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A tutorial introduction to the topic of linear wave conversion in multiple spatial dimensions is
provided. The emphasis is on physical concepts, particularly those features of multidimensional
conversion that are new and different from the more familiar ‘‘mode conversion’’ problem in one
spatial dimension. After introductory comments, a brief review of WKB theory for vector wave
equations in the absence of conversion is provided in order to introduce notation, terminology, and
geometrical ideas. A primary theme of the discussion is that, although WKB~ray-based! methods
break down in conversion regions, the ray geometry in the conversion region can be used to develop
local wave equations that govern the two coupled wave channels undergoing conversion. These
methods can be incorporated into ray-tracing algorithms providing, for the first time, the ability to
follow the ‘‘ray splitting’’ associated with linear conversion in multidimensions, including the
amplitude and phase changes associated with the conversion. ©2003 American Institute of
Physics. @DOI: 10.1063/1.1543579#
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I. INTRODUCTION

This paper provides a tutorial introduction to recent
sults that were motivated by the need to incorporate lin
conversion in multidimensional ray tracing algorithms,
discussed in Ref. 1. Prior ray-tracing algorithms could
treat conversion because of the associated ‘‘ray splittin
where an incoming ray connects totwo outgoing rays, a
transmittedray, and aconvertedray. Linear conversion phe
nomena are exploited, for example, in heating strategies
tokamak fusion reactors as in Ref. 2.

In situations where the plasma geometry might be co
plicated~as in a tokamak or stellarator! and complex physi-
cal effects need to be included~e.g., flows, kinetic effects! it
will often not bea priori obvious where conversions occu
Hence, any ray-based method must be able to~1! discover
that the ray is entering a conversion region;~2! find the out-
going ~transmitted and converted! rays;~3! find polarizations
for the two waves undergoing conversion, allowing reduct
to a local 232 wave equation;~4! evaluate the effective cou
pling coefficient~giving the transmission and conversion c
efficients!; and~5! fit the incoming WKB waves to outgoing
WKB waves so that routine ray tracing methods can ta
over again.

Even when full-wave simulation codes are availab
~see, e.g., Refs. 3–6!, ray tracing can provide much neede
physical insight. Also, a fuller range of parameter stud

a!Paper LI1 1, Bull. Am. Phys. Soc.47, 220 ~2002!.
b!Invited speaker. Electronic mail: ertrac@wm.edu
c!Electronic mail: ankaufman@lbl.gov
d!Electronic mail: abrizard@smcvt.edu
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should be possible with ray-based methods than with f
wave simulations, because the ray equations are system
ordinary differential equations~ODEs!, while the full-wave
simulations involve systems of coupled partial different
equations~PDEs!, or integral equations. In addition to it
importance for applications, multidimensional conversion
interesting in its own right; a major theme of the prese
paper is that multidimensional conversion is far richer th
its counterpart in one spatial dimension, and there is s
much to learn.

Consider a general multicomponent linear wave equa
governing electric fields in a weakly non-uniform plasma
two spatial dimensionsx5(x1 ,x2),

E d2x8dt8D~x,x8,t,t8!•E~x8,t8!50,

or, written in component form:

(
n51

3 Ed2x8dt8Dmn~x,x8,t,t8!En~x8,t8!50, m51,2,3.

~1!

The goal is to find the electric fieldE(x,t) throughout a
given spatial region~e.g., the interior of a tokamak! with
fitting to appropriate boundary conditions.~It is important to
note that the restriction here to two spatial dimensions an
7 © 2003 American Institute of Physics
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three-component electric field are purely for the purpose
keeping the tutorial as concrete as possible. The meth
described here can be extended to higher dimensions, a
wave equations with more components. In the gene
N-component problem, the components of the field mi
represent electric and magnetic fields, and fluid flow velo
ties, or in another context they might be the components
spinor field.!

Here, and in the rest of the paper, we will assume t
the plasma background properties are time-stationary, im
ing Dmn(x,x8,t,t8)5Dmn(x,x8,t2t8). Our brief discussion
of multidimensional WKB analysis of vector wave equatio
~in the absence of conversion! is based upon Ref. 7, wher
the extension to nonstationary media is also discussed.

We also assume that the wave propagation is nond
pative. Hence, the kernel is a 333 matrix-valued function of
its arguments satisfyingDmn(x,x8,t2t8)5Dnm* (x8,x,t8
2t). Therefore, Eq.~1! can be derived from a variationa
principle,

A[E d2xd2x8dtdt8E†~x,t !•D~x,x8,t2t8!•E~x8,t8!.

~2!

This action principle is extremely useful for deriving conse
vation laws as well as the local wave equations appropr
to conversion regions, as shown in Ref. 8~see Sec. III C!.

Time stationarity allows us to write any solution of~1!
as a linear superposition~in v! of oscillations of the form
E(x,t)5e2 ivtẼ(x). We seek solutions of~1! that look, lo-
cally in x, like plane waves of fixed frequency. That is, th
are vector-valued eikonal waves

E~x,t !5c~x!eiu(x)2 ivtê~x!. ~3!

It is implicit in all that follows that the physical field is th
real part of ~3!. The local wave vectoris defined ask(x)
[¹u(x). The functionc(x) is a slowly varying amplitude
~assumed to be real and positive!. The polarizationê(x) is a
~complex! column vector with unit normalization;ê†(x)
•ê(x)51, thus, (E†

•E)(x)[uEu2(x)5c2(x). The polariza-
tion is also assumed to be slowly varying. Eikonal solutio
of the form~3! play the same fundamental role in the theo
of waves in nonuniform plasmas as plane waves do in
uniform plasma theory. A general solution of the wave E
~1! would be a superposition of such eikonal waves with
amplitude and phase chosen so as to match boundary c
tions. Motivation for the eikonal ansatz is provided in Sec.
In this paper, we use the terms ‘‘eikonal’’ and ‘‘WKB’’ inter
changeably.

Although reasonable on physical grounds, it is nota pri-
ori obvious that such eikonal solutions exist. In fact, WK
type solutions typically donot exist globally. However, they
often exist locally and, provided proper matching algorith
can be developed which ‘‘bridge the gaps’’ through t
breakdown regions, they can be used to construct globa
lutions, using the multidimensional version of match
asymptotic expansions~often calledMaslov theory! and de-
scribed in Refs. 9–12. Breakdown of the WKB approxim
tion may be caused by caustics, local absorption~e.g., due to
Downloaded 22 Apr 2003 to 192.80.64.216. Redistribution subject to AI
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gyroresonance!, and linear conversion. The interested read
is referred to Ref. 13 for a discussion of caustics, and to R
14 for a discussion of multidimensional gyroresonance a
WKB matching conditions in the presence of kinetic effec

Linear conversion occurs when two different wa
types, with distinct polarizations and dispersion characte
tics, locally near x* 5(x1* ,x2* ) have nearly equalwave
vectorsk* 5(k1* ,k2* ) for a given frequencyv. This local
resonance results in the exchange of energy and ac
among the nearly degenerate waves.

The near-degeneracy condition has a simple geomet
interpretation within the WKB framework~see Fig. 1!. Per-
form the following thought experiment: imagine there a
two distinct eikonal solutions of the form~3! which we de-
note asa andb. These two wave fields are assumed to ha
distinct polarizations and dispersion characteristics~almost
everywhere!. Suppose a near-degeneracy¹ua'¹ub occurs
in the vicinity of the spatial pointx* , and consider the loca
level sets at fixed timet5t0 of the phaseswa(x,t)[ua(x)
2vt and wb(x,t)[ub(x)2vt @noting thatka* [¹ua(x* )
and kb* [¹ub(x* )]. The equality of gradients implies tha
the level sets ofua(x) andub(x) are in close alignment and
are not only parallel to one another but equally spaced.
time evolves, since the frequencies are equal for both wa
this relative phase relationship is preserved as the local cr
and troughs propagate. If we now turn on the coupling,
can imagine wavea acting as a resonant drive for waveb
~andvice versa!.

It is important to note that it is a resonance of the loc
phasedynamics for the two waves that determines whet
conversion occurs, not equality of thegroupvelocities or the
polarizations. When the group velocities are linearly ind
pendent, as they generically are, the conversion process
not ~even locally! be reduced to a one-dimensional proble
in x-space. When the polarizations of the two waves are
tinct, then it is possible to reduce~1! locally to a 232 version
for the two resonant waves undergoing conversion, as wil
shown in Sec. III C.~Note that in the special case where t

FIG. 1. A schematic showing the two phase functionsua and ub on the
(x1 ,x2) plane. Linear conversion can occur only where the phase fronts
locally parallel and have similar spacings~implying that the local wave
vectors ka and kb have nearly the same direction and magnitude!. This
condition is satisfied only in the region indicated by the circle. This is
spatial extent of the ‘‘conversion region.’’ Note that the two group velocit
of these two waves~not shown! can point in any direction.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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two polarizations are identical, then the problem is loca
reducible to ascalar wave equation and is a multidimen
sional variant of aLandau–Zener crossing.! See Ref. 15 for
citations to the original papers and also the more recent
cussions in Refs. 16–18.

Multicomponent wave equations of the form~1!, and
therefore the possibility for linear wave conversion, are ub
uitous throughout physics. Linear conversion occurs, for
ample, not only in the study of rf heating in fusion plasm
already mentioned, but also in ionospheric physics~see Ref.
19!, as well as geophysics~see Ref. 8!, atomic, molecular,
and optical physics~see Ref. 16!, and neutrino physics~see
Ref. 20!.

While there is a large physics literature on conversion
one dimension~see Refs. 15, 21–25, and references there!,
and WKB-type methods were applied to vector wave eq
tions as early as Rayleigh, to our knowledge there has b
relatively little attention given to multidimensional linea
conversion in vector wave equations. Examples of the la
in the physics literature are the papers of Bernstein
Friedland~see Ref. 26!, the series of papers by Friedland a
Kaufman~see Refs. 27–29!, Littlejohn ~see Ref. 18!, Little-
john and Flynn~see Ref. 30!, Tracy and Kaufman~see Refs.
31,32!, and Krasniak and Tracy~see Ref. 33!, and in the
mathematics literature those of Braam and Duistermaat~see
Refs. 34,35! and de Verdie´re ~see Ref. 36!.

This paper is organized as follows. In Sec. II we brie
summarize multidimensional WKB theory for vector wa
equations~without conversion!, keeping the medium time
stationary for the sake of simplicity. This is a very bri
synopsis of the discussion in Ref. 7, and serves to introd
the phase space viewpoint we need for the following sect
The primary theme of this section is that in multidimensio
one must followfamiliesof rays, and not single rays as in th
one-dimensional theory.

We then discuss the ray-based treatment of linear c
version in Sec. III. Here it is important to note that, while t
multidimensional WKB method requires that we follo
families of rays, within the conversion region we can tre
each incoming rayseparately, with the final construction of
the outgoing WKB fields obtained by superposing the res
of each ray-by-ray conversion. This insight provides a gr
simplification and was first noted in Refs. 27–29. Results
quoted without proof. References are given to the literat
where the result has already appeared, or motivated ph
cally for those results that have not yet appeared in print.
end with a brief summary and discussion of future work.

II. MULTIDIMENSIONAL WKB THEORY FOR VECTOR
WAVE EQUATIONS

First consider the simpler case of a uniform plasm
When the plasma is spatially uniform and time-stationa
the kernelD(x,x8,t,t8) depends only uponx2x8 and t2t8.
In this situation the system can be~formally! solved by Fou-
rier methods. The convolution theorem implies that, in t
case,

D̃~k;v!•Ẽ~k;v!50, ~4!
Downloaded 22 Apr 2003 to 192.80.64.216. Redistribution subject to AI
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where D̃(k;v) ~the dispersion tensor! and Ẽ(k;v) are the
Fourier transforms ofD andE, respectively. Nontrivial solu-
tions of ~4! exist only whenD(k,v)[det(D̃(k,v))50, im-
plying one scalar condition among the three variab
(k1 ,k2 ,v).

In the nonuniform case the Fourier convolution theore
does not apply. However, if the background plasma prop
ties change smoothly over long length scales, then we
construct a local version of the dispersion tensor, deno
D~x,k,v!. This is done using methods described fully
Refs. 7, 31, 9. Given the dispersion tensor, Eq.~1! can then
be replaced by an equation of the form

D~x,2 i¹,i ] t!•E~x,t !50. ~5!

The self-adjointness is preserved, hence this system also
an action principle,

A8[E d2xdtE†~x,t !•D~x,2 i¹,i ] t!•E~x,t !. ~6!

The t-integration is over the finite intervalt0<t<t1 .

Eikonal solutions in the absence of conversion

Insert an ansatz of the form~3! into ~6!. For fixedv, this
ansatz has three unknown functions:u~x!, c~x!, and ê(x).
Assume that the gradient and time derivative act primarily
the rapidly varying phasew(x,t)5u2vt, to find ~at leading
order!

A8[E d2xdtc2~x!ê†~x!•D~x,¹u,v!•ê~x!. ~7!

Notice that the integrand is independent of time, hence
t-integration fromt0 to t1 is trivial. The variation with re-
spect toê†(x) gives

c2~x!D~x,¹u,v!•ê~x!50. ~8!

To have a nontrivial solution~c~x!Þ0!, the polarization
ê(x) at each pointx must be an eigenvector of the Hermitia
matrix D~x,¹u~x!,v! with zero eigenvalue. Taking the dete
minant and definingD~x,¹u~x!,v![det~D~x,¹u~x!,v!! we ar-
rive at the condition

D~x,¹u~x!,v!50. ~9!

For each fixed value ofv, we see thatu~x! must satisfy a
nonlinear partial differential equation~called the eikonal
equation!. For anyu~x! satisfying~9!, the matrixD~x,k~x!,v!
has a zero eigenvalueDa(x,k(x),v)50, and êa(x) is the
associated polarization. We have assumed we are not
region of degeneracy; thus there is locally only one z
eigenvalue.

Since the phaseu~x! appears only through its gradient i
~7!, we can shiftu by a constant without changing the valu
of the action. Therefore the action has a continuous sym
try and, by Noether’s theorem, there is an associated con
vation law, theaction conservation law, which can be used to
propagate the amplitudec~x!, as described in Ref. 7.

In general cases, the most effective approach for find
solutions of~9! is via ray tracing ~also known as themethod
of characteristics!. Ray tracing, by definition, takes place i
phase space, formed by adjoining the two-dimensiona
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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spacesx andk into the four-dimensional spacez5~x,k!. Em-
bracing the phase space viewpoint also leads to a signifi
conceptual clarification of the entire theory.

The notationx5(x1 ,x2) denotes a point inx-space, and
k5(k1 ,k2) a wave vector~which plays the role of the con
jugate momentum!. ~Here,k is an independent coordinate o
the phase space andnot the gradient of a particular phas
function. The difference should be clear from context.! A
point in the ray phase space will be denoted as (x,k)
5(x1 ,x2 ,k1 ,k2) or more compactly asz5(z1 ,z2 ,z3 ,z4).
The latter notation emphasizes that in the Hamiltonian f
mulation the phase space variables appear on an equal
ing.

We first consider the phase space interpretation of~9!.
Supposeu~x! locally satisfies this nonlinear PDE. Noting th
k~x!5¹u~x!, we see that~x,k~x!! defines a two-dimensiona
surface in the four-dimensional phase space~see Fig. 2!. This
surface is called aLagrangian manifold. In practice, the
phase functionu~x! is constructed by launching afamily of
rays ~one-dimensional curves! whose initial conditions are
fixed at the boundary. This family of rays sweeps out
surface~x,k!5~x,¹u~x!!. Only by following such families of
rays can a solution of~9! be constructed. Following singl
rays is not sufficient in multidimensional systems.

Returning to the dispersion tensorD~x,k!5D~z! ~from
this point on we suppress thev-dependence!: at each point in
the ray phase space the dispersion tensor is a Hermitian
trix with three real eigenvalues,D j (z), and three correspond
ing eigenvectors,êj (z) with j 5a,b,c. ~We use Roman sub
scripts to denoteexacteigenvalues and polarizations of th
dispersion tensor in what follows.! Because the dispersio
tensor is Hermitian, the eigenvectors form a complete ort
normal set for anyz: êm

† (z)•ên(z)5dmn , m,n5a,b,c.
Consider one of the eigenvalues, for exampleDa(z).

The locus of points for whichDa(z)50 is the dispersion
surfaceof wavea. We note that this surface also correspon
to a zero surface of det(D(z))[D(z)5Da(z)Db(z)Dc(z),
and that

FIG. 2. Diagram showing how the phase functionu(x) locally defines a
two-dimensional surface in the four-dimensional phase space. The boun
conditions for the phase are fixed, for example, on the one-dimensi
curvexB(x2)5(0,x2), indicated by the gray line in the (x1 ,x2)-plane. These
boundary conditions are used to define a one-dimensional curve of ray i
conditions in the phase space. Under the evolution generated by Hamil
equations, this family of rays sweeps out a two-dimensional surface.
Downloaded 22 Apr 2003 to 192.80.64.216. Redistribution subject to AI
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D~z!•êa~z!50 ~10!

on this surface. Since a dispersion surface is defined by
scalar condition among the four variables (z1 ,z2 ,z3 ,z4), it is
generically three-dimensional. On the dispersion surface
wavea, rays will propagate with the ray HamiltonianD(z).
@N.B.: We can also useDa(z) as the ray Hamiltonian. This
results in a reparametrization of the ray.#

Hamilton’s equations~the ray equations! are most com-
pactly written in terms of the Poisson bracket. For any t
scalar functions,f (z) and g(z), the Poisson bracket is de
fined to be$ f ,g%[¹x f •¹kg2¹kf •¹xg. The ray Hamiltonian
D(z) generates the ray evolution equations via

ż[
dz

ds
5$D,z%. ~11!

A little algebra shows that these areẋ52¹kD and k̇
5¹xD. The transformation between the use of the ray
rameters and the physical timet is discussed in both Ref. 7
and Ref. 31. We note that any methodology proposed
compute the effect of linear conversion using ray metho
must beinvariant under reparametrization of the rays.

An arbitrary scalar functionf (z) will change following a
ray via

d f

ds
5

dz

ds
•¹z f uz(s)5$D, f %. ~12!

An important consequence is that the Hamiltonian itself d
not change following the ray:Ḋ5$D,D%50. Therefore, if
we launch a ray on the dispersion surface of wavea, it will
stay on this dispersion surface. Assume we are given in
conditions for a one-parameter family of rays that are c
sistent with the boundary conditions~see Ref. 7 for details!.
Now evolve each ray using Hamilton’s equations~11!. Note
that in the four-dimensional phase space the rays sa
uniqueness and, hence,do not cross.

The phase is constructed usingu(x)5u01*x0

x k(x)•dx,

where the integral is evaluated following rays launched fr
the boundary andu0 is the phase on the boundary. The am
plitude c is propagated using the action conservation l
mentioned earlier~see Ref. 7!, and the polarization is propa
gated using methods described in Refs. 37 and 38.

As mentioned earlier, WKB methods break down for a
of several reasons. Whencaustics occur, rays cross in
x-space. This crossing leads to multiple phase values b
assigned to the same pointx and the prediction of singula
behavior for the amplitude, an ambiguity that must be
solved by a more careful local treatment.~Although rays do
not cross in the four-dimensional phase space, crossings
occur when the ray trajectories are projected onto the t
dimensionalx-space.! There is by now a well-develope
methodology for dealing with caustics~see Ref. 9!. Another
cause for the local failure of WKB is linear conversio
which is our main concern here.
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III. RAY-BASED ANALYSIS OF MULTIDIMENSIONAL
LINEAR CONVERSION

Away from conversion regions~and caustics!, the ampli-
tude and polarizations will vary slowly following a ray, jus
tifying a posteriorithe assumption that the derivatives in~5!
act upon the phase to leading order. Within conversion
gions, however, the polarization and amplitude vary rapid
and the WKB ansatz is no longer valid.

We will restrict attention to the simplest type of conve
sion in multidimensions, where the rays are locally confin
to a two-dimensional plane and exhibit anavoided crossing
or tunnelingregion. More general types of behavior are po
sible ~see Refs. 18, 34–36, 39!, but these will be discusse
elsewhere.

A. Detection of conversion following a ray

The basic idea used is due to Friedland and Goldner~see
Ref. 40!. Recall that the 333 dispersion tensorD~x,k! has
three eigenvalues, (Da(z),Db(z),Dc(z)). Assume we are
following a ray on the dispersion surfaceDa(z)50. Conver-
sion occurs when one of the other two eigenvalues beco
small. Any detection scheme must be invariant under r
arametrization of the ray andcongruence transformation
~which shuffle the components of the vector field, and c
thereby simplify the representation of the wave equatio!.
Under a congruence transformationQ the electric field
changes viaE[Q•E8, and the dispersion tensor viaD→D8
[Q†

•D•Q, leading toD8•E850, with D8 a Hermitian ma-
trix. This ensures that there is still an action principle w
A85*E8†

•D8•E8.
General congruence transformations are nonlocal i

gral operators as discussed in Ref. 27. Here we restrict a
tion to congruence transformations given by 333 ~invertible!
matrices of complex constants. Sylvester’s theorem st
that the only congruence invariants are thesignsof the ei-
genvalues, sgn(D j )561, with zero eigenvalues unaffecte
Therefore, the zero loci of the eigenvalues in phase sp
~the dispersion surfaces! will be unchanged, but away from
the dispersion surfaces the values ofD j (z) can be changed
drastically.

Consider the effect of a congruence transformation u
the three quantities det(D), Tr(D), and what is often called
the ‘‘second invariant’’F ~defined momentarily!. The deter-
minant is, of course, our ray Hamiltonian and is identica
zero on the ray. If the dispersion tensor were only 232, the
trace would be a good candidate for a ‘‘conversion detect
However, in the 333 case, following a ray on the dispersio
surface Da50, we have Tr(D)5Da1Db1Dc5Db1Dc .
SupposeDb and Dc have opposite sign. Under congruen
transformations Tr(D) could be positive for some choices o
Q and negative for others. Therefore, the trace isnot a good
indicator for conversion in the 333 case. A better candidat
is

F[~D22D332uD23u2!1~D11D332uD13u2!

1~D11D222uD12u2!

5DaDb1DaDc1DbDc . ~13!
Downloaded 22 Apr 2003 to 192.80.64.216. Redistribution subject to AI
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Following a ray of wavea we haveF(s)5Db(s)Dc(s).
While the value ofF(s) can change under congruence tran
formations, sgn(F) cannot change. Hence, a local minimu
of uF(s)u is a good candidate for a ‘‘conversion detector.

B. Finding the outgoing rays

Once a local minimum ofuF(s)u has been detected, w
seek further evidence that conversion is, indeed, occurr
Denote the ray orbit parameter for the local minimum ass0 .
The simplest form of conversion in multidimensions has
local geometry like that in Fig. 3. That is, an ‘‘avoided cros
ing’’ with locally hyperbolic behavior confined to a two
dimensional plane embedded in the four-dimensional ph
space. By analyzing the ray Hamiltonian locally in the vici
ity of z(s0), it is possible to find the saddle pointZ*
5(x* ,k* ) of the hyperbolas and, by searching along the l
connectingz(s0) andZ* , find the second root of det~D!50
that lies nearby, thereby fixing the initial conditions for th
transmitted ray.

Each incoming ray of the family smoothly connects on
a convertedray andtunnelsthrough to atransmittedray ~see
Fig. 4!. Each ray-by-ray conversion looks much like a
avoided crossing, or tunneling, phenomenon in o
dimensional systems, but since the plane can be oriente
any direction relative tox- or k-space, reduction to a one
dimensional problem in eitherx- or k-space is not possible.

We now consider how to reduce the 333 dispersion ten-
sor to a local 232 form that will allow us to identify the
local coupling constant,h. This reduction is necessary be
cause, although it is possible to determine the magnitud
the coupling constant, and with it the transmission coeffici
t(h)5exp(2puhu2), from the local ray geometry alone~see
Ref. 1!, the conversion coefficient,b~h!, requires both the
amplitude and phase ofh.

C. Reduction to the 2 Ã2 form

Reduction to a 232 local wave equation in the vicinity
of conversion can be carried out once we construct the
larizations of the ‘‘uncoupled’’ waves.~An alternative reduc-

FIG. 3. Diagram of the geometry in the conversion region for a single ra
the incoming family. See text for details.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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tion method based directly upon the elimination of the no
resonant components of the multicomponent wave equa
is discussed by Friedland and Goldner in Ref. 40 and
Friedland and Kaufman in Ref. 28.!

As mentioned earlier, away from a conversion region
polarizationêa(z) is slowly varying following the ray. Sup-
pose we have detected that another zero locus of the d
minant lies nearby@sayDb(z)50]. The following algorithm
will allow us to locally replace the polarization fieldsêa(z),
and êb(z), which are rapidly varying in the conversion re
gion, with two constantpolarizationsêa and êl , the polar-
izations of the ‘‘uncoupled’’ waves at the conversion poi
Greek indices denote ‘‘uncoupled’’ quantities. Note that,
thoughêa and êl are not eigenvectors of the original dispe
sion matrixD, they will be eigenvectors of the reduced di
persion matrix if the coupling is turned off. Hence, they
should be orthogonal to one anotherêa

†
•êl50, which pro-

vides another consistency check for the algorithm.
Referring to Fig. 5, we first find examples of the slowl

varying incoming and outgoing polarizations following th
ray a ~which transitions smoothly between the incoming r
of uncoupled typel and the outgoing converted ray of typ
a!. Do the same on the second ray~of typeb!. Now interpo-
late between these two pairs of polarizations to the sad
point Z* to find êa and êl .

Returning to the action principle~6!, insert the ansatz

E~x,t !5eik
*
•(x2x

*
)2 ivtẼ~x!

[eik
*
•(x2x

*
)2 ivt@Ea~x!êa1El~x!êl#. ~14!

This ansatz reflects the fact that, nearx* , waves in both
channels look locally like plane waves with wave numb
k* . The complexscalar amplitude functions,Ea and El ,
include all the effects of the coupling. These local amplitud
have rapid variation in both amplitude and phase in the c
version region, but connect smoothly onto the incoming a
outgoing WKB wave fields.

Acting with the gradient on any function of th
form eik

*
•xf(x), we find 2 i¹(eik

*
•xf(x))5eik

*
•x(k*

2 i¹)f(x), hence the commutation of the gradient opera

FIG. 4. The family of incoming rays converts ray-by-ray, forming the tw
outgoing families associated with the transmitted and converted waves
text for details.
Downloaded 22 Apr 2003 to 192.80.64.216. Redistribution subject to AI
-
n
y

e

er-

.
-

le

r

s
-

d

r

with multiplication by the carrier has the effect of shiftin
the origin ink-space tok* . ~The origin inx-space, of course
can be shifted tox* by simple translation.! By these means
we can shift the origin in phase space to the conversion p
Z* ~see Ref. 9 for a more complete discussion!. This result is
clearly demonstrated in the variational principle. Inserti
the ansatz~14! into the action gives~the t-integration fromt0

to t1 is again trivial and the constant ignored!

A8[E d2xẼ†~x!•D~x,k* 2 i¹!•Ẽ~x!. ~15!

The variation with respect toEa and El gives the reduced
wave equation,

S D̂aa D̂al

D̂al
† D̂ll

D S Ea~x!

El~x!
D 50, ~16!

with D̂ jk[êj
†
•D(x,k* 2 i¹)•êk and j ,k5(a,l). The opera-

tors D̂ jk are linear combinations of the original entries ofD
since the polarization vectors are constant. We wish to s
plify this system of equations in the vicinity of the conve
sion point.

The 232 form of the wave operator has the followin
232 reduced dispersion matrix:

D~z!5S Daa~z! Dal~z!

Dal* ~z! Dll~z! D [S Da~z! h̃~z!

h̃* ~z! Dl~z!D , ~17!

with D jk(z)[êj
†
•D(z)•êk and j ,k5(a,l). This dispersion

matrix is expanded to leading order about the convers
point by first writing z5Z* 1(z2Z* ) and keeping only
terms linear in (z2Z* ). The diagonal terms are zero at lea
ing order, since the polarizations projectD onto the un-
coupled wave channels. The slowly-varying off-diagon
terms are constant at leading order. Therefore,

ee

FIG. 5. A diagram of the local ray geometry and the polarizations in
osculating plane of the incoming ray nears0 . The polarizations (êj

(in),
êj

(out)) with j 5a,b are slowly varying representative eigenvectors of the f
333 dispersion tensor outside~but close to! the conversion region. Their
interpolation through the conversion region provides a smoothly vary
polarization field whose values atZ* we interpret as the polarizations of th
two ‘‘uncoupled’’ waves.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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D~z!'S ~z2Z* !•¹zDa h̃

h̃* ~z2Z* !•¹zDlD . ~18!

The eight constants¹zDa and¹zDl are evaluated at the con
version point. This linearized dispersion matrix has a rela
operator which is obtained by associatingk2k* →2 i¹. In-
serting this 232 operator into the variational principle an
carrying out the variation leads to the 232 wave equation,

S ax•x2 iak•¹ h̃

h̃* lx•x2 ilk•¹ D S Ea~x!

El~x!
D 50. ~19!

Here the two-vectorsax andak are defined as

ax[S ]Da

]x1
,
]Da

]x2
D , ak[S ]Da

]k1
,
]Da

]k2
D ~20!

~etc. for the vectorslx and lk) with the derivatives evalu-
ated at the saddle point. The coupling constant is

h̃[êa
†
•D~Z* !•êl . ~21!

Notice that this definition ofh̃ includes the phase, neede
below.

D. Solving for the WKB connection coefficients

The field Ẽ(x) of ~14! is most definitelynot of WKB
form. However, as we move away from the conversion
gion the scalar fieldsEa(x) andEl(x) @along with the plane
wave part exp(ik•(x2x* )2 ivt)] will match onto the in-
coming and outgoing WKB fields. Hence, we need to fi
connection coefficients that relateEa and El from the in-
coming to the outgoing regions and then fit these to inco
ing and outgoing WKB solutions.

While ~19! is a great simplification over~5!, we are still
faced with solving a pair of coupled PDEs with nonconst
coefficients. Once again, the use of Hamiltonian meth
provides a powerful tool for finding the solution. As show
in Ref. 31, by carrying out a linear canonical transformat
~z→z85M•z with M a 434 symplectic matrix! it is possible
to recast this local 232 problem into a much simpler form
The use of linear canonical transformations in phase spa
related to transformations of the wave equation~19! that are
generalizations of Fourier transformations, as discusse
Refs. 9 and 31. A proper choice of representation reduces
multidimensional PDEs tofirst order ODEs which are
straightforward to solve.

Relating the incoming and outgoing field amp
tudes gives thetransmissionand conversion coefficients
~see Ref. 31!,

t~h!5e2puhu2, b~h![
~2pt!1/2

hG~2 i uhu2!
, ~22!

where thenormalized coupling constantis defined as

h5
h̃

uBu1/2, ~23!

with B[$Da ,Dl% the Poisson bracket of the uncoupled d
persion functions. Therefore, the family of incoming ray
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which carry with them phase and amplitude information,
sufficient for fixing the phase and amplitude of the two o
going families of rays associated with the transmitted a
converted waves. These two families of rays generate a
of saddle points in phase space which, when projected o
x-space, form a line there, too~see Fig. 4!. Hence, inx-space
conversion will occur along a one-dimensional curve who
position depends upon the entire incoming family of ra
@i.e., the incoming phase functionua(x)].

All that is lacking at this point is the local field structur
in x-space in the conversion region itself@Ea(x) andEl(x)].
The local form of the fields can be found, and will be di
cussed in detail in a future paper.

IV. SUMMARY AND CONCLUSIONS

In this tutorial, we have presented an introduction to
recently developed ray-based approach to multidimensio
linear conversion, appropriate for incorporation into ray tra
ing algorithms. Much of the conceptual difficulty associat
with linear conversion in multidimensions stems from t
fact that the underlying geometry is high-dimensional a
therefore, difficult to visualize. However, by following ra
trajectories, it is possible to extract the necessary informa
for finding the WKB connection coefficients. Except for th
details of the field structure within the conversion regi
itself, the information required for computing the transm
sion and conversion coefficients is embodied in the coup
constanth. Calculation ofh does not require full solution o
the problem, but only the ability to project the 333 disper-
sion tensor onto a local ‘‘uncoupled’’ basis.

There is still much to learn regarding this problem, a
the application to realistic problems with complicated geo
etries has only begun~see Ref. 1!. Our goal in this tutorial
has been to provide the interested reader with a concep
roadmap to pursue further explorations, and—hopefully
with a sense that there are interesting things left to disco
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