-dependence by
evaluating it at the hybrid-wave's location x; i.e.,
v(x,ky) — v(xp, ky) — v(ky, = —id/dx). In the
Budden equation (21), theterm Lo/ (x — x3) iS now
replaced by Lo/[x — x, +iv(—id/dx)]. While daunt-
ing in the x-representation, this dissipative Budden
equation is easy to solve in the k,-representation.

First let us consider the effect of v(k,) heuristi-
cally. The uncoupled Eq. (12) now reads, in the k,-
representation,
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. d :
Id_kx xb+lv(kx)]b(kx) =0, (24)

with the solution (normalized by b(k, =0) = 1)

k,’(

b(kem =0) = ok exp[/dk;wk;)] (25)
0

Thus v (k,) dk, is the exponential damping in the in-
terval dk,. Hence we expect that, between the two
conversions (see Fig. 1), the b-wave undergoes the
amplitude damping e=', with

kU
r= /dkxv(kx). (26)

- ku

As aresult, the energy entering the second conversion
isreduced by 2", and accordingly the reflection and
net conversion coefficients are reduced by this factor.

With the insight provided by the heuristic argument,
we now return to the analytic calculation. We solve
(8) for a(k,) using (9),

7

a(kx) = 7Ka(k57 k)%)

b(ky) . (27)

Then (8) and (23) yield for b(k,):

d ) _ k2L
|:d—kX+V(kx)+|xb:|b(kx) - k%*k)zcb’ (28)
with solution

ke — k. ikoLo/2
b(ky) =b(ky;m=0
(kx) = b(ky;m =0) (s
0, ky<—kqg,
X< by, —ki<ky<kg, (29)
by, ky > k,.

The condition of no incoming b-wave implies that
b(ky) =0 for k, < —k,. In the other two intervals,
by and b, are the integration constants.

Inserting (29) into (27), and Fourier-transforming,
we obtain

n [ dk g bk

a(x) = —— 212 (30)

Kq 27

To obtain the transmission and reflection coefficients,
we examine the asymptotics of a(x) as x — +oo.

Then only the neighborhoods of the branch points at
+k, contribute, and we find the form (13), with

ai _ | b (x5 =) —baJ(x ) | 1

B (x) = bod (xr—20) e (31)
and

2 . 2
- a_(—OO) - ‘J(x — — 00, _Iu’) , (32)
a—(+oo) J(x — 400, —u)
where
. _ Oodk ikx 7i 1
siw = [T =tk 3
0

and we note that
J(x ) = J(—=x;—p) . (34)

(We do not need to use the fact that (33) can be ex-
pressed in terms of a gamma function.) The bound-
ary condition, of no incident a-wave from the l€ft, is
a,(x — —o0) =0; so0 (31) yields

boJ(x — —oo; ) = by J*(x — —00; —u) (35)

astherelation between the integration constants. Then
the reflection is

2

rR= |2 (x — +00)
a_
J2(x — +oo; p) |°
ze 1~ ) (36)
J2(x — —oo; u)

In (33), deforming the contour, for x > 0, to fofm
yields the relation

J(xypu) =€ THI(—x ) . (37)

Using these relations in (32) and (36), we obtain

T=e 2" (38)
and
R=e?(1-e?)2=e2(1-T)2, (39)

in agreement with our heuristically derived results.
We now turn from the general dissipative Budden

problem to our particular plasma-physics applica

tion, the conversion of a magnetosonic wave a to an
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ion-hybrid wave b in a two-ion-species (DT) toka
mak plasma [3]. Under fusion conditions, the ener-
getic apha-particles gyroresonantly damp the hybrid
wave [ 8].

We use the standard slab model, with nonuniform
magnetic field B = z[1 — (x/Lg) ] Bo. Because typ-
icaly k, and k, are boundary-determined and small
compared to k., which is dispersion-relation deter-
mined, we neglect them in D’ and take k = xk,. We
have the wave polarizations e, = er = (X + i) /v?2
(right-circular) and e, = k = X (longitudinal); then
(6) yields the two dispersion functions

Dy(ky) = er — K3c®/20% (40)
Dy(x) =€1(x), (41)

in the cold-plasma model, where

2
W=} Eo T “2
and
2
_ Wi

(The x-dependence of eg is suppressed, sinceit varies
slowly because it has no resonant denominator.) The
magnetosonic dispersion function (40) has the form
(9), with k, = ¢?/2w? and k? = er/k, = w?/ci
(defining the Alfven speed ca). Setting D, = 0, we
obtain the x-dependent ion-hybrid frequency

0202 (x) + 05 2%(x)

w%—l—a)zD

wp(x) = ) (44)
which is then inverted to obtain the location x,(w)
of this wave. Taylor-expanding €, (x) about x;, we
obtain (10), with

_de; _ 2 w? (0% + w%)3 45
Kp= —— =7 "5 57 2 2 - (49
dx Lg (025 — ) LY

The coupling of the two waves is obtained from (7):
1 = €r/\/2. Substituting these expressionsinto (19),
and choosing equal densities for D, T (np = np =
%ne) , we obtain the transmission coefficient

T = expl —(kiLs) /271 . (46)

We now consider the effects of damping. The gy-
roresonant susceptibility of the aphasis [9,10]

47T o ek
D" = E /dgp mo(w — 2,4(x) — szz)JlJl

17
X\ —=—— —ke — ) fa(pg, Pz) » 47
( &apz)f(pgp) (47)
where f, is their Vlasov density (ignoring the con-
tribution of spatial gradient), pg and p, are gyromo-
mentum and parallel momentum, and

j]_: (eaga/kx)(ijlfij}/\‘li)v (48)

with A = k,rg(pg) the argument of the Bessel func-
tion J;. We choose the a-distribution to be isotropic
at their production energy &, = %mauﬁ (representing
neonatal a’s),

p2
5<pg_0a+ 2 —5a>. (49)

_ Ny
fa m,

Arma v,

On using (49) in (47), we obtain

2
a

wlk; |vq

1 d . chr Ti A SAy 1y
x h g LEn = TPATD (R + Iwo}] . (50)

" w

NI

T

with A evaluated at

-0, 2
Py = [sa— §m(‘”k7(“) ]/na, (51)

corresponding to local gyroresonance. For typical ap-
plications, A ~ v,/ca ~ O(1), SO we can approxi-
mate J1(A) by its leading term 1. Then (50) sim-
plifies tremendoudly to

w2

L _ere; 52
77-w|kz|UozeLeL (52)

D//

1
NI

within the gyroresonancelayer |w — 2, (x)| < |k;|va,
and zero outside it. Thus, in this approximation, the
alphas gyroresonate only with the left-circular com-
ponent (¢, = (& —iy)/v/2) of awave, and indeed
D" - e, =0, while

w2

@ | 53
w|kz|Ua (53)

D)=%-D" x=1ix
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From (23) and (45), we obtain v, and from (26), the
damping decrement 7"

()

ka
ks

<f—’*> (koLg) . (54)

This is composed of the small factor n, /n, ~ 1073,
the large factors |k, /k.| ~ 10 and k,Lg ~ 200, and
the order-one factor ca/v,. Thus I" may be of order
one, and offersapossible diagnostic test: thelogarithm
of the reflection coefficient should be linear in the
alpha-density, by (36) and (54).

In summary, we have shown that the Budden equa-
tion is equivalent to a double conversion, and have
calculated the effect of secondary-wave damping on
primary-wave reflection, suggesting a diagnostic test.
Extensions of this work should include:

(i) The effects of primary wave reflection from the
plasma boundaries [ 11];

(ii) Effects of higher dimensionality, replacing the
dlab model of atokamak by a more redlistic poloidal
section [3].

This work was supported by the US Department of
Energy under Contract DE-AC03-76SFOO098.
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