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A tutorial introduction to the topic of linear wave conversion in multiple spatial dimensions is
provided. The emphasis is on physical concepts, particularly those features of multidimensional
conversion that are new and different from the more familiar “mode conversion” problem in one
spatial dimension. After introductory comments, a brief review of WKB theory for vector wave
equations in the absence of conversion is provided in order to introduce notation, terminology, and
geometrical ideas. A primary theme of the discussion is that, although \v&Bbasedl methods

break down in conversion regions, the ray geometry in the conversion region can be used to develop
local wave equations that govern the two coupled wave channels undergoing conversion. These
methods can be incorporated into ray-tracing algorithms providing, for the first time, the ability to
follow the “ray splitting” associated with linear conversion in multidimensions, including the
amplitude and phase changes associated with the conversior200® American Institute of
Physics. [DOI: 10.1063/1.1543579

I. INTRODUCTION should be possible with ray-based methods than with full-
wave simulations, because the ray equations are systems of

This paper provides a tutorial introduction to recent re-ordinary differential equation€ODES, while the full-wave

sults that were motivated by the need to incorporate lineagimulations involve systems of coupled partial differential

conversion in multidimensional ray tracing algorithms, asequations(PDES, or integral equations. In addition to its

discussed in Ref. 1. Prior ray-tracing algorithms could notimportance for applications, multidimensional conversion is

treat conversion because of the associated “ray splitting,Interesting in its own right; a major theme of the present

where an incoming ray connects two outgoing rays, a paper is that multidimensional conversion is far richer than

transmittedray, and econvertedray. Linear conversion phe- its counterpart in one spatial dimension, and there is still

nomena are exploited, for example, in heating strategies famuch to learn.

tokamak fusion reactors as in Ref. 2. Consider a general multicomponent linear wave equation
In situations where the plasma geometry might be comgoverning electric fields in a weakly non-uniform plasma in

plicated(as in a tokamak or stellarajoand complex physi- two spatial dimensiong=(x;,X5),

cal effects need to be includéd.g., flows, kinetic effecist

will often not bea priori obvious where conversions occur.

Hence, any ray-based method must be abléljodiscover - . L

that the ray is entering a conversion regi¢®), find the out- f dox'dt’D(x,x",t,t") - E(x’,t") =0,

going (transmitted and convertgdays;(3) find polarizations

for the two waves undergoing conversion, allowing reduction

to a local 2<2 wave equation(4) evaluate the effective cou- or, written in component form:

pling coefficient(giving the transmission and conversion co-

efficientg; and(5) fit the incoming WKB waves to outgoing

WKB waves so that routine ray tracing methods can take 3

over again. > fdzx’dt’Dmn(x,x’,t,t’)En(x’,t’)=0, m=1,2,3.
Even when full-wave simulation codes are available n=1
(see, e.g., Refs. 33 6ray tracing can provide much needed @

physical insight. Also, a fuller range of parameter studies

The goal is to find the electric fiel&(x,t) throughout a

oPaper LI1 1, Bull. Am. Phys. Sod7, 220(2002. given spatial regior(e.g., the interior of a tokamakwith
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three-component electric field are purely for the purposes of
keeping the tutorial as concrete as possible. The methods
described here can be extended to higher dimensions, and to
wave equations with more components. In the general
N-component problem, the components of the field might
represent electric and magnetic fields, and fluid flow veloci-
ties, or in another context they might be the components of a
spinor field)

Here, and in the rest of the paper, we will assume that
the plasma background properties are time-stationary, imply-
iNg Dyn(X,X",t,t")=Dmn(X,X",t—t"). Our brief discussion
of multidimensional WKB analysis of vector wave equations
(in the absence of conversipis based upon Ref. 7, where
the extension to nonstationary media is also discussed. FIG. 1. A scher_natic showing the two phase functigiysand 6, on the

We also assume that the wave propagation is nondissf;fe) P, nes converson canoccur ol et e phase o are
pative. Hence, the kernel is a3 matrix-valued function of = yectorsk, andk, have nearly the same direction and magniludehis
its arguments satisfyingD ,,,(X,X",t—t") =D} (X’ ,x,t’ condition is satisfied only in the region indicated by the circle. This is the

—t). Therefore, Eq.(l) can be derived from a variational sratial extent of the “conversion region.” Note that the two group velocities
principle of these two wavegnot shown can point in any direction.

AEJ d?xd?x"dtdt’ ET(x,t) - D(x,x’,t—t")-E(x',t"). _ _ _
gyroresonande and linear conversion. The interested reader
2 is referred to Ref. 13 for a discussion of caustics, and to Ref.

This action principle is extremely useful for deriving conser-14 for a discussion of multidimensional gyroresonance and
vation laws as well as the local wave equations appropriat¥/KB matching conditions in the presence of kinetic effects.
to conversion regions, as shown in Ref(see Sec. Il G Linear conversion occurs when two different wave
Time stationarity allows us to write any solution @)  tyPes, with distinct polarizations and dispersion characteris-
as a linear superpositiofin w) of oscillations of the form tics, locally nearx, =(xy, ,xz,) have nearly equaivave
E(x,t)=e "“'E(x). We seek solutions ofl) that look, lo- vectorsk, = (kq, ,kz*_) for a given frequencyn. This local _
cally in x, like plane waves of fixed frequency. That is, they resonance results in the exchange of energy and action

are vector-valued eikonal waves among the nearly degenerate waves. . .
The near-degeneracy condition has a simple geometrical

E(x,t) = g(x)e P00 Totg(x). 3) interpretation within the WKB frameworksee Fig. 1 Per-
form the following thought experiment: imagine there are

It is implicit in all that follows that the physical field is the two distinct eikonal solutions of the fortt8) which we de-
real part of(3). The local wave vectolis defined ask(x) note asa andb. These two wave fields are assumed to have
=V4(x). The function(x) is a slowly varying amplitude distinct polarizations and dispersion characteristalsnost
(assumed to be real and positiv&he polarizatior®(x) is a  everywherg Suppose a near-degenerdéy,~V 6,, occurs
(comple® column vector with unit normalizationg’(x) in the vicinity of the spatial point, , and consider the local
-&x)=1, thus, €' E)(x)=|E|?(x)=¢?(x). The polariza- level sets at fixed timé¢=t, of the phasesp,(x,t)= 6,(X)
tion is also assumed to be slowly varying. Eikonal solutions— wt and ¢p(X,t)= 6,(X) — wt [noting thatk,, =V 0,(x,)
of the form(3) play the same fundamental role in the theoryandk,, =V 6,(x,)]. The equality of gradients implies that
of waves in nonuniform plasmas as plane waves do in théhe level sets of),(x) and 8,(x) are in close alignment and
uniform plasma theory. A general solution of the wave Eq.are not only parallel to one another but equally spaced. As
(1) would be a superposition of such eikonal waves with thetime evolves, since the frequencies are equal for both waves,
amplitude and phase chosen so as to match boundary condlits relative phase relationship is preserved as the local crests
tions. Motivation for the eikonal ansatz is provided in Sec. Il.and troughs propagate. If we now turn on the coupling, we
In this paper, we use the terms “eikonal” and “WKB” inter- can imagine wave acting as a resonant drive for wabe
changeably. (andvice versa.

Although reasonable on physical grounds, it is aqiri- It is important to note that it is a resonance of the local
ori obvious that such eikonal solutions exist. In fact, WKB- phasedynamics for the two waves that determines whether
type solutions typically dmot exist globally. However, they conversion occurs, not equality of tigeoup velocities or the
often exist locally and, provided proper matching algorithmspolarizations. When the group velocities are linearly inde-
can be developed which “bridge the gaps” through thependent, as they generically are, the conversion process can-
breakdown regions, they can be used to construct global satot (even locally be reduced to a one-dimensional problem
lutions, using the multidimensional version of matchedin x-space. When the polarizations of the two waves are dis-
asymptotic expansion®ften calledMaslov theory and de- tinct, then it is possible to reducg) locally to a 2<2 version
scribed in Refs. 9-12. Breakdown of the WKB approxima-for the two resonant waves undergoing conversion, as will be
tion may be caused by caustics, local absorpteg., due to  shown in Sec. Ill C(Note that in the special case where the
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two polarizations are identical, then the problem is locallywhere D(k;w) (the dispersion tensorand E(k; ) are the
reducible to ascalar wave equation and is a multidimen- Fourier transforms ob andE, respectively. Nontrivial solu-
sional variant of d.andau-Zener crossing See Ref. 15 for o of (4) exist only whenD (k,w)=det®(k,w))=0, im-
citations to the original papers and also the more recent disﬁlying one scalar conditon among the three variables
cussions in Refs. 16-18. (Ky Ky, ).

Multicomponent wave equations of the for(@), and In the nonuniform case the Fourier convolution theorem
therefore the possibility for linear wave conversion, are ubid-ges not apply. However, if the background plasma proper-
uitous throughogt physics. Linear conyers?on occurs, for eXjes change smoothly over long length scales, then we can
ample, not only in the study of rf heating in fusion plasmasconsiryct a local version of the dispersion tensor, denoted
already mentioned, but also in ionospheric phystee Ref. b k o). This is done using methods described fully in
19), as well as geophysiosee Ref. § atomic, molecular, Refs. 7, 31, 9. Given the dispersion tensor, Eg.can then

and optical physicgésee Ref. 1§ and neutrino physicésee |, replaced by an equation of the form
Ref. 20.

While there is a large physics literature on conversionin ~ D(X,—iV,idy)-E(x,t)=0. 5
one dimensiorisee Refs. 15, 21-25, and references thgrein The self-adjointness is preserved, hence this system also has
and WKB-type methods were applied to vector wave equagn action principle,
tions as early as Rayleigh, to our knowledge there has been
relatively little attention given to multidimensional linear '= | d2XdtET(x,t)-D(x,—iV,id)-E(x,t). (6)
conversion in vector wave equations. Examples of the latter
in the physics literature are the papers of Bernstein an€e t-integration is over the finite intervap<t<t,.
Friedland(see Ref. 2§ the series of papers by Friedland and o .
Kaufman(see Refs. 27—29Littlejohn (see Ref. 1§ Little- Eikonal solutions in the absence of conversion
john and Flynn(see Ref. 3p Tracy and Kaufmarisee Refs. Insert an ansatz of the forf8) into (6). For fixedw, this
31,32, and Krasniak and Tracysee Ref. 38 and in the  ansatz has three unknown functiortx), ¥(x), and &X).
mathematics literature those of Braam and Duistern®e@  Assume that the gradient and time derivative act primarily on

Refs. 34,35 and de Verdiee (see Ref. 3p the rapidly varying phase(x,t) = 6— wt, to find (at leading
This paper is organized as follows. In Sec. Il we briefly ordey

summarize multidimensional WKB theory for vector wave

equations(without conversiopy keeping the medium time- ArEf d2xdty?(X) &' (X) - D(X,V 6, ) - &X). 7
stationary for the sake of simplicity. This is a very brief

synopsis of the discussion in Ref. 7, and serves to introducRotice that the integrand is independent of time, hence the

the phase space viewpoint we need for the following section-jntegration fromt, to t, is trivial. The variation with re-
The primary theme of this section is that in multidimensionsspect tog’(x) gives

one must followfamiliesof rays, and not single rays as in the ) R
one-dimensional theory. P (X)D(x,V0,0)-&x)=0. ®
We then discuss the ray-based treatment of linear confo have a nontrivial solution(y(x)#0), the polarization
version in Sec. lll. Here it is important to note that, while the g(x) at each poink must be an eigenvector of the Hermitian
multidimensional WKB method requires that we follow matrix D(x,Vé(x),») with zero eigenvalue. Taking the deter-
families of rays, within the conversion region we can treatminant and definindp (x,V é(x),w)=detD(x,V é(x),w)) we ar-
each incoming rageparately with the final construction of rjve at the condition
the outgoing WKB fields obtained by superposing the results
of each ray-by-ray conversion. This insight provides a great D(x,V6(x),0)=0. ©
simplification and was first noted in Refs. 27—-29. Results argor each fixed value o, we see tha®#(x) must satisfy a
quoted without proof. References are given to the literaturgonlinear partial differential equatiokcalled the eikonal
where the result has already appeared, or motivated physéquation. For anyé(x) satisfying(9), the matrixD(x,k(x),w)
cally for those results that have not yet appeared in print. Wias a zero eigenvalub 4(X,k(x),»)=0, and&,(x) is the
end with a brief summary and discussion of future work. associated polarization. We have assumed we are not in a
region of degeneracy; thus there is locally only one zero

eigenvalue.
Il. MULTIDIMENSIONAL WKB THEORY FOR VECTOR Since the phasé(x) appears only through its gradient in
WAVE EQUATIONS (7), we can shiftd by a constant without changing the value

First consider the simpler case of a uniform pIasma.Of the action. Therefore the action has a continuous symme-

When the plasma is spatially uniform and time—stationary,try and, by Noether’s theorem, there is an associated conser-

the kernelD(x,x',t,t') depends only upor—x’ andt—t’. vation law, theaction conservation laywvhich can be used to
In this situation the system can Kermally) solved by Fou- Propagate the amplitudg(x), as described in Ref. 7.

rier methods. The convolution theorem implies that, in this N general cases, the most effective approach for finding
case solutions of(9) is viaray tracing (also known as thenethod

B 5 of characteristics Ray tracing, by definition, takes place in
D(k;w)-E(k;w)=0, (4) phase spaceformed by adjoining the two-dimensional
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D(2)-8&(2)=0 (10)

on this surface. Since a dispersion surface is defined by one
scalar condition among the four variables (z,,25,z,), itis
generically three-dimensional. On the dispersion surface of
wavea, rays will propagate with the ray Hamiltonidh(z).
Do [N.B.: We can also us®,(z) as the ray Hamiltonian. This
k Do results in a reparametrization of the ray.
1 — Hamilton’s equationgthe ray equationg are most com-
sz -x2: JJJJJJJJJJ pactly written in terms of the Poisson bracket. For any two
! scalar functionsf(z) and g(z), the Poisson bracket is de-
X]=0 e(x) fined to be{f,g}=V, f-ng—ka -V, @g. Thg ray Hamiltonian
D(2) generates the ray evolution equations via
FIG. 2. Diagram showing how the phase functié(x) locally defines a

two-dimensional surface in the four-dimensional phase space. The boundary

conditions for the phase are fixed, for example, on the one-dimensional 5= _Z:{D Z} (12
curvexg(X,) =(0X,), indicated by the gray line in thex(,x,)-plane. These do T

boundary conditions are used to define a one-dimensional curve of ray initial

conditions in the phase space. Under the evolution generated by Hamilton’s

equations, this family of rays sweeps out a two-dimensional surface. A little algebra shows that these ap'e:—VkD and k
=V,D. The transformation between the use of the ray pa-
spacex andk into the four-dimensional spaae=(x,k). Em- rametero and the physical timeis discussed in both Ref. 7

bracing the phase space viewpoint also leads to a significaﬁpd Ref. 31. We note.that any met'hodolqu proposed to
conceptual clarification of the entire theory. compute the effect of linear conversion using ray methods

The notatiorx= (x,,x,) denotes a point in-space, and must beinvariant under reparametrization of the rays.
k=(k, ,k,) a wave vectorwhich plays the role of the con- An arbitrary scalar functiori(z) will change following a

f(x,k(x))

jugate momentum (Here,k is an independent coordinate on &Y V1a

the phase space ambt the gradient of a particular phase

function. The difference should be clear from contex. df dz

point in the ray phase space will be denoted ask) @ZE'VMZ(U):{D"‘}- (12)

=(X1,X2,Kq1,k;) or more compactly az=(z,,2,,23,24).

The latter notation emphasizes that in the Hamiltonian for- . S
mulation the phase space variables appear on an equal fodin important consequence is that the Hamiltonian itself does

ing. not change following the rayd={D,D}=0. Therefore, if

We first consider the phase space interpretatio®9pf ~ We launch a ray on the dispersion surface of wayét will
Supposei(x) locally satisfies this nonlinear PDE. Noting that Stay on this dispersion surface. Assume we are given initial
k(x)=Va(x), we see thatx,k(x)) defines a two-dimensional conditions for a one-parameter family of rays that are con-
surface in the four-dimensional phase Sp@m F|g 2 This sistent with the bOUndary ConditiOI(lsee Ref. 7 for detai]s
surface is called d.agrangian manifold In practice, the ~Now evolve each ray using Hamilton’s equatidid). Note
phase functiong(x) is constructed by launching family of ~ that in the four-dimensional phase space the rays satisfy
rays (one-dimensional curvesvhose initial conditions are uniqueness and, hena#o not cross
fixed at the boundary. This family of rays sweeps out the ~ The phase is constructed usifigx) = 6o+ [} k(x) - dx,
surface(x,k)=(x,V6(x)). Only by following such families of where the integral is evaluated following rays launched from
rays can a solution of9) be constructed. Following single the boundary and, is the phase on the boundary. The am-
rays is not sufficient in multidimensional systems. plitude ¢ is propagated using the action conservation law

Returning to the dispersion tensbx(x,k)=D(z) (from mentioned earlie(see Ref. ¥, and the polarization is propa-
this point on we suppress tledependendeat each pointin  gated using methods described in Refs. 37 and 38.
the ray phase space the dispersion tensor is a Hermitian ma- As mentioned earlier, WKB methods break down for any
trix with three real eigenvalueB,j(z), and three correspond- of several reasons. Wheoaustics occur, rays cross in
ing eigenvectorsg;(z) with j=a,b,c. (We use Roman sub- x-space. This crossing leads to multiple phase values being
scripts to denotexacteigenvalues and polarizations of the assigned to the same poixntand the prediction of singular
dispersion tensor in what followsBecause the dispersion behavior for the amplitude, an ambiguity that must be re-
tensor is Hermitian, the eigenvectors form a complete orthosolved by a more careful local treatmetlthough rays do
normal set for any: &l (2)-&,(2)=8mn, M,N=ab,c. not cross in the four-dimensional phase space, crossings can

Consider one of the eigenvalues, for examplg(z). occur when the ray trajectories are projected onto the two-
The locus of points for whictD,(z)=0 is thedispersion dimensionalx-space. There is by now a well-developed
surfaceof wavea. We note that this surface also correspondsmethodology for dealing with causti¢see Ref. 9 Another
to a zero surface of ddd(z))=D(2)=D,(2)D,(2)D(2), cause for the local failure of WKB is linear conversion,
and that which is our main concern here.
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I1l. RAY-BASED ANALYSIS OF MULTIDIMENSIONAL
LINEAR CONVERSION \
‘ Osculating plane
Away from conversion region@nd caustics the ampli- By
tude and polarizations will vary slowly following a ray, jus- ; /

tifying a posteriorithe assumption that the derivatives(8)

act upon the phase to leading order. Within conversion re-
gions, however, the polarization and amplitude vary rapidly,
and the WKB ansatz is no longer valid.

We will restrict attention to the simplest type of conver-
sion in multidimensions, where the rays are locally confined
to a two-dimensional plane and exhibit amoided crossing
or tunnelingregion. More general types of behavior are pos-
sible (see Refs. 18, 34-36, B%ut these will be discussed
elsewhere.

Converted ray
Transmitted ray

Eain - “_,v
E)LOMQ"";*\\‘\E(;)IIY
FIG. 3. Diagram of the geometry in the conversion region for a single ray of
The basic idea used is due to Friedland and Gol@se  the incoming family. See text for details.
Ref. 40. Recall that the &3 dispersion tensob(x,k) has
three eigenvalues,,(2),D,(2),D.(2)). Assume we are .
foIIowingga ray on trExeaEJIi)spe?gi())n sclgrf)azﬁlnﬁ(z)=0. Conver- FoII.0W|ng a ray of wavea we haveF (o) =Dy(o)De(0).
sion occurs when one of the other two eigenvalues become;é/h'le t'he value of (o) can change under congruence ltrans—
small. Any detection scheme must be invariant under rep_ormat|on§, sgrt) cannot. change. H“ence, a !ocal m|n|mu[n
arametrization of the ray andongruence transformations of [F(o)| is a good candidate for a “conversion detector.
(which shuffle the components of the vector field, and can. .
thereby simplify the representation of the wave equation B- Finding the outgoing rays
Under a congruence transformatid@ the electric field Once a local minimum ofF(o)| has been detected, we
changes viEE=Q-E’, and the dispersion tensor viz—D’  seek further evidence that conversion is, indeed, occurring.
=Q".D-Q, leading toD’-E'=0, with D’ a Hermitian ma-  Denote the ray orbit parameter for the local minimunvgs
trix. This ensures that there is still an action principle with The simplest form of conversion in multidimensions has a
A =fE'T.D"-E". local geometry like that in Fig. 3. That is, an “avoided cross-
General congruence transformations are nonlocal inteing” with locally hyperbolic behavior confined to a two-
gral operators as discussed in Ref. 27. Here we restrict attegimensional plane embedded in the four-dimensional phase
tion to congruence transformations given by3(invertible)  space. By analyzing the ray Hamiltonian locally in the vicin-
matrices of complex constants. Sylvester’s theorem stateisy of z(og), it is possible to find the saddle poirz,
that the only congruence invariants are gignsof the ei-  =(x, ,k,) of the hyperbolas and, by searching along the line
genvalues, sgiif;) = = 1, with zero eigenvalues unaffected. connectingz(oo) andZ, , find the second root of d@)=0
Therefore, the zero loci of the eigenvalues in phase spaagat lies nearby, thereby fixing the initial conditions for the
(the dispersion surfacesvill be unchanged, but away from transmitted ray.
the dispersion surfaces the valuesjf(z) can be changed Each incoming ray of the family smoothly connects onto
drastically. aconvertedray andtunnelsthrough to aransmittedray (see
Consider the effect of a congruence transformation uporFig. 4). Each ray-by-ray conversion looks much like an
the three quantities ded), Tr(D), and what is often called avoided crossing, or tunneling, phenomenon in one-
the “second invariant’F (defined momentarily The deter- dimensional systems, but since the plane can be oriented in
minant is, of course, our ray Hamiltonian and is identically any direction relative toc- or k-space, reduction to a one-
zero on the ray. If the dispersion tensor were only2 the  dimensional problem in eithee or k-space is not possible.
trace would be a good candidate for a “conversion detector.”  We now consider how to reduce th& 3 dispersion ten-
However, in the X 3 case, following a ray on the dispersion sor to a local X2 form that will allow us to identify the
surface D,=0, we have TrD)=D,+D,+D.=Dy+D.. local coupling constanty. This reduction is necessary be-
SupposeD}, and D, have opposite sign. Under congruencecause, although it is possible to determine the magnitude of
transformations Tip) could be positive for some choices of the coupling constant, and with it the transmission coefficient
Q and negative for others. Therefore, the tracadsa good  (7)=exp(— =] 7%, from the local ray geometry alorisee
indicator for conversion in the’83 case. A better candidate Ref. 1), the conversion coefficieni3(s), requires both the

A. Detection of conversion following a ray

IS amplitude and phase of.
FE(D22D33—|D23|2) + (D11D33_ | D13|2) C. Reduction to the 2 X2 form
Reduction to a X2 local wave equation in the vicinit
+(D 1Dy~ [D15?) . : q Y
of conversion can be carried out once we construct the po-
=D,Dy+D,D.+DyD,. (13)  larizations of the “uncoupled” wavegAn alternative reduc-
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sculating planes
Incoming rays 0 sp

Converted
Ki/kz rays
)CZ \ :
) ;x/
FIG. 4. The family of incoming rays converts ray-by-ray, forming the two FIG. 5. A diagram of the local ray geometry and the polarizations in the

. . . f ) i i i izati (i)
outgoing families associated with the transmitted and converted waves. S(—ﬂ?cflat"_‘g plane of the incoming ray neap. The polarizations &™,
text for details. e~J(°“ )) with j=a,b are slowly varying representative eigenvectors of the full

3% 3 dispersion tensor outsid@ut close td the conversion region. Their
interpolation through the conversion region provides a smoothly varying
polarization field whose values At, we interpret as the polarizations of the

tion method based directly upon the elimination of the non{wo “uncoupled” waves.
resonant components of the multicomponent wave equation
is discussed by Friedland and Goldner in Ref. 40 and by

Friedland and Kaufman in Ref. 28. _ . with multiplication by the carrier has the effect of shifting
As mentioned earlier, away from a conversion region thepg qrigin ink-space tck, . (The origin inx-space, of course,

polarization&,(2) is slowly varying following the ray. Sup- ¢4 pe shifted ta, by simple translation.By these means,

pose we have detected that another zero locus of the det§fjg can shift the origin in phase space to the conversion point

minant lies nearbysayD,(2)=0]. The following algorithm 7 *(see Ref. 9 for a more complete discussidhis result is

will allow us to locally replace the polarization fiel@(z),  ¢jearly demonstrated in the variational principle. Inserting

and &(2), which are rapidly varying in the conversion re- e ansat£14) into the action givesthe t-integration from,
gion, with two constantpolarizationsé, andg, , the polar- t, is again trivial and the constant ignojed
izations of the “uncoupled” waves at the conversion point.

Greek indices denote “uncoupled” quantities. Note that, al-
though&, and@&, are not eigenvectors of the original disper-
sion matrixD, they will be eigenvectors of the reduced dis-
persion matrixif the coupling is turned offHence, they
should be orthogonal to one anottﬁgr-@=0, which pro-
vides another consistency check for the algorithm.
Referring to Fig. 5, we first find examples of the slowly- e
varying incoming and outgoing polarizations following the sz Dy
ray a (which transitions smoothly between the incoming ray
of uncoupled typex and the outgoing converted ray of type \yith 6jkEéjT' D(x,k, —iV)-& andj,k=(a,\). The opera-
@). Do the same on the secpnd ey type b)i Now interpo- tors D, are linear combinations of the original entriesmf
late between these two pairs of polarizations to the Saddlgince Jthe polarization vectors are constant. We wish to sim-

point Z, to find &, andex_. _ . plify this system of equations in the vicinity of the conver-
Returning to the action principlé), insert the ansatz sion point

E(x,t) = ek (X=X ~TotE () The 2x2 form of the wave operator has the following
2X2 reduced dispersion matrix

Dua(2) Dan(2)\ [Du(2) #(2)
=|%* D2 @7

A’Ef d?xET(x)-D(x,k, —iV)-E(x). (19

The variation with respect t&, andE, gives the reduced
wave equation,

D (Ea<x>)_
ExX))

(wh

(16)

=e'fs TXITINE (08, + EL(0&]. (14)

This ansatz reflects the fact that, negr, waves in both -~
channels look locally like plane waves with wave number D@)=| D% (2 Du(2)
k, . The complexscalar amplitude functions, and E, ,
include all the effects of the coupling. These local amplitudeswith Djk(z)EéJT~ D(2)-8& and j,k=(a,\). This dispersion
have rapid variation in both amplitude and phase in the conmatrix is expanded to leading order about the conversion
version region, but connect smoothly onto the incoming angoint by first writing z=2, +(z—2,) and keeping only
outgoing WKB wave fields. terms linear in—Z,). The diagonal terms are zero at lead-
Acting with the gradient on any function of the ing order, since the polarizations projebt onto the un-
form ek Xp(x), we find —iV(e'kx *p(x))=€*+*(k,  coupled wave channels. The slowly-varying off-diagonal
—iV)#(x), hence the commutation of the gradient operatorterms are constant at leading order. Therefore,
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(z—Z,)-V,D, g which carry with them phase and amplitude information, is
D(2)~ ~ % (z-2,)-V,D, |- (18 sufficient for fixing the phase and amplitude of the two out-
7 *DTZEN going families of rays associated with the transmitted and

converted waves. These two families of rays generate a line
é)f saddle points in phase space which, when projected onto
x-space, form a line there, tdeee Fig. 4. Hence, inx-space
conversion will occur along a one-dimensional curve whose
position depends upon the entire incoming family of rays
[i.e., the incoming phase functiafy(x)].

The eight constant§,D , andV,D, are evaluated at the con-
version point. This linearized dispersion matrix has a relate
operator which is obtained by associatkg k, ——iV. In-
serting this X2 operator into the variational principle and
carrying out the variation leads to the<2 wave equation,

ay-X—iay-V 7 E.(X) All that is lacking at this point is the local field structure
7 M- X—iNg-V ( ) ) =0. (190  inx-space in the conversion region itsgf,(x) andE, (x)].
X Ex(X) The local form of the fields can be found, and will be dis-

Here the two-vectorg, and ay are defined as cussed in detail in a future paper.

_(aDa aDa> (aDa (?Da)
3 kE

ay=|——, " —_—,
Xy X kg " 0k In this tutorial, we have presented an introduction to a
(etc. for the vectors\, and\y) with the derivatives evalu- recently developed ray-based approach to multidimensional
ated at the saddle point. The coupling constant is linear conversion, appropriate for incorporation into ray trac-
=8 .D(2,)-8,. 21) ing algorithms. Muc_h of_the co_n(?eptua_l difficulty associated
« * with linear conversion in multidimensions stems from the
Notice that this definition ofjy includes the phase, needed fact that the underlying geometry is high-dimensional and,
below. therefore, difficult to visualize. However, by following ray
trajectories, it is possible to extract the necessary information
for finding the WKB connection coefficients. Except for the
details of the field structure within the conversion region
The field E(x) of (14) is most definitelynot of WKB itself, the information required for computing the transmis-
form. However, as we move away from the conversion resion and conversion coefficients is embodied in the coupling
gion the scalar field&,(x) andE, (x) [along with the plane ~constants. Calculation ofy does not require full solution of
wave part expk- (x—X, ) —iwt)] will match onto the in- the problem, but only the ability to project the<3 disper-
coming and outgoing WKB fields. Hence, we need to findSion tensor onto a local “uncoupled” basis.

(20) IV. SUMMARY AND CONCLUSIONS

D. Solving for the WKB connection coefficients

connection coefficients that relate, and E, from the in- There is still much to learn regarding this problem, and
coming to the outgoing regions and then fit these to incomthe application to realistic problems with complicated geom-
ing and outgoing WKB solutions. etries has only begufsee Ref. L Our goal in this tutorial

While (19) is a great simplification ove(5), we are still has been to provide the interested reader with a conceptual
faced with solving a pair of coupled PDEs with nonconstantoadmap to pursue further explorations, and—hopefully—
coefficients. Once again, the use of Hamiltonian method¥Vith @ sense that there are interesting things left to discover.
provides a powerful tool for finding the solution. As shown
in Ref. 31, by carrying out a linear canonical transformationACKNOWLEDGMENTS
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