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How a Wave Flips Its Energy Sign by Linear Conversion

A. J. Brizard and A. N. Kaufman
Lawrence Berkeley National Laboratory, University of California, Berkeley, California 94720

(Received 1 September 1995)

An inverted population of energetic minority ions, such as neonatal fusion alphas, can supp
negative-energy Bernstein wave (whose frequency is a harmonic of their gyrofrequency). As a
of the magnetic-field nonuniformity and the population inversion, the wave crosses the gyroreso
layer and its energy flips sign. This results in energy transfer to a gyroballistic mode (which exists
in the resonance layer), with a conversion coefficient exactly equal to 2.

PACS numbers: 52.35.Hr, 52.40.Db
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Negative-energy Bernstein waves, supported by
inverted population of energetic minority ions (such a
charged fusion products), have recently attracted atten
[1] because of their suspected role in the enhan
emission at harmonics of the minority-ion gyrofrequen
observed in several laboratory and space magnet
plasmas. In this Letter, we report on our study of th
propagation in anonuniformmagnetic field; a complete
description of this work is presented in Ref. [2].

We show that wave refraction, i.e.,Ùk ; 2===vsk, xd,
causes the energy of a Bernstein wave supported b
inverted population (which isk dependent) to chang
sign when the wave crosses the gyroresonance la
This situation presents us with the following parado
How can a wave change the sign of its energy wh
maintaining overall energy conservation? We reso
this paradox by showing that the Bernstein wave chan
its energy sign by transferring energy to a gyroballis
mode [3] which exists only in the gyroresonance lay
(A ballistic mode represents a perturbed distribution w
vanishing charge density and self-consistent potential.

In order to get explicit analytical results, we mak
simplifying assumptions concerning the unperturbed en
getic minority-ion distribution. For the neonatal charg
fusion products, we choose the model distribution [4]

f0spgd , dspg 2 p0d , (1)

which significantly simplifies our analysis; herepg is the
gyromomentum of the minority ions (the gyroangleug is
canonically conjugate), andp0 ­ E0yV is the gyromo-
mentum corresponding to the birth energyE0. We use
a slab model for the background magnetic fieldBsxd ;
ẑs1 2 xyLdB0, where x ­ 0 is the location of thelth-
harmonic minority gyroresonance layer:v ­ lVmsx ­
0d (with l , 5). In addition, we choose the wave vect
k ­ x̂kx , i.e., kz ­ 0 (often used for Bernstein waves
andky ­ 0 (used here for simplicity). We note that, wit
kz ­ 0, the parallel-momentum distribution plays no ro
and will henceforth be omitted. This choice of wave ve
tor means that minority ions are resonant with the fi
(at frequencyv) when theirguiding centersare located
at x ­ 0. The correspondingparticles,however, have a
0031-9007y96y76(10)y1639(4)$10.00
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spatial spread given by their gyroradius; hence the la
can be considered the thickness of the gyroresonance
in the work of Lashmore-Davies and Dendy [5].

We begin with a simple model for a magnetized plasm
composed of a “cold” majority-ion (M) fluid (with density
nM), an electron fluid, and an energetic minority-ion (m
population described by a linearized Vlasov equation
the guiding-center representation). (The use of the co
fluid approximation for the majority species is justified fo
l $ 3, since the thermal effect of the majority ions can
neglected compared to that of the energetic minority ion
For definiteness, the majority-ion species may be cho
to be deuterium, while energetic minority ions may
alpha particles.

The local dielectric function for the energetic minority
ion Bernstein wave is

eskx , x; vd ­ eMsvd 1 xlskx , x; vd , (2)

where eMsvd ­ 2v
2
Mysv2 2 V

2
Md is the major-

ity dielectric function (in the cold-fluid approxima
tion) and the minority susceptibility isxlskx , x; vd ­
2sv2

myV2
md hvyfv 2 lVmsxdgjbskxd, with the minority-

ion plasma frequencyvm ­ s4pnme2
mymd1y2 ø vM

and

bskxd ;
2
l

JlsldJ 0
lsld . (3)

Here, Jl is a Bessel function with argumentl ; kxr0,
where r0 ­ s2p0ymVmd1y2 is the gyroradius of the
minority ions,J 0

l ­ dJlydl, and the distribution (1) was
used. We note thatbskxd is an oscillating function of
kx and, more importantly, it canchange signby going
through zero (when eitherJl or J 0

l vanishes).
Solving eskx , x; vd ­ 0 for v, we obtain thelocal

dispersion relation

vskx , xd ­ lVmsxd f1 2 abskxdg

­ v

µ
1 2

x
L

2 abskxd
∂

, (4)
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where a ; sl2 2 V
2
MyV2

mdv2
myv

2
M ø 1 and jbj , 1.

Settingvskx , xd ­ v, we then obtain the ray orbit

xskxdyL ­ 2abskxd ; (5)

the ray velocity (inkx) is given by the Hamilton equa-
tion Ùkx ­ 2≠vy≠x ­ vyL . 0 (see Fig. 1 for this orbit
where we takel ­ 5). Note that, from Eq. (5), the ray
crosses the gyroresonance layer (atx ­ 0) wheneverb
vanishes, while the group velocity, given by the Hamilto
equation Ùx ­ ≠vy≠kx ­ 2vadbydkx , vanishes when
dbskxdydkx ­ 0; from Eq. (3) the ray crosses the layer re
peatedly asl alternately passes through the zeros ofJl and
J 0

l . (It is important to keep in mind that, askx increases, it
will eventually reach a value for which the cold-fluid ap
proximation for the majority ions becomes invalid and
more realistic model must be used; under normal con
tions, however, several gyroresonance crossings occur
fore the cold-fluid approximation breaks down.)

The Bernstein-wave energy density isW sxd ;
vs≠ey≠vdk2

x jf̃j2y4p, wheref̃ is the eikonal amplitude
of the perturbed electrostatic potential. From Eqs. (
and (4), we findv≠ey≠v ­ jeMyajybskxd, and thus the
wave energyW has the same sign asb. Referring to
Fig. 1, we see thatW changes sign (asb goes through
zero) whenever the ray crosses the gyroresonance la
at x ­ 0; at the first crossing in Fig. 1J 0

l vanishes
and W goes from positive to negative, whereas at th
second crossingJl vanishes andW goes from negative
to positive. (The group velocityÙx, on the other hand,
changes sign asdbydkx goes through zero.) Note that, a
x ! 0, ≠ey≠v ! `, and so (within the eikonal approxi-

FIG. 1. Plot of the energetic minority-ion Bernstein ray orb
(5) in ray phase spacesx, kxd. (See text for comments.)
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mation) the potential amplitudẽf ! 0. Of course, in
this singular (resonance) region, a noneikonal treatmen
required, which we study next.

Near the gyroresonance layer, the Bernstein wave
collective wave with frequencyv ø lVmsxd] is strongly
coupled to the gyroballistic mode [a ballistic mode whic
lives inside the resonance layer and satisfies the disper
relation: v ­ lVmsxd]. In the kx representation (where
x ! x̂ ­ i≠y≠kx), the perturbed minority-ion distribution
(in the guiding-center representation)dfskx; pg, ug; td ­
dflskx , pgd expfislug 2 vtdg and the perturbed electro
static potentialFskx , td ­ fskxd exps2ivtd satisfy the
linearized Vlasov-Poisson equations:

fv 2 lVmsx̂dgdflskx , pgd ­ 2lemf0
0spgdJlskxrgdfskxd ,

eMsvdk2
xfskxd ­ 4pem

Z
Jlskxrgd dflskx , pgd ,

(6)

where
R

; 2p
R`

0 dpg. In the vicinity of a zero of
Jl [i.e., for kx near k0, where Jlsk0r0d ­ 0], the fields
dfl and f can be expressed in terms of theBernstein-
wavefield Bsqd and thegyroballistic-modefield Gsqd as
dfl , qsB 2 Gd f 0

0 andf , qB, whereq , skx 2 k0d.
The coupled equations forBsqd andGsqd can be derived
from a variational principle [2]:

AsB, Gd ;
Z

dq Cy ? D̂ ? C , (7)

where the Hermitian operator

D̂ ; Dsp̂, qd ;
µ

p̂q 1 qp̂ 1 4q2 2f p̂, qg
fp̂, qg 2sp̂q 1 qp̂d

∂
,

(8)

with p̂ ­ idydq andfp̂, qg ­ p̂q 2 qp̂ ­ i, acts on the
two-component field

Csqd ;

√
Bsqd
Gsqd

!
. (9)

Note that, in the eikonal limitsjqj ¿ 1d, the matrix (8)
is diagonal. The two eigenvaluessL1, L2d of D are
L1sp, qd ­ 2qfpsqd 1 2qg and L2sp, qd ­ 22qpsqd;
the relationsL1sp, qd ­ 0 andL2sp, qd ­ 0 (for q fi 0)
yield the dispersion relations

pBsqd ­ 22q and pGsqd ­ 0 (10)

for the Bernstein wave [i.e., it is the local form of Eq. (5
and for the gyroballistic mode, respectively. The two r
orbits are shown in Fig. 2; atq ­ 0, the rays cross and
linear conversion occurs.
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FIG. 2. Linear conversion of a negative-energy Bernst
sB2d wave into a positive-energy BernsteinsB1d wave and a
negative-energy gyroballistic (G) wave.

On varying (7) with respect toBp andGp, we obtain the
mode-coupling equationsµ

2iq
d

dq
1 si 1 4q2d

∂
B 2 iG ­ 0 ,µ

2iq
d

dq
1 i

∂
G 2 iB ­ 0 . (11)

From Noether symmetry of the Lagrangian density [t
integrand in (7)] under an infinitesimal constant pha
shift [6], we obtain a conservation law for wave energ
dGsqdydq ­ 0, where

Gsqd ; qjBsqdj2 2 qjGsqdj2 (12)

is (proportional to) the flux of energy density in th
kx direction. Forq , 0 (i.e., before the crossing), th
Bernstein wave has negative energy, while the gyroballi
mode has positive energy. As the Bernstein wave cro
the gyroresonance layer (atq ­ 0), its energy becomes
positive. To conserve energy, the Bernstein wave trans
energy to the gyroballistic mode (which then acquir
negative energy).

Before solving the coupled equations (11) exact
we examine theirasymptoticsand formulate the S ma
trix for transmission and conversion. For the Bernst
mode, we writeBsqd ­ B̃sqd expfiQBsqdg for jqj ¿ 1,
whereQBsqd ­ 2

R
pBsqd dq ­ q2 [by Eq. (10)]. From

Eq. (12), withG ! 0 for a pure Bernstein mode, we hav
in

e
e
:

tic
es

rs
s

,

in

B̃sqd °!

8<: B1yp
q, q ¿ 1 ,

B2yp
2q, q ø 21 ,

(13)

whereB1 andB2 are theconstant(complex) action am-
plitudes. Similarly, for the gyroballistic mode, we hav
Gsqd ­ G̃sqd expfiQGsqdg for jqj ¿ 1, whereQGsqd ­
2

R
pGsqd dq ­ 0 and

G̃sqd °!

8<: G1yp
q , q ¿ 1 ,

G2yp
2q , q ø 21 .

(14)

We wish to determine the relation between the outgo
action amplitudesA1 ; sB1, G1d and the incident am-
plitudesA2 ; sB2, G2d:

A1 ­ S ? A2 . (15)

In the eikonal regions, the (constant) energy flux (1
takes the form

G ­ Ay ? s ? A sgnq, s ;
µ

1 0
0 21

∂
(16)

with G1 ­ G2. Inserting Eq. (15) into Eq. (16) forG1,
and noting thatA2 is arbitrary, we obtain the condition

Sy ? s ? S ­ 2s (17)

on the S matrix. (This replaces the conventional u
tary condition Sy ? S ­ I.) Because the coupled equa
tions (11) are invariant under the parity operation, th
have two solutions of definite parity, even inq and odd
in q, respectively. For the even solutionAe, we have
Ae

1 ­ Ae
2, so Ae

2 is an eigenvector of S with eigen
value 1. Likewise, for the odd solutionAo , we have
Ao

1 ­ 2Ao
2, so Ao

2 is an eigenvector of S with eigen
value21. From its eigenvalues, we see that TrS­ 0 and
detS­ 21. These two conditions based on parity, wi
Eq. (17) based on energy conservation, yield (by elem
tary algebra) the following form for S:

S ­

0B@ ia s1 1 a2d1y2eig

s1 1 a2d1y2e2ig 2ia

1CA , (18)

wherea andg (both real) are still to be determined from
the polarizationsG2yB2 of the two eigenvectors.

From the asymptotic properties of the solutions of (1
we obtain the required polarizations [2] and finda ­ 21
andg ­ p , so the S matrix is

S ­

0B@ 2i 2
p

2

2
p

2 1i

1CA . (19)

Thus the amplitude transmission coefficient for the Be
stein wave isSBB ­ 2i, and for the gyroballistic mode
1641
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SGG ­ 1i. The amplitude conversion coefficients a
SBG ­ SGB ­ 2

p
2. The energy transmission coeffi

cients are

TB ; 2jSBBj2 ­ 21 ,

TG ; 2jSGGj2 ­ 21 ,
(20)

where the minus sign (used in the definitions) indica
that the energy sign has flipped, while the energy conv
sion coefficients are

CBG ; jSBGj2 ­ 12 ,

CGB ; jSGBj2 ­ 12 .
(21)

For an incident (negative-energy) Bernstein wave
energy W2

B ­ 21, the transmitted Bernstein wave ha
energy W1

B ­ TBW 2
B ­ 11, while the conversion to

the gyroballistic mode has energyW1
G ­ CGBW2

B ­ 22.
(Energy conservation thus reads21 ­ 11 2 2.) As a
result of wave propagation insx, kxd space, we note
that once a wave leaves the coupling region there is
longer an opportunity for the waves to grow (since th
interaction is now nonresonant).

We have shown that a Bernstein (collective) wa
supported by an inverted minority-ion population can, in
nonuniform magnetic field, change the sign of its ener
when it crosses the gyroresonance layer. It does so
transferring energy through linear mode conversion w
a gyroballistic (noncollective) mode, which exists in th
1642
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gyroresonance layer. Using a model distribution for
energetic minority ions, we obtained a set of two coup
equations near the gyroresonance layer, which we so
exactly. An exact energy conservation law was a
derived. From the asymptotic properties of the solutio
we constructed an S-matrix relation between the eiko
amplitudes on both sides of the resonance layer. T
relation was then used to obtain the explicit convers
and transmission coefficients:C ­ 2 andT ­ 21.
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