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An energetic minority-ion population, such as neonatal fusion alphas, can support a Bernstein wave
whose frequency is a harmonic of their gyrofrequency. The sign of the wave energy depends on the
local wave vector, whose rate of change is proportional to the magnetic-field gradient. As a result
of the field nonuniformity, the wave crosses the gyroresonance layer and its energy flips sign. This
results in energy transfer to a gyroballistic mode~which exists only in the resonance layer!, with a
conversion coefficient exactly equal to 2. ©1996 American Institute of Physics.
@S1070-664X~96!04701-5#

I. INTRODUCTION

Recent interest in negative-energy Bernstein waves, sup-
ported by aninvertedpopulation of energetic minority ions
~such as charged fusion products!,1 warrants the investigation
of their properties. In this paper, we study their propagation
in a nonuniformmagnetic field, and show that wave refrac-
tion ~dk/dt[2]v/]x! causes the Bernstein-wave energy
~which isk dependent! to changesignwhen the wave crosses
the gyroresonance layer.

This situation presents us with the following paradox:
How can a wave change the sign of its energy while main-
taining overall energy conservation? We resolve this paradox
by showing that the Bernstein wave changes its energy sign
by transferring energy to a gyroballistic mode,2 which exists
only in the gyroresonance layer.~A ballistic mode represents
a perturbed distribution with vanishing charge density and
self-consistent potential.!

In order to obtain explicit analytical results, we make
certain simplifying assumptions concerning the energetic
minority-ion distribution. Neonatal charged fusion products
~e.g., alphas! have a monoenergetic distribution:3 f 0(pi ,pg)
;d~E2E0!, whereE5pi

2/2m1pgV is the kinetic energy~pi

is the parallel momentum,pg5mcm/e is the gyromomen-
tum, andV5eB/mc is the gyrofrequency!, and E0 is the
birth energy of the charged fusion products. Hence, for
pg,p0[E0/V, we have ]F0/]pg.0, where F0(pg)
[*dpi f 0(pi ,pg);(p02pg)

21/2, i.e., thepg distribution is
inverted. In this paper, we choose the model distribution:4

F0(pg);d(pg2p0), which significantly simplifies our
analysis. In addition, we choose the wave vectork5x̂kx , i.e.,
kz50 ~often used for Bernstein waves! andky50 ~used here
for simplicity; the finite-ky problem is more complicated to
solve analytically!.

The remainder of this paper is organized as follows.
First, in Sec. II, we show that a Bernstein wave supported by
an inverted population of energetic minority ions can have
negative energy. Moreover, in a nonuniform magnetic field,
the wave energy is shown to change its sign repeatedly as the
wave crosses the gyroresonance layer.~In Appendix A, the
linearized Vlasov–Poisson equations for the Bernstein wave,

near thel th harmonic of the minority-ion gyrofrequency, are
derived in the guiding-center representation.5! Next, in Sec.
III, we derive a set of coupled equations near the gyroreso-
nance layer. Here, the two coupled modes are the energetic
minority-ion Bernstein mode and the gyroballistic mode,
which exists only inside the resonance layer. The gyroreso-
nance crossings can be divided into two types. For crossings
of the first type, the energy sign goes from negative to posi-
tive, while for crossings of the second type, the energy sign
goes from positive to negative. The analysis for each cross-
ing type is quite similar; the first type is analyzed in Sec. III
and, in Appendix B, the results for the second type are sum-
marized. In Sec. IV, we construct a variational principle for
the coupled equations, which are shown to possess an exact
invariant corresponding to total wave energy. Finally, in Sec.
V, we study the mode conversion process that takes place
when a Bernstein wave crosses the gyroresonance layer and
changes the sign of its energy. By the conservation of energy,
this implies that some energy is converted to the gyroballistic
mode ~inside the gyroresonance layer!. For both types of
gyroresonance crossing, we show that the energy conversion
coefficientC52, while the transmission coefficientT521.

II. NEGATIVE-ENERGY ENERGETIC MINORITY-ION
BERNSTEIN WAVE

We begin with a simple model for a magnetic-fusion
plasma composed of a cold majority-ion (M ) fluid, with den-
sity nM , an electron fluid, and an energetic minority-ion (m)
population described by a linear Vlasov equation~in the
guiding-center representation!. Next, we use a slab model for
the background magnetic fieldB(x)[ ẑ(12x/L)B0 , where
x50 is the location of thel th-harmonic minority gyroreso-
nance layer:v5lVm~x50! ~with l;5!. ~The use of the cold-
fluid approximation for the majority species is justified for
l>3, since the thermal effect of the majority ions can be
neglected compared to that of the energetic minority ions.!

We first derive the local dielectric function and the
Bernstein-wave dispersion relationaway from the resonance
layer, where eikonal methods are valid. We treat the wave as
longitudinal~E52“f! with a definite~real! wave frequency
v, and takek5x̂kx ~i.e., ky505kz!. We express the lineara!E-mail. brizard@tops.lbl.gov
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Vlasov perturbationd f of the minority ions in terms of a
generating functionS(pg ,u;pz ;X,t) ~in the guiding-center
representation!:6

d f[$S, f 0%5
]S

]u

] f 0
]pg

, ~1!

where the gyrophaseu and the gyromomentumpg
5(mc/e)m are canonically conjugate,pz is parallel momen-
tum, X is the x component of guiding-center position, and
f 0(pz ,pg ,X) is the unperturbed minority-ion distribution.
@Becausekz50 andky50, the terms in] f 0/]pz and] f 0/]X,
respectively, do not appear in Eq.~1!; see Appendix A for
details.#

Within the eikonal approximation, we take

S~pg ,u,pz ;X,t !5S̃l~pg ,pz ;X!exp@ iQ~X!1 i l u2 ivt#,
~2!

f~x,t !5f̃~x!exp@ iQ~x!2vt#,

whereQ(x) is the eikonal phase [kx(x)[dQ/dx], while S̃l
andf̃ are slowly varying functions ofX andx, respectively.
From Eqs.~A7e! and~A14! of Appendix A, respectively, the
evolution equation forS̃l and the Poisson equation forf̃ are

2 i @v2 lVm~x!#S̃l~pg ,pz ;x!5emJl~kxr!f̃~x!, ~3!

eM~v!kx
2f̃~x!54pemE Jl~kxr!d f̃ l~pg ,pz ;x!, ~4!

whered f̃ l5 i lS̃l ] f 0/]pg , eM(v)52vM
2 /(v22VM

2 ) is the
majority dielectric function~in the cold-fluid approxima-
tion!, the Bessel functionJl has the argumentkx(x)r(pg ,x),
with r(pg ,x)5[2pg/mVm(x)]

1/2, and *52pmVm*0
` dpg

3*2`
` dpz .
From Eq. ~3!, we note thatS̃l is independent ofpz

~becausekz50!, and thus in Eq.~4! we can immedi-
ately perform the pz integration, defining F0(pg)
[2pmVm*dpz f 0(pg ,pz); throughout the rest of this paper,
we neglect theX dependence off 0, since it does not play an
important role. EliminatingS̃l by Eq. ~3!, we then obtain
e(kx ,x;v)f̃(x)50, where thelocal dielectric function is

e~kx ,x;v!5eM~v!1x l~kx ,x;v!, ~5!

with the minority susceptibility:

x l~kx ,x;v!52
vm
2

Vm
2

v

v2 lVm~x!
b~kx!, ~6!

wherevm5(4pnmem
2 /m)1/2 is the minority-ion plasma fre-

quency (vm!vM), and

b~kx![^l21 dJl
2/dl&, ~7!

with l[kxr(pg) and

^•••&[E dpg~••• !F0 YS E dpg F0D , ~8!

is the average over thepg distribution. We note that if
F0(pg) has a maximum away frompg50 ~i.e., if there exists
a region forpg.0 where]F0/]pg.0!, thenb(kx) is anos-
cillating function ofkx and, more importantly, it canchange
signby going through zero.

Solving e(kx ,x;v)50 for v, we obtain thelocal disper-
sion relation:

v~kx ,x!5 lVm~x!@12ab~kx!#5vS 12
x

L
2ab~kx! D ,

~9!

where a[( l 22VM
2 /Vm

2 )vm
2 /vM

2 !1 and ubu,1. Setting
v(kx ,x)5v, we then obtain the ray orbit:

x~kx!/L52ab~kx!, ~10!

where the ray velocity is given by the Hamilton equation
dkx/dt52]v/]x5v/L. See Fig. 1 for this orbit, where we
take l55 and

F0~pg!;d~pg2p0!, ~11!

so that~7! becomes

b~kx!52l21Jl~l!Jl8~l!, ~12!

with l5kxr(p0). Note that, from Eq.~10!, the ray crosses
the gyroresonance layer~at x50! wheneverb vanishes; from
Eq. ~12!, the ray crosses the layer repeatedly asl alternately
passes through the zeros ofJl andJl8 . The model distribu-
tion ~11! mimics neonatal charged fusion products,4 wherep0
is their gyromomentum at birth; it is chosen here for its
analytic tractability. A more realistic distribution would show
similar repeated crossings.7

The Bernstein-wave energy densityW[v(]e/]v)
3kx

2uf̃u2/4p is obtained from Eqs.~5! and ~9!. We find

v
]e

]v
5

ueMu
ab~kx!

5S vM
2 Vm

vm~ l 2Vm
2 2VM

2 !
D 2 1

b~kx!
, ~13!

and thus the wave energyW has the same sign asb. Refer-
ring to Fig. 1, we see thatW changes sign~asb goes through
zero! whenever the ray crosses the gyroresonance layer at
x50. As x→0, ]e/]v→`, and so~within the eikonal ap-

FIG. 1. Plot of the energetic minority-ion Bernstein ray orbit~10! in ray
phase space (x,kx). As the kx coordinates of the ray increases (k̇x
5v/L.0), the ray orbit eventually crosses the gyroresonance layer atx50
~first d!, where the energy sign goes from positive to negative. Askx in-
creases further, the orbit crosses the layer again~secondd!, where the
energy sign goes from negative to positive. An infinite number of crossings
occur, as shown in the figure, with the maxima for thex coordinate of the
ray orbit decreasing as a function ofkx .
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proximation!, the potential amplitudef̃→0. Of course, in
this singular~resonance! region, a noneikonal treatment is
required, which we study in the next section.

To interpret the negative wave energy, we consider the
change in the gyromomentum of an ion to second order inS.
Using Lie-transform theory,8 a changeDpg in gyromomen-
tum can begeneratedby the ~real! functionSr :

Dpg[@exp~$Sr ,•%!21#pg

5$Sr ,pg%1 1
2ˆSr ,$Sr ,pg%‰1O ~Sr

3!, ~14!

whereSr[S1S* is written in terms of a complex function
S(pg ,u;X,t)[Sl(pg ,X)e

i ( lu2vt). The first-order term in Eq.
~14!, $Sr ,pg%5( i lS2 i lS* ), vanishes upon averaging overu
or time. The change in gyromomentum is nonvanishing at
second order:

Dpg5
1
2ˆS,$S* ,pg%‰1c.c., ~15!

which becomes, after averaging overu or time,

Dpg5
1

2
l 2

]uSl u2

]pg
. ~16!

Hence, the kinetic energy per particle changes byVm Dpg ,
and the wave energy density isW5nmVm Dpg . Using ~16!
and ~3! for Sl , we obtain agreement with~13!. Thus, the
negativity ofW comes from thepg dependence ofSl in ~16!.

In this section, we have shown that a Bernstein wave
supported by an inverted energetic minority-ion population
changes the sign of its energy in a nonuniform magnetic field
when the wave crosses the gyroresonance layer. For the
model distribution~11!, these crossings are characterized by
the energy sign going from positive to negative~correspond-
ing to the zeros ofJl! or going from negative to positive
~corresponding to the zeros ofJl8!. In the next section, we
derive a set of coupled equations corresponding to the cou-
pling of two modes near the gyroresonance layer.

III. COUPLED WAVES NEAR THE GYRORESONANCE
LAYER

Near the gyroresonance layer, the eikonal approximation
~2! is invalid. The coupled equations~3!–~4!, however, still
have the sameform:

2 i @v2 lVm~x!#Sl~pg ;x!5emJl~ k̂xr!f~x!, ~17!

eM~v!k̂x
2f~x!54pemE dpg Jl~ k̂xr!

3 i lSl~pg ;x!F08~pg!, ~18!

but now k̂x is the operator2i ]/]x, whereasSl(pg ;x)
and f(x) are ~noneikonal! functions of x. By substituting
lVm(x)[v(12x/L) into @v2lVm(x)#, the left side of Eq.
~17! becomes2i (vx/L)Sl . Because of the singularity at
x50, it is better to Fourier transform to thekx representation,
wherein x becomes the operatori ]/]kx and 2i (vx/L)
3Sl(pg ;x)→(v/L)]Sl(pg ;kx)/]kx . The coupled equations
~17!–~18! now read as

S v

L D ]Sl
]kx

~pg ;kx!5emJl~l!f~kx!, ~19!

eMkx
2f~kx!524p i lemnmK ]

]pg
~JlSl !L ~kx!, ~20!

where integration by parts overpg was performed@the
boundary term atpg50 vanishes sinceJl~0!50 for lÞ0#, and
^•••& is defined in Eq.~8!.

In what follows, it is convenient to introduce the func-
tion Rl(pg ;kx)[2pg ]Sl(pg ;kx)/]pg , so that, on the right
side of Eq. ~20!, the identity ](JlSl)/]pg5(lJl8Sl
1JlRl)/2pg can be used~note that]l/]pg5l/2pg!. The dif-
ferential equation satisfied byRl(pg ;kx),

S v

L D ]Rl~pg;kx!

]kx
5lJl8~l!emf~kx!, ~21!

is obtained by operating on Eq.~19! with 2pg ]/]pg . The
Poisson equation~20! can thus be rewritten as

emf~kx!5 iav^l22~lJl8Sl1JlRl !&, ~22!

which is obtained by multiplying Eq.~20! with em/(eMkx
2)

and then using the definitionsl2[2pgkx
2/mVm anda[vm

2 /
„ueM(v)uVm

2
… ~with v5lVm!.

To obtain an explicit analytical solution for Eqs.~19!–
~21!, we again use the model distribution~11!: F0(pg)
;d(pg2p0), so that Eq.~22! becomes

emf~kx!5
iav

l2 @lJl8Sl~kx!1JlRl~kx!#, ~23!

wherel5kxr0, with r05(2p0/mVm)
1/2, while Eqs.~19! and

~21! are now evaluated atpg5p0 :

S v

L D ]Sl
]kx

~kx!5emJl~l!f~kx!, ~24!

S v

L D ]Rl

]kx
~kx!5lJl8~l!emf~kx!, ~25!

where, in Eqs.~24!–~25!, Sl(kx)[Sl(p0;kx) and Rl(kx)
[Rl(p0;kx). Within this model, gyroresonance crossings oc-
cur either at zeros ofJl~l! ~where the wave-energy sign goes
from negative to positive! or at zeros ofJl8(l) ~where the
wave-energy sign goes from positive to negative!. In this
section, we consider gyroresonance crossings of the first
type; the gyroresonance crossings of the second type are ana-
lyzed in a similar fashion, and the results are summarized in
Appendix B.

In the neighborhood of a zero ofJl , i.e., Jl~l0!50 with
l05k0r0, we Taylor expand the Bessel function asJl(l)
5 (l2l0)Jl8(l0), andJl8(l) 5 Jl8(l0). When substituted
into the coupled equations~24!–~25!, using Eq.~23!, they
become

S i d

dq
1qDS1q2R50,

~26!S i d

dq
1qDR1S50,

where

q[j1/2~kx2k0!/k0 , with j[ak0LuJl8~l0!u2, ~27!
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is a dimensionlessvariable that vanishes at the gyroreso-
nance crossing, whileS(q)[Sl(kx), R(q)[j21/2Rl(kx).
Notice that, within our model~wherekz505ky!, no param-
eters appear in the coupled equations~26!. Moreover, from
Eq. ~23!, the self-consistent electrostatic potential is

f~kx!;S~q!1qR~q!, ~28!

andb(kx);q, so that, near the gyroresonance crossing~at
q50!, the Bernstein-wave energyW;uS1qRu2/q is nega-
tive for q,0 ~positive forq.0!.

We write the coupled equations~26! in matrix form:

D̂–c~q!50, ~29!

where the operator matrix

D̂[D~ p̂,q![S p̂1q q2

1 p̂1qD , ~30!

with p̂[ id/dq, operates on the two-component field,

c~q![S S~q!

R~q! D . ~31!

To analyze Eq.~29!, we first consider the eikonal represen-
tation:

S S~q!

R~q! D 5S S̃~q!

R̃~q!
DeiQ~q!, ~32!

for a normal mode, whereS̃ andR̃ are slowly varying func-
tions of q. With id/dq acting only on the phase factor
exp iQ, we havep̂5 id/dq→2dQ/dq[p(q) in ~30!. Then
the operatorD̂5D( p̂,q) is replaced by itssymbolD(p,q),
where (p,q) are now phase-space coordinates. The solution
of Eq. ~29! thus requires

05detD~p,q!5p~p12q!, ~33!

yielding the twodispersion relations,

pG~q!50 and pB~q!522q. ~34!

Noting thatq is essentiallykx , we see thatp is essentiallyx.
In fact, x(kx)52dQ/dkx52(dQ/dq)(dq/dkx)[p dq/
dkx , i.e.,dx dkx5dp dq, representing a canonical transfor-
mation to dimensionless variables. Furthermore, the ray ve-
locity q̇ is positive, sinceq̇; k̇x5v/L.0.

We now can interpret the dispersion relation~or ray or-
bit! pB(q)522q of Eq. ~34! as that of the Bernstein wave,
namely, the local form of Eq.~10!. The other mode repre-
sents a perturbed distribution with vanishing charge density
and self-consistent potential, and is called thegyroballistic
mode.2 Since it is carried only by resonant particles, its orbit
is x(kx)50, i.e., pG(q)50. The respective ray orbits are
shown in Fig. 2. Atq50, the rays cross, and linear conver-
sion occurs. Near the crossing, the eikonal approximation is
invalid, and the coupled equations~26! must be solved ex-
actly.

But first, we express the wave field (S,R) in terms of the
two ~eikonal! normal modes. From Eqs.~29!–~32!, we have
S̃(q)52[p(q)1q] R̃(q), so for the Bernstein wave (B), we
have @from Eq. ~34!# S̃B/R̃B5q, while for the gyroballistic
mode (G), we have S̃G/R̃G52q @i.e., from Eq. ~28!,
f̃G[0#. This motivates the transformation (S,R)→(B,G):

S S~q!

R~q! D 5S q 2q

1 1D S B~q!

G~q! D , ~35!

where@inverting Eq.~35!#

B~q![~S1qR!/2q and G~q![2~S2qR!/2q ~36!

represent the two normal modes. By substituting~35! into
~26!, the mode-coupling equations forB(q) andG(q) are
~after some minor manipulations!

S 2iq d

dq
1~ i14q2! DB2 iG50,

~37!S 2iq d

dq
1 i DG2 iB50.

The advantage gained in working with these coupled equa-
tions, instead of the coupled equations~26!, is that the
coupled equations~37! have a variational formulation in
terms of a Hermitian operator~as shown below!.

In this section, we have derived the coupled equations
~37! near a crossing of the gyroresonance layer where the
Bernstein-wave energy changes its sign from negative to
positive. In the next section, we show that these coupled
equations can be expressed in terms of a variational principle
and that the transfer of energy between the two modes obeys
an exact energy-conservation law.

IV. VARIATIONAL PRINCIPLE AND CONSERVATION
LAW

It is useful to formulate the coupled equations~37! as a
variational principledA50, where the action functional is

A~B,G![E dq C†
–DR –C, ~38!

with a manifestly Hermitian operator,

DR[D̄~ p̂,q![S p̂q1qp̂14q2 2@ p̂,q#52 i

@ p̂,q#5 i 2~ p̂q1qp̂!
D , ~39!

operating on the two-component field,

C~q![S B~q!

G~q! D . ~40!

FIG. 2. Linear conversion of a negative-energy Bernstein~B2! wave into a
positive-energy Bernstein~B1! wave and a negative-energy gyroballistic
(G) wave.
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Note that, in the eikonal limit, wherep̂→p(q), the off-
diagonal elements6[ p̂,q] vanish, and the matrix~39! is
diagonal.

From the action functional~38!: A[*dqL, we obtain
the Lagrangian density,

LSB, dBdq ;G, dGdq ;qD
5 iqSB* dB

dq
2B

dB*

dq D2 iqSG* dG

dq
2G

dG*

dq D
14q2uBu21 i ~BG*2B*G!. ~41!

If we use the convenient notationC15B and C25G, the
Lagrangian density~41! can be used to show that the mode-
coupling equations~37! can be written in the Euler–
Lagrange form~for a51 or 2!:

d

dq S ]L

]~dCa* /dq! D 5
]L

]Ca*
. ~42!

From the invariance of the Lagrangian density~41! under an
infinitesimal constant phase shift:9 Ca→eiwCa ~where the
constant phasew is real!, we obtain the identity

05dL[dCa

]L

]Ca
1dS dCa

dq D ]L

]~dCa /dq!
1c.c.,

where summation overa is implied. SubstitutingdCa

5 iwCa ~for a51 and 2! into the expression fordL, we find

dL522w ImS Ca

]L

]Ca
1
dCa

dq

]L

]~dCa /dq! D . ~43!

When we substitute the Euler–Lagrange equation~42! into
Eq. ~43! and require thatdL vanish for arbitraryw, we then
obtain the conservation law for wave energy:

dG~q!

dq
50, ~44!

where

G~q![ImS Ca

]L

]~dCa /dq! D5quB~q!u22quG~q!u2

~45!

is ~proportional to! the flux of energy density in thekx direc-
tion. By direct substitution of the coupled equations~37! into
Eq. ~44!, one easily checks that Eq.~45! is indeed an invari-
ant. Sincef(q);qB(q) @from ~28! and~36!#, the first term
is ;ufu2/q, and thus corresponds to the Bernstein-wave en-
ergy densityW near the gyroresonance crossing. For an in-
terpretation of the gyroballistic term, we note thatG(q) can,
by ~36!, be writtenG5Re(R*S) consistently with~16!: for
f50 ~i.e., S52qR or B50!, it becomesG(q)52uSu2/q.
Hence, forq,0, the Bernstein wave has negative energy
while the gyroballistic mode has positive energy. As the
Bernstein wave crosses the gyroresonance layer~atq50!, its
energy becomes positive. To conserve energy, the Bernstein
wave transfers energy to the gyroballistic mode~which then
acquires negative energy!.

In this section, the coupled equations~37! for the Bern-
stein fieldB(q) and the gyroballistic fieldG(q) were de-

rived from a variational principle@based on the action inte-
gral ~38!#, and the exact energy conservation law~44! was
found. In the next section, we solve the coupled equations
~37! and use the results to obtain a relation between the as-
ymptotic forms of the wave fields on each side of the gy-
roresonance layer. This relation will then yield the conver-
sion and transmission coefficients for the mode conversion
process involving the energy transfer from the Bernstein
mode to the gyroballistic mode.

V. MODE CONVERSION PROCESS

Before solving the coupled equations~37! exactly, we
examine theirasymptoticsand formulate theS matrix for
transmission and conversion. For the Bernstein mode, we
write

B~q!5B̃~q!eiQB~q! ~ uqu@1!, ~46!

where QB(q)52*pB(q)dq5q2 @by Eq. ~34!#. From Eq.
~45!, with G→0 for a pure Bernstein mode, we have

B̃~q!→H B1 /Aq,
B2 /A2q,

q@1,
q!21, ~47!

whereB1 andB2 are theconstant~complex! action ampli-
tudes. Similarly, for the gyroballistic mode, we have

G~q!5G̃~q!eiQG~q! ~ uqu@1!, ~48!

whereQG(q)52*pG(q)dq50 and

G̃~q!→H G1 /Aq,
G2 /A2q,

q@1,
q!21. ~49!

We wish to determine the relation between the outgoing
action amplitudes (B1 ,G1) and the incident amplitudes
(B2 ,G2):

S B1

G1
D 5S SBB SBG

SGB SGG
D S B2

G2
D . ~50!

Introducing the action amplitude vectors for the outgoing
~q.0! and incident~q,0! fields,

A6[S B6

G6
D , ~51!

we write Eq.~50! as

A15S–A2 . ~52!

In the eikonal regions, the~constant! energy flux ~45!
takes the form

G5A†
–s–A sgnq, s[S 1 0

0 21D , ~53!

with G15G2 . Inserting Eq.~52! into Eq. ~53! for G1 , and
noting thatA2 is arbitrary, we obtain the condition

S†
–s–S52s, ~54!

on theS matrix. ~This replaces the conventional unitary con-
dition S†

–S5I .!
Because the coupled equations~37! are invariant under

the parity operation, they have two solutions of definite par-
ity, even inq and odd inq, respectively. For the even solu-
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tionAe, we haveA1
e 5A2

e , soA2
e is an eigenvector ofS with

eigenvalue 1. Likewise, for the odd solutionAo, we have
A1
o 52A2

o , so A2
o is an eigenvector ofS with eigenvalue

21. From its eigenvalues, we see that TrS50 and detS
521. These two conditions based on parity, with Eq.~54!
based on energy conservation, yields~by elementary algebra!
the following form forS:

S5S ia ~11a2!1/2eig

~11a2!1/2e2 ig 2 ia D , ~55!

wherea andg ~both real! are still to be determined from the
polarizationsG2/B2 of the two eigenvectors.

The even and odd solutions of Eqs.~37!, for all q, are
expressible in terms of the confluent hypergeometric
function:10

Be~q!5M ~ 5
4,

3
2,iq

2!,

Ge~q!52@Be~q!e2 iq2#* ,
~56!

Bo~q!5q21M ~ 3
4,

1
2,iq

2!,

Go~q!5@Bo~q!e2 iq2#* .

From the known asymptotics of this function,10 we obtain the
required polarizations:

G2
e /B2

e 52eip/4,
~57!

G2
o /B2

o 5e2 ip/4.

Again elementary algebra, using~57!, yields a521 and
g5p, so theS matrix is

S5S 2 i 2&

2& 1 i D . ~58!

Thus, the amplitude transmission coefficient for the
Bernstein wave isSBB52 i , and for the gyroballistic mode is
SGG51 i . The amplitude conversion coefficients are
SBG5SGB52&. The energy transmission coefficients are

TB[2uSBBu2521,
~59!

TG[2uSGGu2521,

where the minus sign~used in the definitions! indicates that
the energy sign has flipped, while the energy conversion co-
efficients are

CBG[uSBGu2512,
~60!

CGB[uSGBu2512.

Thus, for an incident~negative-energy! Bernstein wave of
energyWB

2521, the transmitted Bernstein wave has energy
WB

15TBWB
2511, while the conversion to the gyroballistic

mode has energyWG
15CGBWB

2522. ~Energy conservation
thus reads as2151122.!

VI. SUMMARY

We have shown that a Bernstein~collective! wave sup-
ported by an inverted minority-ion population can, in a non-
uniform magnetic field, change the sign of its energy when it
crosses the gyroresonance layer. It does so by transferring

energy through linear mode conversion with a gyroballistic
~noncollective! mode, which exists in the gyroresonance
layer.

Using a simple model distribution for the energetic mi-
nority ions, we obtained a set of two coupled equations near
the gyroresonance layer, which we solved exactly. An exact
conservation law was also derived and shown to correspond
to energy conservation. From the asymptotic properties of
these solutions, we constructed anS-matrix relation between
the eikonal amplitudes on both sides of the resonance layer.
This relation was then used to obtain the explicit conversion
and transmission coefficients:C52 andT521.
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APPENDIX A: LINEARIZED VLASOV–POISSON
EQUATIONS FOR THE MINORITY-ION BERNSTEIN
WAVE

In this appendix, we derive the coupled equations for the
minority perturbation amplitudeS̃l and the potential ampli-
tudef̃ in a nonuniform magnetic fieldB(x)5 ẑ(12x/L)B0 .

The Vlasov equation for the minority distributionf is

05
d f

dt
5

] f

]t
1$ f ,h%, ~A1!

whereh is the particle Hamiltonian and$ , % is the Poisson
bracket on pairs of phase-space functions. Linearizing Eq.
~A1!, with f5 f 01d f andh5h01dh, we have

d~0!d f

dt
[

]d f

]t
1$d f ,h0%52$ f 0 ,dh%. ~A2!

In the guiding-center representation,5 with phase-space coor-
dinates (u,pg ;Z,pz ;X,Y), we have

d~0!d f

dt
5

]d f

]t
1 u̇ ~0!

]d f

]u
, ~A3!

where ṗg
(0)50, ṗz

(0)50, and Ẋ~0!50, while ]d f /]Z50 and
]d f /]Y50 ~sincekz505ky!. Focusing on thel th-harmonic
minority-ion gyroresonance~v'lVm!, we write d f (u,pg ;
pz ;X,t)5d f l(pg ,pz ;X)exp(i l u2 ivt), and Eq. ~A3! be-
comes

d~0!d f

dt
52 i @v2 lVm~X!#d f . ~A4!

It is convenient to expressd f in terms of the perturba-
tion generator S:6

d f5$S, f 0%. ~A5!

From Eqs. ~A2!, ~A4!, and ~A5!, using $Vm(X),
f 0(pg ,pz ,X)%50, we then have

2 i @v2 lVm~X!#S5dh. ~A6!

In Eq. ~A6!, we have~in the guiding-center representation!
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dh~r5R1r;pz ,pg ,u!

5emE d3x d3@x2~R1r!#f~x!, ~A7a!

5emE d3x d3@x2~R1r!#f̃~x!eiQ~x!, ~A7b!

5emf̃~R1r!eiQ~R1r!, ~A7c!

'emf̃~R!exp@ iQ~R!1 ik~R!•r~pg ,u;R!#, ~A7d!

where R5(X,Y,Z) is the guiding-center position and
r~pg ,u;R! is the gyroradius vector, while the eikonal ampli-
tudef̃~x! and the wave vectork~x!5“Q~x! are slowly vary-
ing functions ofx. Usingk5x̂kx andr5~x̂ sinu2ŷ cosu!r,
we havek–r5l sinu, wherel5kx(X)r(pg ,X), and substi-
tuting the identityeil sinu 5 (lJl(l)e

ilu into Eq.~A7d!, we find
dh(u,pg ;X)5( l dh̃l(pg ,X)exp[i l u1 iQ(X)], where
dh̃l(pg ,X)5emf̃(X)Jl(l), and Eq.~A6! is replaced with

2 i @v2 lVm~X!#S̃l~pg ,X!5emf̃~X!Jl@l~pg ,X!#.
~A7e!

This evolution equation forS̃l is equivalent to the linearized
Vlasov equation~A2!.

With the majority treated as a dielectric, the Poisson
equation forf~x!e2 ivt is

2
eM~v!

4p
¹2f~x!5rm~x!, ~A8!

where the minority~perturbed! charge density is

rm~x!5emE d6z d3@x2r ~z!#d f ~z!. ~A9!

In the guiding-center representation,5 d6z5@emB~R!/c#
3d3R du dpg dpz , the particle position is r ~z!5R
1r~u,pg ,R!, and@from Eq. ~A5!#

d f ~z!5 i lS̃l~R,pg!e
il u1 iQ~R!

] f 0
]pg

~R,pg ,pz!. ~A10!

Substituting these expressions into Eq.~A9! and performing
thed3R integration, we have

rm~x!5S em2c D E du dpg dpz B~x2r!UdetS I1 ]r

]RD U21

3d f ~x2r;u,pg ,pz!, ~A11!

where@from Eq. ~A10!#

d f ~x2r;pg ,u,pz!5 i lS̃l~x2r,pg!e
il ueiQ~x2r!

3
] f 0
]pg

~x2r,pg ,pz!.

In the eikonal limit, we replace in Eq.~A11!: det→1,
S̃l~x2r,pg!→S̃l~x,pg!, f 0~x2r,pg ,pz!→f 0~x,pg ,pz!, B~x
2r!→B~x!, andQ~x2r!→Q~x!2k~x!–r~u,pg ,x!. Thus

rm~x!5 i leme
iQ~x!E dpg S̃l~x,pg!

]F0

]pg
~x,pg!

3S E du

2p
exp~ i l u2 il sin u! D , ~A12!

whereF0~x,pg![@2pemB~x!/c#*dpzf 0~x,pg ,pz!. The u-inte-
gral equalsJl~l! and Eq.~A12! becomes

rm~x!5 i leme
iQ~x!E dpg S̃l~x,pg!Jl@l~x,pg!#

3
]F0

]pg
~x,pg!. ~A13!

Using the eikonal representation forf~x!, we thus obtain
from Eq. ~A8!,

eM~v!

4p
kx
2~x!f̃~x!

5 i lemE dpg S̃l~x,pg!Jl@l~x,pg!#
]F0

]pg
~x,pg!. ~A14!

APPENDIX B: GYRORESONANCE CROSSINGS OF
THE SECOND TYPE

Gyroresonance crossings of the second type are defined
in Sec. III as crossings for which the sign of the Bernstein-
wave energy goes from positive to negative. Within our
present model, using Eqs.~10!–~12!, these crossings corre-
spond to zeros ofJl8 .

In the neighborhood of a zero ofJl8 , i.e., Jl8(l1)50
with l15k1r0, we Taylor expand the Bessel function
asJl(l)5Jl(l1) andJl8(l)5(l2l1)Jl9(l1)[2(l 2 l1)
3u Jl8(l1)/Jl(l1)uJl(l1). ~In the last expression, we have
used the fact that, whenJl8 5 0,Jl9/Jl , 0.!When substituted
into Eq. ~26!, using Eq. ~23!, we obtain the following
coupled equations:

S i d

dr
2r DS1R50,

~B1!S i d

dr
2r DR1r 2S50,

where r[z1/2(kx2k1)/k1 is a dimensionless variable
that vanishes at the gyroresonance crossing, with
z[ak1LuJl9Jl u, while S(r )[z21/2(l1

2uJl9/Jl u)Sl(kx) and
R(r )[Rl(kx). In addition, the self-consistent electrostatic
potential isf;(R2rS).

In the eikonal limit ~ur u@1!, the operatorŝ5 id/dr be-
comess(r ), and a treatment similar to Eqs.~31!–~34! yields
the two dispersion relations:sG(r )50, corresponding to the
gyroballistic mode, andsB(r )52r , corresponding to the
Bernstein mode.

A comparison of Eqs.~26! and~B1! shows that the trans-
formation (S,R)→(2R* ,S* ) relates the solutions of Eq.
~B1! with the solutions of Eq.~26!. As a result, the functions
B and G transform asB→2B*52(R*2rS* )/2r and
G→2G*5(R*1rS* )/2r . Hence, it can easily be checked
that theS matrix transforms asS→S* , so that the conver-
sion and transmission coefficients for gyroresonance cross-
ings of the second type areC52 andT521.
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