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A new type of mode conversion between two linear waves in a nonuniform medium is investigated.
Single-crossing conversion occurs when a ray of one wave crossestransverselythe dispersion
manifold of another wave.Double-crossingmode conversion theory describes when the ray
punctures the dispersion manifold twice due to raycurvature. To study this new process, a one
dimensionally nonuniform background medium is considered, which gives rise to four scenarios.
These scenarios are distinguished on the basis of whether the two waves have equal or opposite
energy signs, and whether they are copropagating or counterpropagating. Usingmodular-eikonal
theory~suitable for multiple crossings!, each scenario is first studied analytically by constructing an
S-matrix relation between theoutgoingand incomingasymptotic wave amplitudes. The analytical
results are then compared with numerical results and excellent agreement is found. ©1998
American Institute of Physics.@S1070-664X~98!04401-2#
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I. INTRODUCTION

A. The ray picture

The standard treatment of mode conversion~based on
ray phase-space mode conversion theory!1,2 begins with the
concept of a ray orbit of a linear wave supported by a tim
independent background medium. A ray evolves accord
to the Hamilton equations:ẋj5]v j (x,k)/]k, k̇ j52]v j

(x,k)/]x, where j is a wave label~the background medium
typically can support more than one wave type at a time!, k
andx are the wave vector and spatial coordinates of a p
in ray phase space~the dot represents a time derivative!,
respectively, and theHamiltonian v j (k,x) is a root of the
dispersion functionD j (k,x;v). We note that all ray orbits o
wave j lie entirely on the dispersion manifoldM j

[$x,kuD j (k,x;v)50% and that the Hamiltonian equation
can also be written as

ẋj[2~]kD j !/~]vD j !, k̇ j[~]xD j !/~]vD j !. ~1!

We also note that the sign of the wave energy for wavej is
given by the sign of]vD j , and that a ray orbit possess
curvaturewhen its tangent vector (ẋj ,k̇ j ) is not a constant,
i.e., (ẍj ,k̈ j )Þ0.

Mode conversion theory3 typically describes the situa
tion @Fig. 1~a!# in which an incident ray of one wave type
~labeleda! crosses the dispersion manifold of another wa
type ~labeled b!. At the crossing, the two waves intera
resonantly~i.e., their frequencies and wave vectors matc!,
and, through mode conversion, transfer of wave action~as
well as energy and momentum! from the incident wavea
creates aconvertedray orbit for waveb and atransmitted
ray orbit for wavea, both of which eventually leave th
conversion region@Fig. 1~b!#. Generally, the crossing occur
transverselyand, in the local approximation, the dispersi
manifold for waveb ~denotedMb! may be approximated by
its tangent plane~at the crossing point!, and the incident ray
orbit ~denotedRa! may be approximated by a straight lin
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When the crossing of the incident rayRa with the dispersion
manifold Mb is near-tangential@Fig. 1~c!#, however, the
respectivecurvaturesof Ra and Mb become important. In
particular, a large curvature in either the incoming rayRa or
the dispersion manifoldMb makes a ‘‘nearby’’ second
crossing point possible.

The primary goal of this work is to investigate the effe
of curvature on linear mode conversion; in particular, t
situation in which double crossing occurs is studied anal
cally and numerically. In what follows, we consider doubl
crossing mode conversion in a one-dimensional backgro
medium, with gradients directed along thex axis. In this
case, the dispersion manifoldMb5$x,kxuDb(x,kx)50% for
waveb is a curvexb(kx), or kx

b(x), in the (x,kx) plane.

B. Double crossing of parabolic rays

To study ray-curvature effects in one-dimensional mo
conversion, we consider a simple model@see~6!# wherein
double-crossing mode conversion occurs in the neighb
hood of twocaustics, i.e., theuncoupledrays for each wave
areparabolas@see Fig. 2~a!# of the form

xj~kx!5xj 01b j kx
2. ~2!

Herexj 0[xj (kx50) represents the location of a caustic f
wave j @i.e., dkx

j (x)/dx becomes infinite atx5xj 0# and b j

[dxj (kx)/dkx
2 is the constant~signed! ray curvature. Within

this model, two intersecting~uncoupled! parabolic rays@see
Fig. 2~a!# cross twice at (xc,6kx

c), where (kx
c)2[(xa0

2xb0)/(bb2ba) and xc[xj 01b j (kx
c)2. To satisfy the

crossing condition (kx
c)2.0, the caustic separationDx and

the ray-curvature differenceDb are defined,

Dx[xa02xb0.0 and Db[bb2ba.0, ~3!

so that kx
c[(Dx/Db)1/2. @The sign conventions adopte

above are chosen to agree with Fig. 2~a!, whereba,bb,0
455/$15.00 © 1998 American Institute of Physics
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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and xa0.xb0 ; the caseDx,0 corresponds tononcrossing
parabolas and,because of its mathematical complexity, is
yond the scope of this work.#

C. Coupled wave equations

We now derive a set of coupled linear wave equatio
for wavesa and b represented, respectively, by the wa
fields Ca(kx) and Cb(kx). Here, since thex representation
for ~2! is singular, i.e., kx

j (x)56@(x2xj 0)/b j #
1/2 has a

~caustic! singularity atx5xj 0 , the kx representation for the
wave fields ~where x→ x̂[ id/dkx! is adopted throughou
this paper.

The variational principle used to derive our coupl
wave equations is based on the action integral,3 A

FIG. 1. ~a! An incident rayRa
( i ) of type a crosses transversely the dispe

sion manifoldMb of wave typeb; ~b! mode conversion occurs when som
of the action fromRa

( i ) gets converted to a rayRb
(c) of typeb ~which stays

on the dispersion manifoldMb!, and the remaining action leavesMb as the
transmitted rayRa

(t) ; ~c! when the crossing takes place near-tangentia
ray curvature becomes important and makes a nearby second crossin
sible.
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5*C†(kx)–D( x̂,kx)–C(kx)dkx , where C(kx) is a multi-
component field andD is a Hermitian differential operato
through its dependence onx̂. Since we are interested i
studying mode conversion between waves of typesa andb,
we introduce the projectionC[( j 5a,bêjC j , whereC j and
êj are the amplitude and polarization of wavej . By defining
the dispersion function for wave j as D j ( x̂,kx)
[ej* –D( x̂,kx)–ej , and the coupling coefficient betwee
waves a and b as h[ea* –D( x̂,kx)–eb , the action integral
becomes

A5E dkxS (
j 5a,b

C j* ~kx!D j~ x̂,kx!C j~kx!

12 Re@Ca* ~kx!hCb~kx!# D , ~4!

where h is evaluated at a mode-conversion point@where
C j (kx) displays rapidkx dependence# and the constanth is
assumed to be the same at both conversion points. The v
tional principledA50 requires thatA be stationary with
respect to arbitrary variations inCa* andCb* , which yields a
set of coupled wave equations forCa and Cb , written in
matrix form1 as

S Da~ x̂,kx! h

h* Db~ x̂,kx!
D S Ca~kx!

Cb~kx!
D50. ~5!

In ~4! and ~5!, additional dependences onky andkz and the
wave frequencyv ~common to both waves! are not displayed
for brevity ~note that, for a time-independent backgrou
medium that is uniform in the spatial coordinatesy and z,
the variablesv, ky , andkz are constant along a ray!.

In order to study double-crossing mode conversion n
two caustics, each dispersion functionD j (x,kx) in ~5!, near
its caustic~at x5xj 0 andkx50!, has the form

D j~x,kx!5~]D j /]x!0~x2xj 0!1~]D j /]kx
2!0kx

2

[~]xD j !0~x2xj 02b j kx
2!, ~6!

where (]D j /]x)0 and (]D j /]kx
2)0 are both evaluated at th

caustic, and the ray curvature for wavej is defined b j

[2(]k
x
2D j )0 /(]xD j )0 @see~2!#. Note that, in general, both

xj 0 and b j are functions ofky , kz , and v. Important ex-
amples of dispersion functions of the form~6! are found in
the theory of linear waves in nonuniform magnetized pl
mas~e.g., linear drift waves!. Generically, such waves hav
dispersion functionsD(x,k' ;ky ,kz ,v), where the back-
ground plasma is nonuniform in thex direction, the back-
ground magnetic field is aligned along thez axis, and thekx

dependence enters only throughk'
2 [kx

21ky
2. Taylor expan-

sion of D(x,k') in the neighborhood of a caustic~at kx50!
yields ~6!.

D. Wave-action conservation law

The variational principle~4! allows the derivation of
conservation laws through the Noether method~i.e., for each
continuous symmetry of the Lagrangian, there exists a c
served quantity!. In particular, the Lagrangian in~4! is sym-

,
os-
Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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metric with respect to phase shifts in the wave function4

and the corresponding conservation law is the wave-ac
conservation law:

(
j 5a,b

dJj~kx!/dkx50, ~7!

where

Jj~kx![C j* ~kx!
]D j

]x
~ x̂,kx!C j~kx!

5~]D j /]x!0uC j~kx!u2 ~8!

denotes the wave-action density flux~in kx space! for wave
j . The last expression in~8! follows from ~6! in the local
approximation. When~7! is integrated overkx from ‘‘ 2` ’’
to ‘‘ 1` ’’ ~i.e., sufficiently far from the double-crossin
mode conversion region!, we obtain

Ja~1`!1Jb~1`!5Ja~2`!1Jb~2`!. ~9!

By definingDJj[Jj (1`)2Jj (2`) as the change in wave
action density flux for wavej , Eq. ~9! can be rewritten as
DJa52DJb ; this means that, for linear mode conversi
involving wavesa andb, any change in wave-action densi
flux for wave a is compensated by an equal but oppos
change in wave-action density flux for waveb. The conser-

FIG. 2. ~a! Double-crossing mode conversion near two caustics~here, the
curvaturesba andbb are both negative!, parametrized by the caustic sep
rationDx5xa02xb0 , the curvature differenceDb5bb2ba , and the wave-
coupling strengthh; ~b! symmetric double-crossing mode conversion p
rametrized by only the dimensionless parametersDX andh̄, defined in~13!.
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vation law ~9! provides us with a powerful tool in interpret
ing our analytical results and in comparing them with n
merical results.

E. Organization

The remainder of this paper is organized as follows.
Sec. II, we present the coupled-wave equations~in dimen-
sionless form! associated with four distinct scenarios f
double-crossing mode conversion in a one dimension
nonuniform medium. The four scenarios are distinguished
the basis of whether the two waves have equal or oppo
energy signs, and whether they are copropagating or co
terpropagating inkx . The analysis is greatly facilitated b
the existence of the conservation law~9!, which allows us to
relate incoming and outgoing asymptotic wave amplitud
through a globalS matrix.

In Sec. III, we introduce the modular-eikonal approa
used to obtain explicit expressions for the globalS matrix
for each scenario. After discussing its validity, we summ
rize our analytical results and present a comparison betw
these results and numerical results obtained by integra
the coupled-wave equations themselves. The results of
modular-eikonal approach are then shown to be in excel
agreement with the numerical results. In Secs. IV and V,
well as Appendices A–D, we present the technical details
the derivation of our results. Finally, in Sec. VI, we revie
our results and discuss the assumptions used in the mod
eikonal approach and its extensions.

II. MODE CONVERSION IN A ONE DIMENSIONALLY
NONUNIFORM MEDIUM

A. Four scenarios

Our analysis of the coupled equations~5!, with the dis-
persion functions~6!, is based on the relative signs o
(]xDa)0 and (]xDb)0 . From ~1!, we note that the sign o
(]xD j )0 , denotede j , is the product of the sign of (]vD j )0 ,
which determines the sign of thewave energyfor wave j ,
and the sign of (k̇x

j )0 , which determines its direction o
propagationalong thekx axis:

e j[sign@~]xD j !0#[sign@~]vD j !0#sign@~ k̇x
j !0#. ~10!

In what follows, we distinguish between four differentsce-
narios, depending on whether the signs of (]vDa)0 and
(]vDb)0 are equal or opposite~i.e., whether the energy sign
of wavesa and b are equal or opposite!, and whether the
signs of k̇x0

a and k̇x0
b are equal or opposite~i.e., whether

wavesa and b are co-propagating or counterpropagatin!.
These scenarios are summarized and labeled in Table I.

For definiteness, the values ofea and eb shown above
are used throughout this work. Hence, in all four scenar
@shown in Figs. 3~a!–3~d!#, wave a is always viewed as a
positive-energy wave propagating upward inkx . Waveb, on
the other hand, has the following characteristics: in scen
I, it is a copropagating positive-energy wave, i.e., it is a
propagating upward inkx ; in scenario II, it is a counter-
propagating positive-energy wave; in scenario III, it is a c
propagating negative-energy wave; and finally, in scena
IV, it is a counterpropagating negative-energy wave.5
47Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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B. Dimensionless equations

In the process of solving the coupled equations~5!–~6!,
only the curvature differenceDb and the caustic separatio
Dx enter into the analysis of the double-crossing mode c
version problem. First, we symmetrize the double-cross
mode conversion process by performing the transformat

C j~kx![C̄j~kx!expS 2 i E x0~kx!dkxD , ~11!

wherex0(kx)[(1/2)@(xa01xb0)1(ba1bb)kx
2#, so that, us-

ing ~6!, D j ( x̂,kx)C j (kx) becomes

TABLE I. Double-crossing mode conversion scenarios.

Scenario Wave-energy signs Propagation directionse j[sign@(]xD j )0#

I Equal Copropagation ea5115eb

II Equal Counterpropagation ea51152eb

III Opposite Copropagation ea51152eb

IV Opposite Counterpropagation ea5115eb
48 Phys. Plasmas, Vol. 5, No. 1, January 1998
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D j~ x̂,kx!C j~kx![~]xD j !0@ x̂2xj~kx!#C̄j~kx!

3expS 2 i E x0~kx!dkxD
5~]xD j !0 expS 2 i E x0~kx!dkxD

3@ x̂2 x̄ j~kx!#C̄j~kx!, ~12a!

wherex̄ j (kx)[xj (kx)2x0(kx). Combining these results, th
coupled equations~5! become

~]xDa!0@ x̂2 x̄a~kx!#C̄a~kx!1hC̄b~kx!50,
~12b!

h* C̄a~kx!1~]xDb!0@ x̂2 x̄b~kx!#C̄b~kx!50,

wherex̄a(kx)52 x̄b(kx)[(1/2)(Dx2Dbkx
2). Next, the cur-

vature differenceDb can be used to introduce thedimen-
sionless~canonically conjugate! variables (X,K):

X[~Db!21/3x, K[~Db!1/3kx , ~13a!

and thedimensionlesscoupling strength and caustic separ
tion:
te

FIG. 3. Double-crossing mode-conversion scenarios I–IV, with arrows showing the direction of wave packet propagation.~a! Scenario I: two copropagating
waves of equal energy signs;~b! scenario II: two counterpropagating waves of equal energy signs;~c! scenario III: two copropagating waves of opposi
energy signs;~d! scenario IV: two counterpropagating waves of opposite energy signs.
Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.



a

-

en

r

on
r

o
-

-
u

ig
ed

s

e
ke
gy
s
ve

he
d

ich

n

are
c.

r

ux
h̄[~Db!21/3S h

u~]xDa!0~]xDb!0u1/2D and

DX5~Db!21/3 Dx. ~13b!

Hence, from the original~dimensional! parameter list
(h,Dx,Db), only the two dimensionless parameters (h̄,DX)
remain.

As suggested by the expression~8! for the wave-action
density flux, we introduce the wave-action-fluxamplitudefor
wave j , denotedc j :

c j~kx![u~]xD j !0u1/2C̄j~K !. ~14!

When ~13a!, ~13b!, and ~14! are substituted into~12b! ~and
keeping in mind thatX becomesX̂5 id/dK in the K repre-
sentation!, it becomes

S Da~X̂,K ! h̄

h̄* Db~X̂,K !
D S ca~K !

cb~K ! D50, ~15!

where constant coefficients have been eliminated from e
row and the dimensionless dispersion function for wavej is
D j (X,K)[e j@X7(DX2K2)/2#, where the upper~lower!
signs refer to wavea ~waveb!. In this symmetric represen
tation of double-crossing mode conversion@see Fig. 2~b!#,
the two uncoupled rays cross at crossing points with dim
sionless coordinatesX50, K56ADX.

From~8!, ~11!, and~14!, the wave-action density flux fo
wave j is now simply expressed in terms ofc j as Jj (K)
5e j uc j (K)u2, so that the wave-action conservation law~9!
becomes

uca~1`!u21eucb~1`!u25uca~2`!u21eucb~2`!u2,
~16!

where e[eaeb511 for scenarios I and IV, whilee521
for scenarios II and III. To make use of this conservati
law, we thus need to investigate the asymptotic behavio
the wave functionsca(K) andcb(K) asK→6`.

C. Global asymptotic analysis

Before considering the global asymptotic behaviors
ca(K) and cb(K) ~at K56`!, we investigate the mode
conversion regions~near K56ADX!. Near each of these
two points, theray picture ~based on the validity of the ei
konal representation! breaks down. To present a more acc
rate picture, we need instead thedispersion curvesof the
dispersion matrix in~15!, defined by the vanishing of its
determinant,Da(X,K)Db(X,K)2uh̄u2. Using ~15!, the two
dispersion curves areX2(K)5(DX2K2)2/41euh̄u2, where
e511 for scenarios I and IV, ande521 for scenarios II
and III. These two dispersion curves are sketched in F
4~a! and 4~b!, respectively; the double-arrow notation is us
to indicate the direction of the wave-energy flux~in the ab-
sence of wave coupling!, represented by the equation
dXj /ds52]KD j and dKj /ds5]XD j , wheres is an orbit
parameter. We note that, for a positive-energy wave, its
ergy flux flows in the same direction as its wave pac
@given by ~1!#, while for a negative-energy wave, its ener
flux flows in the opposite direction. Hence, although wavea
and b are counterpropagating waves of opposite wa
Phys. Plasmas, Vol. 5, No. 1, January 1998
 25 Aug 2000 to 12.29.252.10.Redistribution subject to AIP co
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energy signs in scenario IV, their energy fluxes flow in t
same direction and Fig. 4~a! applies to both scenarios I an
IV; similar remarks apply to scenarios II and III.

Each dispersion curve in Figs. 4~a! and 4~b! can be di-
vided into five regions. First, there are three regions in wh
the eikonal representation is valid. These threeeikonal re-
gions are labeled, respectively, theupper ~or a51! region
for K→1`; the intermediate~or a50! region for uKu→0;
and thelower ~or a52! region forK→2`. Next, there are
two mode-couplingregions labeledtop ~for K.1ADX! and
bottom~for K.2ADX! in which the eikonal representatio
breaks down. Note that, in Figs. 4~a! and 4~b!, a dispersion
curve ~far from the mode-coupling region! asymptotically
approaches one of the uncoupled rays~dashed lines!. Solu-
tions of ~15! in the three eikonal regions are called theouter
solutions while those in the two mode-conversion regions
called theinner solutions; they are analyzed in detail in Se
IV.

In the eikonal regionsa5(2,0,1), the wave fields
have the asymptotic eikonal form@see~A18!#

c j
a~K !→e2 iSj ~K !Zj

a , ~17a!

where the eikonalphases Sj (K) are real valued while the
eikonal~constant! amplitudes Zj

a5(Zj
1 ,Zj

0,Zj
2) are complex

valued ~see Appendix A for details!. Previous work on
multiple-crossing mode conversion6 has shown that, in orde
for the modular-eikonal method~see the next section! to be

FIG. 4. Dispersion curves for~a! scenarios I and IV, and~b! scenarios II and
III, with the double-arrow notation showing the direction of energy-fl
propagation.
49Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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successful in comparing its analytical results with numeri
solutions of coupled wave equations, the eikonal phases m
retain lowest-order wave-coupling corrections. In Appen
A, the expressions for the eikonal phases, including wa
coupling corrections, are found to beSa(K)52Sb(K)
[S(K), with

S~K ![
1

2
K DX2

1

6
K31

euh̄u2

2ADX
lnS uK1ADXu

uK2ADXu
D .

~17b!

It is in the wave-coupling correction term that themodular-
eikonal wave theory differs from thestandardeikonal wave
theory ~which ignores this correction!.

D. Conservation laws and S-matrix relations

Substituting uc(6`)u25uZj
6u2, from ~17a!, into the

wave-action conservation law~16!, we obtain

uZa
1u21euZb

1u25uZa
2u21euZb

2u2. ~18!

This conservation law can be written in a suggestive fash
if we introduce the two-component vectorsZ[(Za ,Zb) and
the normiZik

2[uZau21keuZbu2, wherek511 refers toco-
propagatingwaves~i.e., both waves are incoming either
K52` or 1`! while k521 refers tocounterpropagating
waves~i.e., one wave is incoming atK52` and the other at
K51`!.

To proceed with the analysis of the four scenarios
fined in Table I, we need to identify the incoming waves a
the outgoing waves. In Table II, we list the incoming a
outgoing asymptotic amplitudes used for each scenario.

Hence, for copropagating waves~i.e., scenarios I and
III !, the wave-action conservation law~18! is written as

iZouti1
2 [uZa

1u21euZb
1u25uZa

2u21euZb
2u2[iZ ini1

2 ,
~19a!

while for counter-propagating waves~i.e., scenarios II and
IV !, it is written as

iZouti2
2 [uZa

1u22euZb
2u25uZa

2u22euZb
1u2[iZ ini2

2 .
~19b!

Mode conversion is therefore a process that transforms
incoming asymptotic amplitudesZ in into the outgoing
asymptotic amplitudesZout while conserving the normi ik .

Thus, we look for a matrix~with unit determinant!, de-
notedSk , which relates the initial and final asymptotic stat
in the following way:

Zout5Sk–Z in. ~20a!

TABLE II. Incoming and outgoing asymptotic amplitudes.

Scenario Incoming amplitudes Outgoing amplitude

I (Za
2 ,Zb

2) (Za
1 ,Zb

1)
II (Za

2 ,Zb
1) (Za

1 ,Zb
2)

III (Za
2 ,Zb

2) (Za
1 ,Zb

1)
IV (Za

2 ,Zb
1) (Za

1 ,Zb
2)
50 Phys. Plasmas, Vol. 5, No. 1, January 1998
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In Appendix B, it is shown that, in order to satisfy the co
servation laws~19a! and ~19b!, the S matrix of ~20a! must
have the form

Sk[S S aa S ab

2keS ab* S aa* D , ~20b!

whereS aa andS ab are complex-valued coefficients that sa
isfy

uS aau21keuS abu251. ~20c!

We find that each scenario has different expressions forS aa

and S ab , although exact relations exist between the coe
cients for scenarios I and IV@~30a!#, and the coefficients for
scenarios II and III@~30b!#. We also note that the matrix
~20b! is unitary only whenke511 ~i.e., waves with equal
energy signs!; for the caseke521 ~i.e., waves with oppo-
site energy signs!, see Appendix B. We now provide phys
cal interpretations forS aa andS ab .

When wavea alone is incoming~i.e., Za
inÞ0 and Zb

in

50!, ~20a! and ~20b! yields Za
out5S aaZa

in and Zb
out

52keS ab* Za
in . From these relations, we introduceglobal

transmission and conversion coefficients: the global tra
mission coefficient for double-crossing (D) mode conver-
sion is defined as

TD[uZa
outu2/uZa

inu25uS aau2; ~21a!

the global conversion coefficient for double-crossing mo
conversion is defined as

CD[keuZb
out 2/uZa

inu25keuS abu2, ~21b!

so that the wave-action conservation law~20c! becomes

TD1CD51. ~21c!

Hence, for each unit of incoming wave energy of wavea
present before mode conversion,TD units of wave energy of
wavea andCD units of wave energy of waveb appear after
mode conversion.

The choiceke[sign@(]vDa]vDb)0# used in ~21b! is
consistent with the fact that for mode conversion betwe
waves of opposite energy signs~either copropagating o
counterpropagating!, i.e., ke521, we must haveCD,0,
since the energy sign does change at conversion7 and, con-
sequently,TD.1 according to~21c!.

III. SUMMARY OF THE MODULAR-EIKONAL
APPROACH

A. Introduction

The modular-eikonal method is used to study multip
crossing mode conversion problems6 and provides an algo
rithm for breaking up theglobal problem of relating the in-
coming amplitudes Z in5(Za

in ,Zb
in) to the outgoing

amplitudesZout5(Za
out,Zb

out), by introducing an intermediate
asymptotic stateZ05(Za

0,Zb
0) in the eikonal regionK→0. In

this section, we assume~for simplicity! that wavesa andb
are both incoming fromK52` ~i.e.,Z in[Z2!, and are out-
going atK51` ~i.e., Zout[Z1!.

Figure 5 illustrates the various steps involved in t
modular-eikonal approach for finding the outgoing wave a
Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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plitudes once the incoming wave amplitudes are known
step ~i!, the incoming outer solutions~with asymptotic am-
plitudes Z2! are defined in the lower asymptotic regio
(K→2`). Asymptotic matching between inner and out
solutions is performed in steps~ii ! and ~iv! for the bottom
mode-conversion region, and steps~vi! and~viii ! for the top
mode-conversion region. In steps~iii ! and ~vii !, we use the
results of the analysis in the bottom and top mod
conversion regions to relate incoming and outgoing in
solutions. In step~v!, the intermediate asymptotic amplitud
Z0 is expressed in terms ofZ2 with the help of the bottom
single-crossingS matrix Sbottom:

Z0[Sbottom–Z2. ~22a!

TheS-matrix relation between the incoming asymptotic a
plitudesZ0 and the outgoing asymptotic amplitudesZ1 at
the top mode conversion,

Z1[Stop–Z
0, ~22b!

involves the top single-crossingS matrix Stop.
By eliminating the intermediate asymptotic amplitud

Z0 @i.e., by substituting~22a! into ~22b!#, a global double-
crossingS matrix ~denotedSglobal!, which relates the outgo
ing eikonal amplitudesZ1 to the incoming eikonal ampli-
tudesZ2, is defined as

Z15Stop–~Sbottom–Z2![Sglobal–Z
2. ~23!

Thus, according to the modular-eikonal approach, the ca
lation of the globalS matrix for double-crossing mode con
version is done by calculating theS matrices for both~top
and bottom! single-crossing mode conversions.

FIG. 5. Steps involved in the modular-eikonal approach~see the text for a
description!.
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B. Validity of the modular approach

The principal assumption behind the modular approa
is that theintermediateeikonal region is large enough for th
wave fields to enter the eikonal regime. In Appendix
@~A11!#, we show that the eikonal representation is valid
the intermediate region when

uDXu@uh̄u. ~24!

For uh̄u of order unity, this condition becomesuDXu@1.
A further assumption used in this work concerns t

top–bottom symmetry of the double-crossing mode conv
sion process, i.e., both caustics appear atkx50 and the
wave-coupling strength is assumed to be identical at b
single-crossing mode-conversion points. We expect that
modular-eikonal approach would work equally well in th
absence of this symmetry, since each single-crossing m
conversion region is solved independently in this appro
~see Sec. VI for further comments!.

C. Summary of analytical results

We begin by considering the problem ofcopropagating
waves. For scenario I~e511 and k511!, the S-matrix
relation ~23! takes the form

S Za
1

Zb
1D[S T C

2C * T * D S Za
2

Zb
2D , ~25a!

where S aa[T and S ab[C , with uT u21uC u251. From
~21a! and ~21b!, with ke511, the global transmission an
conversion coefficients for scenario I are

TD
I 5uT u2 and CD

I 5uC u2. ~25b!

For scenario III~e521 andk511!, on the other hand, the
S-matrix relation~23! becomes

S Za
1

Zb
1D[S T 8 C 8

~C 8!* ~T 8!* D S Za
2

Zb
2D , ~26a!

where S aa[T 8 and S ab[C 8, with uT 8u22uC 8u251.
From ~21a! and~21b!, with ke521, the global transmission
and conversion coefficients for scenario III are

TD
III 5uT 8u2 and CD

III 52uC 8u2. ~26b!

From the results of the modular-eikonal analysis to be p
sented in Sec. V, the expressions for~T ,C ! and (T 8,C 8)
are

T 5TS1~12TS!e2iQ1,
~27a!

C 52ieiuATS~12TS!sin Q1 ,

and

T 85TS
212~TS

2121!e2iQ2,
~27b!

C 8522ieiuATS
21~TS

2121!sin Q2 ,

whereTS[exp(22punu2) is the single-crossing (S) transmis-
sion coefficient,u[argh̄, and
51Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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Qe~DX,unu2![ 2
3 ~DX!3/213eunu2 ln~2ADX!

1e arg@G~2 i unu2!#2
p

4
; ~27c!

here unu2[uh̄u2/2ADX and arg@G(2iunu2)# denotes the phas
of the gamma function with imaginary argument2 i unu2.

Next, we consider double-crossing mode conversion
volving two counterpropagatingwaves (k521). In analyz-
ing scenarios II and IV~with e521 and11, respectively!,
the outgoing amplitudes are now (Za

1 ,Zb
1) and the incoming

amplitudes are (Za
2 ,Zb

1). By rearranging the terms in~25a!,
we obtain theS-matrix relation for scenario IV:

S Za
1

Zb
2D[S 1/T * C /T *

C * /T * 1/T * D S Za
2

Zb
1D , ~28a!

where S aa51/T * and S ab5C /T * , with 1/uT u2

2uC u2/uT u251, which follows from~25b!. From ~21a! and
~21b!, with ke521, the global transmission and conversi
coefficients for scenario IV are

TD
IV51/uT u2 and CD

IV52uC u2/uT u2. ~28b!

Similarly, by rearranging the terms in~26a!, we obtain the
following S-matrix relation for scenario II:

S Za
1

Zb
2D[S 1/T 8* C 8/T 8*

2C 8* /T 8* 1/T 8* D S Za
2

Zb
1D , ~29a!

where S aa51/T 8* and S ab5C /T 8* , with 1/uT 8u2

1uC 8u2/uT 8u251, which follows from ~26b!. From ~21a!
and ~21b!, with ke511, the global transmission and con
version coefficients for scenario II are

TD
II 51/uT 8u2 and CD

II 5uC 8u2/uT 8u2. ~29b!

Using ~25b! and ~28b!, the global transmission coeffi
cients for scenarios I and IV are

TD
I [~TD

IV !215124TS~12TS!sin2 Q1<1. ~30a!

Similarly, using~26b! and~29b!, the global transmission co
efficients for scenarios II and III are

TD
III[~TD

II !215114TS
21~TS

2121!sin2 Q2>1. ~30b!

We note thatTD
I [(TD

IV)21 and TD
II [(TD

III )21 are exact re-
sults that do not depend on the validity of the modul
eikonal approach@from which the right sides of~30a! and
~30b! are obtained#.

D. Comments concerning scenario IV

Upon further investigation of~30a!, we note that, unde
certain conditions, it is possible to find values ofuh̄u2 and
DX for which TD

I vanishes~and TD
IV becomes infinite!. In-

deed, whenTS51/2 and sin2 Q151 is substituted in~30a!,
we find TD

I 5(TD
IV)2150. From the first condition, we find

uh̄u2/(2ADX)5(ln 2)/2p[un0u2, which can be substituted
into the second condition to giveQ1(DX,un0u2)5(n
11/2)p ~for n>0!. Multiplying this equation by 2, and re
arranging some terms, we obtain
52 Phys. Plasmas, Vol. 5, No. 1, January 1998
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4
3 ~DX!3/212S 3un0u2 ln~2ADX!1arg@G~2 i un0u2!#2

p

2 D
52np1p/2. ~31!

In the limit un0u2→0, the left side becomes (4/3)(DX)3/2,
which is the enclosed area contained between the two cr
ing uncoupled parabolas@where we used the fact tha
arg@G(2ia)#→p/2 asa→0#; we therefore interpret the lef
side as the enclosed area with finite wave-coupling effe
This equation then states that a precise phase matchin
each single-crossing mode conversion must occur as
waves perform one circuit; the termp/2 on the right side of
~31! is the sum of the two~lowest-order! phase shifts at the
conversion points.

The possibility of having an infinite transmission coef
cient in scenario IV points to the existence of an instabil
mechanism. In Ref. 5, we studied this instability as an init
value problem based on a modification of~15!, where
the off-diagonal terms are replaced as follows:h̄→h̄
exp2VK, h̄*→h̄* expVK, with the dimensionless growth
rate defined asV[(Db)21/3(uk̇x

au211uk̇x
bu21)g. The modi-

fied coupled equations are then solved as an eigenvalue p
lem, where, for a given value of the parameteruh̄u2, one
solves for the eigenvalueDX1 iV by imposing boundary
conditions atK56`. What we then find is that, wheneve
DXl 21,DX,DXl ~for l>1!, whereDXn are roots of~31!,
there arel unstable roots, with theDX0 root being the most
unstable. We also find that this instability has a thresh
uh̄ thu2[@(ln 2)/p#ADX0. The results of the modular-eikona
approach for this instability agree very well with the nume
cal study of this instability.5

E. Comparison with numerical results

Equation ~15! has been solved numerically as
boundary-value problem using the Burlisch–Stoer metho8

once incoming boundary conditions are prescribed, the o
going wave solutions are sought.

Figures 6~a! and 6~b! show a comparison between an
lytical and numerical results for the transmission coefficie
TD

I [(TD
IV)21 and TD

II [(TD
III )21, with uh̄u250.5. Solid lines

correspond to the numerical solutions of~15! for each sce-
nario, while dotted lines are given by the analytical formu
~30a! and~30b!. Excellent agreement between the analytic
and numerical results is observed for each scenario when
DX.2, in agreement with condition~24!. Excellent agree-
ment for each scenario was also obtained for other value
uh̄u2.

IV. INNER AND OUTER SOLUTIONS

The next two sections present the technical aspect
the derivation of~30a! and ~30b! based on the modular
eikonal approach. An important step in this approach
volves asymptotic matching between the outer wave so
tions ~defined in the eikonal regions! and the inner wave
solutions~defined in the mode-conversion regions! near each
of the two double-crossing mode-conversion points. In
present section, we derive expressions for the outer and i
Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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solutions near these points, while in the next section,
perform the asymptotic matching, leading to~30a! and~30b!.

A. Outer solutions

To perform asymptotic matching between the outer a
inner solutions near the crossing points, we begin by ev
ating S(K) @~17b!# near (X,K)5(0,6ADX). For this pur-
pose, it is convenient to introduce the local~and rescaled!
canonical pair of phase-space coordinates (q,p), defined by

X[~2ADX!1/2q, K[sADX1p/~2ADX!1/2, ~32!

wheres511 represents the top conversion whiles521
represents the bottom conversion~the rescaling ofp andq is

FIG. 6. A comparison of analytical and numerical results for the glo
transmission coefficientTD for each scenario as a function of the dime
sionless caustic separationDX, for dimensionless wave-coupling streng
uh̄u250.5: ~a! scenario I; and~b! scenario II. For scenarios III and IV, th
global transmission coefficientsTD

III and TD
IV satisfy the identitiesTD

III

[(TD
II )21 andTD

IV[(TD
I )21.
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introduced to simplify the algebra!. Using these coordinates
in the limit whereupu2!(DX)3/2 and unu2!(DX)3/2, the ex-
pression for S(K) near the conversion points isS(K)
[2s@Se(p)2we#1O @(DX)23/4#, where

Se~p![
p2

4
1eunu2 lnupu and

we[
~DX!3/2

3
1

3eunu2

2
ln 2ADX. ~33!

Hence, near the conversion points, the eikonal soluti
~17a! become theouter solutions:

c j
outer~p!5~Zj

ae7 iswe!e6 isSe~p!, ~34!

where the eikonal-region labela is either2, 0, or1, and the
upper~lower! sign refers to wavea ~waveb!. Now that the
outer solutions~in the eikonal regions! are known, we turn
our attention to the solutions of the coupled-wave equati
in the mode-conversion regions~the inner solutions!.

B. Inner solutions

The study of the inner solutions is based on the soluti
of the single-crossing mode-conversion problem. TheS ma-
trix for a general single-crossing mode conversion was fi
obtained by Tracy and Kaufman9 by using metaplectic-
transform techniques.

We begin by linearizing the dispersion matrix in~15!
about the crossing points at~X50, K56ADX!. For this
purpose, we use the canonical coordinates~32!. When these
coordinates are substituted into~15!, we obtain, after linear-
izing in p,

S ea~ q̂1sp/2! n

n* eb~ q̂2sp/2!
D S ca~p!

cb~p! D50, ~35!

whereq̂5 id/dp. In the neighborhood of both single cros
ings, theuncoupledparabolic rays are thus approximated
straight lines:p(q)562q.

Locally, one can choose~following Tracy and Kaufman!
new canonically conjugate coordinatesQ[Q(q,p) and P
[P(q,p), such that$Q,P%511 andQ or P vanishes when
p(q)512q or p(q)522q. For scenarios I and IV~where
ea5115eb!, we choose

Q[~q1p/2!, P[2~q2p/2!, ~36!

for both single crossings. For scenarios II and III~whereea

51152eb!, on the other hand, we choose

Q[2s~q2p/2!, P[2s~q1p/2!. ~37!

The local (Q,P) frames, given by~36! and ~37!, are shown
in Figs. 7~a! and 7~b! superposed onto the dispersion curve

After substituting the new canonical coordinates (Q,P)
into ~35!, two distinct formulations of single-crossing mod
conversion are obtained. The first formulation, labeled aQa

type, describes the situation where wavea asymptotically
lives on theQ axis~while waveb asymptotically lives on the
P axis!. The single-crossing mode-conversion equations
@from ~35!#

l

53Brizard et al.
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S 2 P̂ n

n* Q
D S c̄a~Q!

c̄b~Q!
D 50, ~38!

whereP̂[2 id/dQ. TheQa-type conversion is found in the
bottom conversion of scenarios I and IV, and the top conv
sion of scenarios II and III. The second formulation, labe
a Qb type, describes the situation where waveb lives on the
Q axis ~while wave a lives on the P axis!. The single-
crossing mode-conversion equations are@from ~35!#

S Q n

n* 2 P̂
D S c̄a~Q!

c̄b~Q!
D 50. ~39!

The Qb-type conversion is found in the top conversion
scenarios I and IV, and the bottom conversion of scenario
and III. ~Note that each double-crossing mode convers
diagram is described in terms of single-crossing mode c
versions of each of these two types.10!

The solutions of the single-crossing mode convers
problems of both types are presented in Appendix C
only results are summarized here. The solutions for theQa

type arec̄a(Q) and c̄b(P), while the solutions for theQb

type arec̄a(P) and c̄b(Q), where

FIG. 7. (Q,P)-frames for~a! scenarios I and IV, and~b! scenarios II and III.
Note that a wave crossing a mode-conversion point on theQ axis crosses
the other mode conversion point on theP axis ~or vice versa!.
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c̄ j~Q!5H zj
outQ2 i unu2,

zj
inuQu2 i unu2,

Q.0,
Q,0, ~40!

for QÞ0, and

c̄ j~P![H zj
outPi unu2,

zj
inuPu i unu2,

P.0,
P,0, ~41!

for PÞ0 ~note that mode conversion occurs atQ505P!; in
~40!–~41!, the amplitudes (zj

out,zj
in) are either (aout,ain) or

(bout,bin). TheS-matrix relation between the incoming am
plitudes (ain ,bin) and the outgoing amplitudes (aout,bout) is

S aout

bout
D[S ATS 2A12TSei ~f6u!

A12TSe2 i ~f6u! ATS
D S ain

bin
D ,

~42!

where the upper and lower signs refer to wavesa and b,
respectively, the single-crossing transmission coefficientTS

is defined above andf[p/42argG(2iunu2).

C. Metaplectic transforms

Our next step involves transforming the mod
conversion solutions~40!–~41! into functions ofp. To per-
form this transformation, we use the metaplec
transforms11,12

c j
inner~p![E

2`

1`

dQS 21

2p i

]2F3~p,Q!

]p ]Q D 1/2

3eiF 3~p,Q!c̄ j~Q!, ~43!

and

c j
inner~p![E

2`

1`

dPS 21

2p i

]2F4~p,P!

]p ]P D 1/2

eiF 4~p,P!c̄ j~P!,

~44!

whereF3(p,Q) andF4(p,P) are generating functions for
canonical transformation from the ‘‘old’’ coordinates (q,p)
to the ‘‘new’’ coordinates (Q,P); see Ref. 13 for further
details on generating functions. The metaplectic transfo
~43!–~44! are performed explicitly in Appendix D; only the
results are shown here. For the casee511, we obtain

c j
inner~p!5e7 iS1~p!H zj

out,

zj
in ,

p.0,
p,0, ~45!

where the upper and lower signs refer to~43! and ~44!, re-
spectively. Fore521, we obtain

c j
inner~p!5A6se6 iS2~p!H zj

out,

zj
in ,

sp.0,
sp,0. ~46!

We are now ready to perform the asymptotic matching
tween the outer solutions~34! and the inner solutions~45! or
~46!. This task is performed in the next section.

V. MODULAR-EIKONAL ANALYSIS OF THE FOUR
SCENARIOS

In this section, the modular-eikonal analysis of each
the four scenarios is performed by asymptotic matching
the outer and inner solutions at both double-crossing mo
Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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conversion points. This matching procedure yields
single-crossing top and bottomS matrices, which are then
used to obtain the globalS matrix from ~23!. For the sake of
brevity, we present the case of scenario I in detail while
other scenarios are summarized.

A. Top conversion of scenario I

The top conversion of scenario I is aQb-type conver-
sion. The outer solutions are@from ~34! with s511 ande
511#

c j
outer~p!5e6 i @S1~p!2w1#H Zj

1 ,

Zj
0,

p.0,
p,0, ~47!

where S1(p) and w1 are defined in~33!, and the upper
~lower! sign @here and in~48!# refers to wavea ~wave b!.
The inner solutions are

c j
inner~p!5e6 iS1~p!H zj

1 ,

zj
0,

p.0,
p,0. ~48!

TheS-matrix relation between the incoming asymptotic a
plitudes (b0 ,a0) and the outgoing asymptotic amplitude
(b1 ,a1) is @from ~42! with a lower sign#

S b1

a1
D5S ATS 2A12TSei ~f2u!

A12TSe2 i ~f2u! ATS
D S b0

a0
D .

~49!

By matching~47! with ~48!, we find the following relations
between the inner and outer solutions for wavesa and b:
(a0 ,a1)[(Za

0,Za
1)e2 iw1 and (b0 ,b1)[(Zb

0,Zb
1)eiw1. By

substituting these relations into~49!, we obtain~after some
straightforward manipulations! theS matrix Stop involved in
the relation between the incoming asymptotic state (Za

0,Zb
0)

and the outgoing asymptotic state (Za
1 ,Zb

1) for the top cross-
ing of scenario I:

Stop[S ATS A12TSei ~Q11u!

2A12TSe2 i ~Q11u! ATS
D , ~50!
de
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whereQ1[2w12f @see~27c!#.

B. Bottom conversion of scenario I

The bottom conversion of scenario I is aQa-type con-
version. The outer solutions are@from ~34! with s521 and
e511#

c j
outer~p!5e7 i @S1~p!2w1#H Zj

0,

Zj
2 ,

p.0,
p,0, ~51!

while the inner solutions are

c j
inner~p!5e7 iS1~p!H zj

0,

zj
2 ,

p.0,
p,0, ~52!

where the upper and lower signs in~51!–~52! refer to wavea
and waveb, respectively. TheS-matrix relation between the
incoming asymptotic amplitudes (a2 ,b2) and the outgoing
asymptotic amplitudes (a0 ,b0) is @from ~42! with an upper
sign#

S a0

b0
D5S ATS 2A12TSei ~f1u!

A12TSe2 i ~f1u! ATS
D S a2

b2
D .

~53!

By matching~51!–~52!, we find (a0 ,a2)[(Za
0,Za

2)eiw1 and
(b0 ,b2)[(Zb

0,Zb
2)e2 iw1. By substituting these relation

into ~53!, we obtain, after some straightforward manipu
tions, theS matrix for the bottom conversion of scenario

Sbottom[S ATS 2A12TSei ~Q12u!

A12TSei ~Q12u! ATS
D . ~54!

C. Global double-crossing mode conversion

We now combine, following~23!, the top and bottomS
matrices,~50! and ~54!, to obtain theglobal S matrix for
scenario I:
re
Sglobal[S TS1~12TS!e2iQ1 2ieiuATS~12TS! sin Q1

2ie2 iuATS~12TS! sin Q1 TS1~12TS!e22iQ1
D . ~55!

A comparison with~25a! yields the global transmission and conversion amplitudes~27a! for scenario I. These expressions a
then used to obtain the global transmission coefficients for scenarios I and IV, as shown in~30a!.

Following a similar procedure, the globalS matrix for scenario III is

Sglobal[S TS
212~TS

2121!e2iQ2 22ieiuATS
21~TS

2121! sin Q2

2ie2 iuATS
21~TS

2121! sin Q2 TS
212~TS

2121!e22iQ2
D , ~56!
by
ap-
where Q2[2w21f @see ~27c!#. Comparison with~26a!
yields the global transmission and conversion amplitu
~27b! for scenario III. These expressions are then used
obtain the global transmission coefficients for scenarios
and III, as shown in~30b!.
s
to
II

VI. DISCUSSION

We conclude our work by reviewing our results and
discussing the assumptions used in the modular-eikonal
proach and its extensions.
55Brizard et al.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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Our purpose was to study the effects of ray curvature
mode conversion. This led us to consider double-cross
mode conversion in the neighborhood of two caustics.
demonstrated by our analytical results~based on the
modular-eikonal approach!, ray curvature introduces destru
tive and constructive interference effects in wave transm
sion through a double-crossing mode-conversion region.
comparing these results with numerical solutions of
coupled-wave equations, we have confirmed these eff
and established the validity of the modular-eikonal approa
Our theory shows that interference effects depend on o
two dimensionless parameters: the dimensionless ca
separationDX and the dimensionless wave-coupling stren
h̄. Four scenarios were identified: each scenario was dis
guished on the basis of whether the two coupled waves
the same or opposite energy signs, and whether they w
copropagating or counterpropagating inkx . One of the sce-
narios ~counterpropagating waves with opposite ene
signs! also led to the discovery of a new instability mech
nism.

For a given double-crossing scenario, the wave eq
tions are parametrized by (h,Dx,Db), whereh is the wave-
coupling strength~evaluated at the crossing points!, Dx is the
separation between the two caustics, andDb is the ray cur-
vature between the two waves. We observed~in Appendix
A! that, for the modular-eikonal approach to be valid, t
caustic separationDx and the wave-coupling strengthh had
to satisfy

Dx@uhuu~]xDa!0~]xDb!0u21/2, ~57!

which is ~24! in dimensional form. This condition was nec
essary for both waves to enter their eikonal regimes be
reaching kx50, the midpoint between the two crossin
pointskx56(Dx/Db)1/2.

The even parity of both dispersion functions inkx ~as-
sumed in this work! leads to the top–bottom symmetry of th
double-crossing mode-conversion picture. What this me
is that the~dimensionless! parameter list (DX,h̄) is the same
at both single-crossing~top and bottom! mode-conversion
points. Top–bottom symmetry is broken, for example, wh
the two uncoupled rays have the formxa(kx)5xa01bakx

2

andxb(kx)5xb01abkx , where waveb has negligible curva-
ture compared to the linear termabkx . This situation means
that the two rays cross at (xbottom,kx

bottom) and (xtop,kx
top),

where

kx
top, bottom5

ab

2ba
S 6A11

4ba Dx

ab
2 21D , ~58!

where Dx[xa02xb0 , and xtop[xj (kx
top), xbottom

[xj (kx
bottom), where j is eithera or b. Since the crossings

occur at differentkx values, the wave-coupling strength
expected to be different at both crossings, i.e.,htopÞhbottom.
Since the modular-eikonal approach considers the
single-crossing mode conversions independently of e
other, the different parametrizations at these crossings d
not jeopardize its applicability; the new intermediate eiko
region is now centered at the midpoint betweenkx

bottom and
kx

top, i.e., kx52ab /(2ba). Hence we expect that, even
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the absence of top–bottom symmetry, the modular-eiko
approach can be used to study more general double-cros
mode-conversion problems.
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APPENDIX A: EIKONAL SOLUTIONS OF THE
COUPLED-WAVE EQUATIONS „15…

The purpose of this appendix is to present a comp
derivation of~17a! and ~17b! by asymptotic analysis of the
solutions of the coupled wave equations~15!:

i
dca

dK
~K !2F8~K !ca~K !52eah̄cb~K !, ~A1!

i
dcb

dK
~K !1F8~K !cb~K !52ebh̄* ca~K !, ~A2!

where

F~K ![
1

2
K DX2

1

6
K3. ~A3!

In the absence of wave coupling (h̄50), the solutions of
~A1!–~A2! are c j (K)[Zje

7 iF(K), where Zj ( j 5a,b) are
~global! constants andF(K) is the~exact! eikonal phase. For
the sake of brevity, upper and lower signs~i.e., 6 or 7!
always refer to wavea and waveb, respectively. When
wave-coupling effects are considered, the solutions of~A1!–
~A2! are written in the formc j (K)[c̃ j (K)e7 iF(K), where
c̃ j (K) satisfies the second-order equation:

d

dK S e72iF~K !
dc̃ j

dK
~K ! D 52euh̄u2e72iF~K !c̃ j~K !,

~A4!

wheree[eaeb .
We now wish to solve~A4! in threeasymptoticregions

represented by the limitsK→6` andK→0, corresponding
to the upper asymptotic region~labeleda51!, the lower
asymptotic region~labeled a52!, and the intermediate
asymptotic region~labeled a50!, respectively. In each
asymptotic regiona ~for fixed uh̄u2!, we look for solutions of
the form

c̃ j
a~K ![Zj

ae7 if j
a

~K !, ~A5!

whereZj
a ( j 5a,b) are constant within the asymptotic regio

a, and f j
a(K) are complex-valued phaseperturbations,

which satisfy the boundary conditions

f j
1~K→1`!50, f j

0~K50!50, and

f j
2~K→2`!50. ~A6!

Substitution of~A5! into ~A4! yields

6 i
d2f j

a

dK2 1S DX2K21
df j

a

dK D df j
a

dK
5euh̄u2. ~A7!

We now proceed with the solutions of~A7! in each of the
three asymptotic regions.
Brizard et al.
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As the waves enter the asymptotic regiona, we expect
the phase perturbationsf j

a to become slowly varying func
tions of K and asymptotically approach zero to satisfy~A6!.
Consequently, in each asymptotic region, we use the or
ings

udf j
a/dKu!uDX2K2u and

ud2f j
a/dK2u!u~DX2K2!df j

a/dKu. ~A8!

Based on these orderings, we expandf j
a(K): f j

a(K)
5f j 0

a (K)1f j 1
a (K)1••• , where udf j 1

a /dKu!udf j 0
a /dKu.

To lowest order in the orderings,~A7! yields

df j 0
a

dK
~K !5

euh̄u2

DX2K2 . ~A9!

In all three asymptotic regions, the solutions of~A9! @subject
to ~A6!# are

f j 0
a ~K ![

euh̄u2

2ADX
lnS uK1ADXu

uK2ADXu
D . ~A10!

~Note that the lowest-order phase perturbations are inde
dent of the asymptotic-region labela and the wave-type la
bel j .! Using ~A10!, the orderingudf j 0

a /dKu!uDX2K2u be-
comesuDX2K2u@uh̄u, which is easily satisfied in the uppe
and lower asymptotic regions~whereK→6`!. In the inter-
mediate asymptotic region~whereK→0!, we obtain instead

uDXu@uh̄u, ~A11!

i.e., the caustic separation must be large enough~for given
coupling! to allow the waves to enter the eikonal regime.

At the next order, we find from~A7!,

df j 1
a

dK
~K !5

21

~DX2K2!3 ~ uh̄u462i euh̄u2K !. ~A12!

We now solve~A12! in each of the three asymptotic region
Note that, in contrast to the lowest-order phase perturbat
~A10!, the next-order perturbations are complex valu
which means that the asymptotic amplitudes are perturbe
well at this order.

1. Upper and lower asymptotic regions K˜6`

The solutions of~A12! for uKu→` ~a51 or 2! are

f j 1
a ~K !56

i euh̄u2

2K4 S 11
2DX

K2 1••• D
2

uh̄u4

K5 S 1

5
1

3DX

7K2 1••• D . ~A13!

Hence, the solutions of~A1!–~A2! in the upper and lower
asymptotic regions are

c j
a~K ![Zj

aS 15
euh̄u2

2K4 6 i
uh̄u4

5K5 1••• De7 iS~K !, ~A14!

where, combining~A3! and ~A10!, the generalized eikona
phase is
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S~K ![
1

2
KDX2

1

6
K31

euh̄u2

2ADX
lnS uK1ADXu

uK2ADXu
D .

~A15!

Note that the eikonal phase is independent of the asympto
region labela.

2. Intermediate asymptotic region K˜0

In the intermediate asymptotic region, foruKu→0 and
DX@uh̄u, the solutions of~A12! are

f j 1
0 ~K !5

21

~DX!3 ~6 i euh̄u2K21uh̄u4K1••• !. ~A16!

In the intermediate asymptotic region, the solutions of~A1!–
~A2! are

c j
0~K !5Zj

0F12
1

~DX!3 ~euh̄u2K27 i uh̄u4K1••• !Ge7 iS~K !.

~A17!

3. Global asymptotic analysis

In conclusion, we find, from~A14! and ~A17!, that the
lowest-order asymptotic form for the wave fieldsc j (K) in
each of the three asymptotic regions are

c j
a~K !→e7 iS~K !H Zj

1 , for K→1`,

Zj
0, for K→0,

Zj
2 , for K→2`,

~A18!

where the upper sign in the eikonal phase correspond
wave a while the lower sign corresponds to waveb. This
expression appears in~17a! and ~17b! and is used in the
wave-action conservation law~18!.

APPENDIX B: DERIVATION OF GENERIC S MATRIX

The S matrix appearing in~20a! has the general form

Sk[S S aa S ab

S ba S bb
D . ~B1!

For the norm defined in~19a! and ~19b!, we introduce the
metric

g[S 1 0

0 ke D , ~B2!

so that

iZik
2[Z†

–g–Z, ~B3!

where Z† denotes the adjoint ofZ. From the conservation
law iZoutik

25iZ inik
2, we find that theS matrix must satisfy

Sk
†
–g–Sk[g, and thus the determinant ofSk must be

S aaS bb2S abS ba561. ~B4!

Since the results of the present analysis are independe
the sign of the determinant ofSk , we arbitrarily choose the
determinant to be11.

Substituting ~B1! into ~19a! and ~19b!, we find for
iZoutik

2,
57Brizard et al.
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iZoutik
25~ uS aau21keuS bau2!uZa

inu2

1~ uS abu21keuS bbu2!uZb
inu2

1Re@~S aaS ab* 1keS baS bb* !Za
in~Zb

in!* #, ~B5!

so that~19a! and ~19b! hold only if uS aau21keuS bau251,
uS bbu21keuS abu251, andS aaS ab* 1keS baS bb* 50. These
three relations, with~B4!, yield

S bb5S aa* and S ba52keS ab* , ~B6!

and ~B1! becomes

Sk[S S aa S ab

2keS ab* S aa* D , ~B7!

whereS aa andS ab satisfy

uS aau21keuS abu251. ~B8!

We note that, forke511 ~i.e., waves with equal energ
signs! in ~B2!, the relation~B3! implies thatSk is unitary,
sinceg[I ~the unit matrix! and~B3! becomesSk

†
–Sk5I . On

the other hand, forke521 ~i.e., waves with opposite en
ergy signs! in ~B2!, ~B3! implies thatSk is no longer unitary
in the standard sense, but instead it satisfiesSk

†
–s–Sk5s,

wheres is defined by~B2! with ke521. This pseudouni-
tarity condition for waves of opposite energy signs has b
observed previously in a different context.7

APPENDIX C: SINGLE-CROSSING MODE
CONVERSION

The analysis presented in this appendix follows the w
of Tracy and Kaufman.9

1. Qa-type single-crossing mode conversion

We begin with the single-crossing conversion in whi
wavea lives on theQ axis ~theQa type!, represented by the
coupled equations~38!:

i dc̄a~Q!/dQ52nc̄b~Q! and

n* c̄a~Q!52Qc̄b~Q!. ~C1!

After substituting the solution of the second equation of~C1!
into the first one, one obtains an ordinary differential eq
tion for c̄a(Q):

dc̄a~Q!

dQ
5

2 i unu2

Q
c̄a~Q!, ~C2!

whose solution~for QÞ0! is expressed as9

c̄a~Q!5H aoutQ
2 i unu2,

ainuQu2 i unu2,

Q.0,
Q,0. ~C3!

The solution for modeb is obtained from the second equ
tion in ~C1!. Since waveb asymptotically lives on theP
axis, however, we must use the Fourier transfo
c̄b(Q)→c̄b(P), defined as follows:
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c̄b~P![
1

~2p i !1/2 E
2`

1`

dQ e2 iPQc̄b~Q!

5
2n*

~2p i !1/2 E
2`

1` dQ

Q
c̄a~Q!e2 iPQ

5
2n*

~2p i !1/2 E
0

1`

dQ Q2 i unu221~e2 iPQaout

2eiPQain!, ~C4!

where the unconventional phase factori 21/2 appearing on the
right side is included for consistency with the metaplec
transforms.11 The integration in~C4! can be done explicitly
in terms of the Gamma function, and we find9

c̄b~P!5
2n* G~2 i unu2!

~2p i !1/2 @aout~ iP ! i unu22ain~2 iP ! i unu2#.

Expressing the solution for waveb on the P axis ~for P
Þ0! as

c̄b~P![H boutP
i unu2,

binuPu i unu2,

P.0,
P,0, ~C5!

we find, definingt[e2punu2, with (6 i ) i unu2[t71/2, and r
[(2p i t)1/2/@n* G(2 i unu2)# ~with uru2512t2!: bout5(ain

2taout)/r and bin5(tain2aout)/r. From these equations
one obtains theS-matrix relation between the incoming am
plitudes (ain ,bin) and the outgoing amplitudes (aout,bout):

S aout

bout
D[S t 2r

r* t D S ain

bin
D . ~C6!

2. Qb-type single-crossing mode conversion

In the case where waveb lives on theQ axis ~the Qb

type!, the coupled equations~39! are

S id/dQ n*

n Q D S c̄b~Q!

c̄a~Q!
D 50. ~C7!

The solutions are similar to~C3! and ~C5!:

c̄a~P!5H aoutP
i unu2,

ainuPu i unu2,

P.0,
P,0, ~C8!

for PÞ0, and

c̄b~Q!5H boutQ
2 i unu2,

binuQu2 i unu2,

Q.0,
Q,0, ~C9!

for QÞ0. The relation between the incoming and outgoi
amplitudes is given in terms of theS-matrix relation:

S bout

aout
D5S t 2 r̄

r̄* t D S bin

ain
D , ~C10!

wheret is the same as above, whiler̄[re22iu.
Brizard et al.
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APPENDIX D: METAPLECTIC TRANSFORMS

The purpose of this appendix is to present the details
the metaplectic transformations~43!–~44! of ~40!–~41!,
where the generating functionsF3(p,Q) and F4(p,P) for
the canonical transformations~36!–~37! are

F3~p,Q!5
e

2 S p2

2
1Q2D2pQ/ae ,

F4~p,P!52
e

2 S p2

2
1P2D2pP/be , ~D1!

where (a1 ,a2)5(1,2s) and (b1 ,b2)5(21,2s).

1. Metaplectic transform c̄ j„Q…˜c j„p …

For the wave function

c̄ j~Q!5H zj
outQ2 i unu2,

zj
inuQu2 i unu2,

Q.0,
Q,0, ~D2!

the metaplectic transform~43! yields

c j~p!5S 1

2p iae
D 1/2E

0

`

dQ

3ei e~p2/41Q2/2!2 i unu2 ln Q~zj
oute2 ipQ/ae1zj

ineipQ/ae!.

~D3!

Since we are interested in evaluatingc j (p) in the largeupu
limit, we note that the phase

x~Q;p![
eQ2

2
1

ep2

4
2unu2 ln Q7

pQ

ae
~D4!

is a rapidly varying function ofQ, except whenx8(Q;p)
'0. DenotingQ0(p)56(ep/ae2aeunu2/p) the point where
x8(Q;p) vanishes for fixedp ~with upu@1!, we find that
x(Q0(p);p)[2eSe(p). Using the stationary-phase metho
we therefore obtain

c j~p!5A2bee
2 i eSe~p!H zj

out ,

zj
in ,

ep/ae.0,
ep/ae,0. ~D5!

For e561, we obtain~45! and ~46! ~with the upper sign!.

2. Metaplectic transform c̄ j„P…˜c j„p …

Similarly, for the wave function

c̄ j~P!5H zj
outPi unu2,

zj
inuPu i unu2,

P.0,
P,0, ~D6!
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the metaplectic transform~44! yields

c j~p!5S 1

2p ibe
D 1/2E

0

`

dP

3e2 i e~p2/41P2/2!1 i unu2 ln P~zj
oute2 ipP/be1zj

ineipP/be!.

~D7!

Since we are interested in evaluatingc j (p) in the largeupu
limit, we note that the phase

x~P;p![
2eP2

2
2

ep2

4
1unu2 ln P7

pP

be
~D8!

is a rapidly varying function ofP, except whenx8(P;p)
'0. DenotingP0(p)57(ep/be2beunu2/p) the point where
x8(P;p) vanishes for fixedp ~with upu@1!, we find that
x(P0(p);p)[eSe(p) and, using the stationary-phas
method, we find

c j~P!5Aaee
i eSe~p!H zj

out,

zj
in ,

ep/be.0,
ep/be,0. ~D9!

For e561, we obtain~45! and ~46! ~with the lower sign!.
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