Double-crossing mode conversion in nonuniform media
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A new type of mode conversion between two linear waves in a nonuniform medium is investigated.
Single-crossing conversion occurs when a ray of one wave crasmesverselythe dispersion
manifold of another waveDouble-crossingmode conversion theory describes when the ray
punctures the dispersion manifold twice due to cayvature To study this new process, a one
dimensionally nonuniform background medium is considered, which gives rise to four scenarios.
These scenarios are distinguished on the basis of whether the two waves have equal or opposite
energy signs, and whether they are copropagating or counterpropagating.nusidareikonal
theory(suitable for multiple crossingseach scenario is first studied analytically by constructing an
S-matrix relation between theutgoingandincomingasymptotic wave amplitudes. The analytical
results are then compared with numerical results and excellent agreement is fourk®98©
American Institute of Physic§S1070-664X98)04401-3

I. INTRODUCTION When the crossing of the incident rag, with the dispersion
A. The ray picture manifold . 7, is near-tangential[Fig. 1(c)], however, the

respectivecurvaturesof .72, and. 7 become important. In

The standard treatment of mode conversibased on  haticular, a large curvature in either the incoming £y or
ray phase-space mode conversion thedrpegins with the e dispersion manifold 7, makes a “nearby” second
concept of a ray orbit of a linear wave supported by a time'crossing point possible.
independent background medium. A ray evolves according  Tpg primary goal of this work is to investigate the effect
to the Hamilton equationsx'=dw;(x,k)/dk, k'=—dw;  of curvature on linear mode conversion; in particular, the
(x,k)/ax, wherej is a wave labe(the background medium sjtuation in which double crossing occurs is studied analyti-
typically can support more than one wave type at a firke  cally and numerically. In what follows, we consider double-
andx are the wave vector and spatial coordinates of a poingrossing mode conversion in a one-dimensional background
in ray phase spacéhe dot represents a time derivalive medjum, with gradients directed along theaxis. In this
respectively, and thélamiltonian w;(k,X) is a root of the  ¢ase, the dispersion manifoldZ,={x,ky Dp(x,ky) =0} for

wave j lie entirely on the dispersion manifold/;

={x,k|Dj(k,x;w)=0} and that the Hamiltonian equations
can also be written as . _
B. Double crossing of parabolic rays
X=-(4D)/(4,D)), k'=(4,D))/(3,Dj). (1) To study ray-curvature effects in one-dimensional mode
conversion, we consider a simple modske (6)] wherein
We also note that the sign of the wave energy for wa¥®  double-crossing mode conversion occurs in the neighbor-
given by the sign ofd,D;, and that a ray orbit possesses hood of twocaustics i.e., theuncoupledrays for each wave
curvaturewhen its tangent vectorx(,k!) is not a constant, areparabolas[see Fig. 2a)] of the form
i.e., (},kl)#0. 5
Mode conversion theofytypically describes the situa- Xj(K) =Xjo+ Bjks- 2
tion [Fig. 1(@] in which anincidentray of one wave type _ _ . .
(labeleda) crosses the dispersion manifold of another waveHererO:Xj(kx_o) represents the location of a caustic for

type (labeledb). At the crossing, the two waves interact Vlzvfgk[;./edkgli(sX(t);l)e/c::)é)nbsetgﬁgieiérc])ﬁrnalltecifvai(d(r% ?/\r/]i?h[i)) r']
resonantly(i.e., their frequencies and wave vectors match .~ ")t ™" =X 9 y

and, through mode conversion, transfer of wave actam this model, two intersectinguncoupled parabolic raygsee

i ; c C\2_
well as energy and momentynfrom the incident wavea Fig. 2a)] cross twice ?t_ (<, k) . ;/vhere kx)_2=(xao
creates aconvertedray orbit for waveb and atransmitted ~%o0)/ (B~ Pa) a”S' o~ =Xjot Bj(ky)”. To salisfy the
ray orbit for wavea, both of which eventually leave the crossing condition I.(X) >0, the caust!c separatiofix and
conversion regiofFig. 1(b)]. Generally, the crossing occurs the ray-curvature differencag are defined,
tran;verselyand, in the local gpproximation, the' dispersion AX=X0—Xpo>0 and AB=pB,—b,>0, 3)
manifold for waveb (denoted #,,) may be approximated by
its tangent planéat the crossing poiltand the incident ray so that ki=(Ax/AB)Y2 [The sign conventions adopted
orbit (denoted72,) may be approximated by a straight line. above are chosen to agree with Figa)2 whereB,<B,<0
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= [WT(k,)-D(X,ky) - ¥(k)dk,, where ¥(k,) is a multi-
component field and is a Hermitian differential operator
through its dependence an Since we are interested in
studying mode conversion between waves of typesdb,
we introduce the projectioﬂfEEj:a,béj\Ifj , where¥; and

e are the amplitude and polarization of wajveBy defining
the dispersion function for wavej as Dj(X.ky)
Eej* -D(f(,kx)-ej, and the coupling coefficient between
wavesa and b as p=¢€-D(X,k,)-8&,, the action integral
becomes

R

=[] 3wt iiowio

R +2 REWE (k) 7Wp(ky)] |, @

where 7 is evaluated at a mode-conversion pojathere
W;(ky) displays rapick, dependendeand the constany is

assumed to be the same at both conversion points. The varia-

tional principle 6.4=0 requires that# be stationary with
respect to arbitrary variations #? and¥} , which yields a

My set of coupled wave equations faf, and ¥, written in
matrix fornt as

) (t) Da(xk) 7 )(‘lfa(kx)):
e 7 Dulk| | Wolko|

In (4) and (5), additional dependences &y andk, and the
Ra wave frequency (common to both wavesre not displayed

for brevity (note that, for a time-independent background

medium that is uniform in the spatial coordinatesand z,

My the variablesw, k,, andk, are constant along a ray
In order to study double-crossing mode conversion near
two caustics, each dispersion functibn(x,k,) in (5), near
its caustic(at x=x;o andk,=0), has the form

© D;(X,ky) = (dD;/3X)o(X—X;0) + (9D / KZ) ok

©)

. _ 2
FIG. 1. (@ An incident ray.7{ of type a crosses transversely the disper- =(0xDj)o(X=Xj0— Bjk5), (6)

sion manifold. 7, of wave typeb; (b) mode conversion occurs when some 2
of the action from7{ gets converted to a ragz{®’ of typeb (which stays where @D;/dx)o and (ID;/ky), are both evaluated at the

on the dispersion manifold’,), and the remaining action leaveg, asthe ~ Caustic, and the ray curvature for wayeis defined g;
transmitted ray2{ ; (c) when the crossing takes place near-tangentially, = — (dy2D;)o/(dxDj)o [se€(2)]. Note that, in general, both
X

. k i - .
ray curvature becomes important and makes a nearby second crossing pg(cjo and ,Bj are functions Ofky, kz, and w. Important ex-

sible.
amples of dispersion functions of the fori®) are found in
the theory of linear waves in nonuniform magnetized plas-

and X0>Xy0; the caseAx<0 corresponds tmoncrossing Mas(e.g., linear drift waves Generically, such waves have

parabolas and,because of its mathematical complexity, is b&ispersion functionsD(x,k, ;ky,k;,®), where the back-
yond the scope of this work. ground plasma is nonuniform in the direction, the back-

ground magnetic field is aligned along thexis, and thek,
dependence enters only throukh=kZ+ k. Taylor expan-
sion of D(x,k, ) in the neighborhood of a caustiat k,=0)
We now derive a set of coupled linear wave equationsyields (6).
for wavesa and b represented, respectively, by the wave
fields ¥ ,(k,) and¥(k,). Here, since the representation
for (2) is singular, i.e., kk(x)==[(x—X;0)/B;]¥? has a
(caustig singularity atx=Xx;,, the k, representation for the
wave fields (where x—x=id/dk,) is adopted throughout The variational principle(4) allows the derivation of
this paper. conservation laws through the Noether metlicel, for each
The variational principle used to derive our coupledcontinuous symmetry of the Lagrangian, there exists a con-
wave equations is based on the action integraly  served quantity In particular, the Lagrangian it4) is sym-

C. Coupled wave equations

D. Wave-action conservation law
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vation law (9) provides us with a powerful tool in interpret-
ing our analytical results and in comparing them with nu-
merical results.

E. Organization

The remainder of this paper is organized as follows. In
Sec. Il, we present the coupled-wave equati@insdimen-
sionless form associated with four distinct scenarios for
double-crossing mode conversion in a one dimensionally
nonuniform medium. The four scenarios are distinguished on
the basis of whether the two waves have equal or opposite
energy signs, and whether they are copropagating or coun-
terpropagating irk,. The analysis is greatly facilitated by
the existence of the conservation 189y, which allows us to
relate incoming and outgoing asymptotic wave amplitudes

< VAX through a globals matrix.
In Sec. Ill, we introduce the modular-eikonal approach
Wave b used to obtain explicit expressions for the gloBamatrix
X for each scenario. After discussing its validity, we summa-
= ~ At rize our analytical results _and present a comparison betwgen
~AX/2 these results and numerical results obtained by integrating

Wave a the coupled-wave equations themselves. The results of the
modular-eikonal approach are then shown to be in excellent
agreement with the numerical results. In Secs. IV and V, as
well as Appendices A-D, we present the technical details of
(b) the derivation of our results. Finally, in Sec. VI, we review

our results and discuss the assumptions used in the modular-

FIG. 2. (a) Double-crossing mode conversion near two caudtiese, the eikonal approach and its extensions.

curvaturesB, and B, are both negatiye parametrized by the caustic sepa-

ration AX=X,o— Xy, the curvature differencé 8= B,— B, , and the wave-

coupling strengthy; (b) symmetric double-crossing mode conversion pa- Il. MODE CONVERSION IN A ONE DIMENSIONALLY

rametrized by only the dimensionless paramefexsandz, defined in(13. ~ NONUNIFORM MEDIUM

A. Four scenarios

o o _ Our analysis of the coupled equatiofi, with the dis-
metric with respect to phase shifts in the wave functibns, persion functions(6), is based on the relative signs of
and the corresponding conservation law is the wave-actiogy,D,), and (3,Dp),. From (1), we note that the sign of

conservation law: (9,D;)o, denotede;, is the product of the sign of?(,D;)o,
which determines the sign of theave energyor wave j,
‘Eb dJ;(ky)/dk,=0, (7)  and the sign of K\)q, which determines its direction of
i=a,

propagationalong thek, axis:

h . . . -
wnere e=sigr (4xDj)o]=sigr (3,Dj)olsigr (K)ol (10
aD: . o . )
‘]j(kx)E\I[}k(kX) a_J (%, k) W (Ky) In v_vhat foIIows_, we distinguish betwegn four differeste
X narios depending on whether the signs of,D,), and
= (9D 18%)o| ¥ (ky)|? ®) (0,Dp)o are equal or opposité.e., whether the energy signs
i itRx

of wavesa andb are equal or oppositeand whether the
denotes the wave-action density fl(ir k, spacg for wave  signs of k3, and k%, are equal or opposité.e., whether
j. The last expression if8) follows from (6) in the local wavesa andb are co-propagating or counterpropagalting
approximation. Wher(7) is integrated ovek, from * —c«"  These scenarios are summarized and labeled in Table I.
to “+e” (i.e., sufficiently far from the double-crossing For definiteness, the values ef and e, shown above
mode conversion regionwe obtain are used throughout this work. Hence, in all four scenarios
o B [shown in Figs. 89)—3(d)], wave a is always viewed as a
Jal#22) F Jp(F90) == 0) - Jp(—2). © positive-energy wave propagating upwardin Waveb, on
By definingAJ;=J;(+ =) —J;(—=) as the change in wave- the other hand, has the following characteristics: in scenario
action density flux for wave, Eq. (9) can be rewritten as |, it is a copropagating positive-energy wave, i.e., it is also
AJ,=—AJ,; this means that, for linear mode conversion propagating upward ik, ; in scenario Il, it is a counter-
involving wavesa andb, any change in wave-action density propagating positive-energy wave; in scenario lll, it is a co-
flux for wave a is compensated by an equal but oppositepropagating negative-energy wave; and finally, in scenario
change in wave-action density flux for walse The conser- 1V, it is a counterpropagating negative-energy wave.
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TABLE |. Double-crossing mode conversion scenarios. D (X,k )W (k)= (d D-)O[%—x-(k )]‘?(k )
] 1 IV ] X/ X ] X ] X

Scenario Wave-energy signs Propagation directiogjs=sigr (d,D;)o]
| Equal Copropagation e,=+1l=¢, X eXI{ -l J Xo(ky)d kx)
Il Equal Counterpropagation e,=+1=—¢,
] Opposite Copropagation e,=+1l=—¢, .
v Opposite Counterpropagation e,=+1=¢, =(9xDj)o exp —i | Xo(ky)dky
X [x=x;j(ko 1¥;(Ky), (123

. . . wherex; (k) =x;(ky) —Xo(ky). Combining these results, the
B. Dimensionless equations coupled equationés) become

In the process of solving the coupled equati@hs-(6),

only the curvature differencAg and the caustic separation (0xDa)ol X~ Xa(kd [¥a(kd + 7¥u(k) =0, (12b)

Ax enter into the analysis of the double-crossing mode con- (K4 (D)l X=X (k)T (k) =0

version problem. First, we symmetrize the double-crossing 77_a( ) (_X D)ol X~ Xp(k) (ko) =0,

mode conversion process by performing the transformationwherex,(k,) = —xb(kx)E(1/2)(Ax—A,8k)2(). Next, the cur-
vature differenceA 8 can be used to introduce thtiimen-

— . sionless(canonically conjugadevariables K,K):
‘I’j(kx)E‘I’j(kx)eXp(—lf Xo(kx)dkx>r (13)

X=(AB) Y%, K=(AB)Yk,, (139
wherexgy(K,) = (1/2)[ (Xa0+ Xpo) + (Bat ﬁb)kf], so that, us- and thedimensionlesgoupling strength and caustic separa-
ing (6), D;(X,ky)¥(ky) becomes tion:

K K
/\ X /\ X
(@ Wave a (+ energy) Wave b (+ energy) (c) Wave a (+ energy) Wave b (— energy)
K Wave b (4 energy) K Wave b (— energy)

e
&

(b) Wave a (+ energy) () Wave a (4 energy)

FIG. 3. Double-crossing mode-conversion scenarios |1-1V, with arrows showing the direction of wave packet prop@y&eemnario |: two copropagating
waves of equal energy signfy) scenario Il: two counterpropagating waves of equal energy sighscenario Ill: two copropagating waves of opposite
energy signsfd) scenario IV: two counterpropagating waves of opposite energy signs.
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7
(3xDa)o(dxDp)ol

7=(Ap) 7" | and

AX=(AB)" ¥ Ax. (13b ’

Hence, from the original(dimensiongl parameter list
(7,Ax,AB), only the two dimensionless parameters A X)
remain.

K
As suggested by the expressi(8) for the wave-action
density flux, we introduce the wave-action-flamplitudefor
wave j, denotedy; :
K
\ X

(k) =(3D;)o| Y2, (K). (14) ’

When (133, (13b), and(14) are substituted int¢12b) (and
keeping in mind thaX becomesX=id/dK in the K repre-
sentation, it becomes

TuXK) 1/;a(K)):0

_ ~ 15
7 Tp(X,K) Pp(K) (19
where constant coefficients have been eliminated from each

row and the dimensionless dispersion function for wave
TZi(X,K)=€[XF(AX—K?)/2], where the upperlower)
signs refer to wave (waveb). In this symmetric represen-
tation of double-crossing mode conversimee Fig. )],
the two uncoupled rays cross at crossing points with dimen-
sionless coordinateX=0, K = =+ J/AX.

From(8), (11), and(14), the wave-action density flux for o)
wave j is now simply expressed in terms @f as J;(K)

— €j|¢j(K)|21 so that the wave-action conservation |® FIG. 4 Dispersion curves fdg) sgenarios I‘and Vv, an(b) ;cenarios Il and
becomes I, with the double-arrow notation showing the direction of energy-flux

propagation.
| a(+0) |2+ €l g+ ) [2= o =) |+ €l (=) 2,
(16)

energy signs in scenario IV, their energy fluxes flow in the
same direction and Fig.(d applies to both scenarios | and
IfV; similar remarks apply to scenarios Il and llI.

Each dispersion curve in Figs(a} and 4b) can be di-
vided into five regions. First, there are three regions in which
the eikonal representation is valid. These thedeonal re-
gions are labeled, respectively, thpper (or a= +) region

Before considering the global asymptotic behaviors offor K— +; the intermediate(or a=0) region for|K|—0;
¥.(K) and ,(K) (at K==*x), we investigate the mode- and thelower (or = —) region forK — — . Next, there are
conversion regiongnear K=+ /AX). Near each of these two mode-couplingegions labeledop (for K=+ \/AX) and
two points, theray picture (based on the validity of the ei- bottom(for K= —\/AX) in which the eikonal representation
konal representatiorbreaks down. To present a more accu-breaks down. Note that, in Figs(a} and 4b), a dispersion
rate picture, we need instead théspersion curveof the  curve (far from the mode-coupling regiprasymptotically
dispersion matrix in(15), defined by the vanishing of its approaches one of the uncoupled régiashed lines Solu-
determinant,Z,(X,K) Zp(X,K)—|7]2. Using (15), the two tions of (15) in the three eikonal regions are called thaer
dispersion curves ar¥?(K)=(AX—K?)%/4+ ¢[5]?, where  solutions while those in the two mode-conversion regions are
e=+1 for scenarios | and IV, and=—1 for scenarios Il called theinner solutions; they are analyzed in detail in Sec.
and lll. These two dispersion curves are sketched in FigdV.

4(a) and 4b), respectively; the double-arrow notation is used In the eikonal regionsa=(—,0,+), the wave fields

to indicate the direction of the wave-energy fl(in the ab-  have the asymptotic eikonal forfsee(A18)]

sence of wave coupling represented by the equations @ _is (K)>a

dX;/ds=—dxZ; anddK;/ds=0xZ;, wheres is an orbit vj(K)—e S0z, (179
parameter. We note that, for a positive-energy wave, its enwhere the eikonaphases §K) are real valued while the
ergy flux flows in the same direction as its wave packeteikonal(constantamplitudes Zz(Z-+ ,ZJQ,ZJ-’) are complex
[given by (1)], while for a negative-energy wave, its energy valued (see Appendix A for details Previous work on
flux flows in the opposite direction. Hence, although waares multiple-crossing mode conversidhas shown that, in order
and b are counterpropagating waves of opposite wavefor the modular-eikonal metho@ee the next sectigprio be

where e=e,¢,= +1 for scenarios | and IV, while=—1

for scenarios Il and Ill. To make use of this conservation
law, we thus need to investigate the asymptotic behavior o
the wave functions/,(K) and ¢,(K) asK— * .

C. Global asymptotic analysis
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TABLE Il. Incoming and outgoing asymptotic amplitudes.

Scenario Incoming amplitudes Outgoing amplitudes
l (Z2.Zy) (Z5 1Zy)
Il (Z .Zy) (Z3 .Zy)
i (Za 1Zy) (25 .Z3)
v (Z4 \Zy) (23 1Zy)

successful in comparing its analytical results with numerica
solutions of coupled wave equations, the eikonal phases mu
retain lowest-order wave-coupling corrections. In Appendix
A, the expressions for the eikonal phases, including wave
coupling corrections, are found to b8,(K)=—S,(K)
=5(K), with

1 1 . enP  [IK+VAX]|
S(K)ZEKAX—EK + In
2JAX | [K=VAX]

(17b

It is in the wave-coupling correction term that theodular
eikonal wave theory differs from th&tandardeikonal wave
theory (which ignores this correctign

D. Conservation laws and S-matrix relations

Substituting [¢(+)|*=|Z;"|?, from (173, into the
wave-action conservation la(t6), we obtain

|23 |7+ €l Z5 1= 12, 12+ €l Z, |2 (18

In Appendix B, it is shown that, in order to satisfy the con-
servation lawq19a and (19b), the S matrix of (208 must
have the form

( ~(’/éa *yéb

- Kf.y/;b y;a
where /", and.”, are complex-valued coefficients that sat-
isfy
| 7aal >+ K €|.7 0| 2= 1. (200

We find that each scenario has different expressions/igr
3nd,‘/ab, although exact relations exist between the coeffi-
cients for scenarios | and I{303], and the coefficients for
scenarios Il and NI[(30b)]. We also note that the matrix
(20b) is unitary only whenke=+1 (i.e., waves with equal
energy signg for the casexe=—1 (i.e., waves with oppo-
site energy signs see Appendix B. We now provide physi-
cal interpretations for,, and.” . _ _

When wavea alone is incoming(i.e., Z;#0 and Z}
=0), (208 and (20b vyields Z3"=.7,,Z% and Zp"
=—kes 5ZY. From these relations, we introduggobal
transmission and conversion coefficients: the global trans-
mission coefficient for double-crossind{ mode conver-
sion is defined as

To=[Z221|28512= |7 ol

S =

K

(20b)

(219

the global conversion coefficient for double-crossing mode
conversion is defined as

This conservation law can be written in a suggestive fashion

if we introduce the two-component vectds=(Z,,Z,) and
the norm| Z||2=|Z,|?+ k€| Z,|?, wherex=+1 refers toco-
propagatingwaves(i.e., both waves are incoming either at

K= —o or +w) while k= —1 refers tocounterpropagating w

waves(i.e., one wave is incoming &= —« and the other at
K= +00),

Cpo=ke|Z2" %|Z0?= kel 7 ap|%, (21b)
so that the wave-action conservation |620c) becomes

Hence, for each unit of incoming wave energy of wave
present before mode conversidr, units of wave energy of
avea andCp units of wave energy of wavie appear after
mode conversion.

The choicexe=sigr (9,D.d,Dp)o] used in(21b) is

To proceed with the analysis of the four scenarios deconsistent with the fact that for mode conversion between
fined in Table I, we need to identify the incoming waves andwaves of opposite energy sigrgither copropagating or

the outgoing waves. In Table I, we list the incoming and
outgoing asymptotic amplitudes used for each scenario.

Hence, for copropagating wavdse., scenarios | and
1), the wave-action conservation lad8) is written as

|Z°4% =123 1+ €l Z5 2= 125 |2+ el 25 1=]1Z"]3.,
(199
while for counter-propagating wavege., scenarios Il and
IV), it is written as

12042 =125 17— €|Z, |*=12Z, 1>~ el Zg |*=]1Z"|2 .
(19b

Mode conversion is therefore a process that transforms th
incoming asymptotic amplitude€™ into the outgoing
asymptotic amplitudeZ°" while conserving the norrf | ..

Thus, we look for a matriXwith unit determinant de-
notedS,., which relates the initial and final asymptotic states
in the following way:

Zo=sg, .7"" (203

50 Phys. Plasmas, Vol. 5, No. 1, January 1998

counterpropagating i.e., ke=—1, we must haveCp<O0,
since the energy sign does change at convefsiod, con-
sequently,Tp>1 according to21¢).

. SUMMARY OF THE MODULAR-EIKONAL
APPROACH

A. Introduction

The modular-eikonal method is used to study multiple-
crossing mode conversion probléhend provides an algo-
rithm for breaking up thelobal problem of relating the in-
coming amplitudes Z"=(zI',Zy") to the outgoing
gmplitudesZ°”‘=(ZQ”‘,ZE“‘), by introducing an intermediate
asymptotic stat@®=(Z2,Zp) in the eikonal regiork —0. In
this section, we assuniéor simplicity) that wavesa andb
are both incoming fronlk = — (i.e.,Z"=Z"), and are out-
going atkK =+ (i.e.,Z%=z7").

Figure 5 illustrates the various steps involved in the
modular-eikonal approach for finding the outgoing wave am-

Brizard et al.
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B. Validity of the modular approach

K 7+ o . .
The principal assumption behind the modular approach
is that theintermediateeikonal region is large enough for the
(Vm)\_ wave fields to enter the eikonal regime. In Appendix A
P N [(A11)], we show that the eikonal representation is valid in
(vii) ¢ Stop the intermediate region when
(vi)—" |AX|=[7]. (24)
For | 5] of order unity, this condition becomeA X|>1.
ZO A further assumption used in this work concerns the
(v) B top—bottom symmetry of the double-crossing mode conver-
sion process, i.e., both caustics appearkgt0 and the
wave-coupling strength is assumed to be identical at both
(iV)\ single-crossing mode-conversion points. We expect that the
Gy <IN S modular-eikonal approach would work equally well in the
S 2 bottom absence of this symmetry, since each single-crossing mode
(ii) /“” conversion region is solved independently in this approach
7 (see Sec. VI for further comments
(i) -

FIG. 5. Steps involved in the modular-eikonal approéate the text fora C. Summary of analytical results

description. We begin by considering the problem odpropagating
waves. For scenario (e=+1 and k= +1), the S-matrix
relation (23) takes the form

plitudes once the incoming wave amplitudes are known. In + _ _

. . . . . . Z g 7z Z

step(i), the incoming outer solutiongvith asymptotic am- ( i) E( 7 ( 3) (259

plitudes Z~) are defined in the lower asymptotic region Z, —* T\ 4y

(K— —). Asymptotic matching between inner and OUterwhere.&";azf and. =7, with [.7]2+|7|?=1. From
(219 and (21b), with ke= +1, the global transmission and

conversion coefficients for scenario | are

solutions is performed in steds) and (iv) for the bottom
mode-conversion region, and steps) and (viii ) for the top
mode-conversion region. In stefig) and (vii), we use the
results of the analysis in the bottom and top mode- T'D= .
conversion regions to relate incoming and outgoing inner )
solutions. In stefdv), the intermediate asymptotic amplitude For scenario llile=—1 and«x=+1), on the other hand, the
70 is expressed in terms & with the help of the bottom S-matrix relation(23) becomes

single-crossings matrix Spotiom: Z;) Ve o

Zy] Nz (T

7

2 and Cp=|72 (25b)

Zy
| IR
ZOESbottom'Z : (229 b
where .7 ,,=.7" and . ,,=7", with |7'|?—|7"|?=1.
From (213 and(21b), with ke= —1, the global transmission
and conversion coefficients for scenario Il are

The S-matrix relation between the incoming asymptotic am-
plitudes Z° and the outgoing asymptotic amplitudgs at
the top mode conversion,

TH=|7"|> and Cp=-|7"|% (26b)

z+EStop.zo, (22b) . .
From the results of the modular-eikonal analysis to be pre-

involves the top single-crossir§y matrix Syp. sented in Sec. V, the expressions {of,%") and (7',7")
By eliminating the intermediate asymptotic amplitudes@r®

Z° [i.e., by substituting22a into (22b)], a global double- T=Tet(1-Tge?®+
crossingS matrix (denotedSyp,), Which relates the outgo- ' (273
ing eikonal amplitudeZ* to the incoming eikonal ampli- 7 =2ie''\T¢1-Tgsin O,
tudesZ™, is defined as
and
Zt= Stop’(sbottom'z_)E SgIobaI'Z_- (23 T = Tgl_ (Tgl_ 1)e2i(~),’
(27b)

Th.us, according to the mpdular-eikonal app_roach, the calcu- A T /—Tgl(-l—gl_l)sin 0.,

lation of the globalS matrix for double-crossing mode con-

version is done by calculating tH& matrices for bothitop  whereTg= exp(—27-r|v|2)_is the single-crossings) transmis-
and bottom single-crossing mode conversions. sion coefficient,d=arg », and
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0 (AX,|v[))=2 (AX)¥2+3¢€|v|2 In(2/AX)
+eardT(~ilo)]- 7 (279

here|v|?=|7[%/2J/AX and ar§l'(—i||?)] denotes the phase
of the gamma function with imaginary argument|v|2.

£ (4%0%2+2{ 3] wgf? In(2yAX) +arg T'(—i[ %) - 5

=2nm+ /2. (32

In the limit |v|?>—0, the left side becomes (4/33K)%?,
which is the enclosed area contained between the two cross-

Next, we consider double-crossing mode conversion ining uncoupled parabolagwhere we used the fact that

volving two counterpropagatingvaves = —1). In analyz-
ing scenarios Il and IMwith e= —1 and+1, respectively,
the outgoing amplitudes are no&{ ,Z,) and the incoming
amplitudes areZ, ,Z, ). By rearranging the terms 253,
we obtain theS-matrix relation for scenario 1V:

Z;' 17> c1T* Z,
- 1= . % * a3 + (288)
Zy c*.T 1.7 Zy

where .7,,=17* and V,,=717*, with 17>
—|#|?/|.771?=1, which follows from(25b). From (214 and

ardI'(—ia)]—n/2 asa—0]; we therefore interpret the left
side as the enclosed area with finite wave-coupling effects.
This equation then states that a precise phase matching at
each single-crossing mode conversion must occur as the
waves perform one circuit; the termv2 on the right side of

(31) is the sum of the twdlowest-ordey phase shifts at the
conversion points.

The possibility of having an infinite transmission coeffi-
cient in scenario IV points to the existence of an instability
mechanism. In Ref. 5, we studied this instability as an initial
value problem based on a modification @f5), where

(21b), with ke=—1, the global transmission and conversion e off-diagonal terms are replaced as follows: 7

coefficients for scenario IV are

Ty=171% and Cy=—|7 4|7 (280)

Similarly, by rearranging the terms {263, we obtain the
following S-matrix relation for scenario II:

E]( 2
z,| "\ —prri7e U

where .%,,=17"* and .“p=717"*%, with 147"|?
+|%"12/|.7"|?=1, which follows from (26b). From (218

and (21b), with ke=+1, the global transmission and con-
version coefficients for scenario Il are

Zy
I

Th=1/7"1? and Ch=|7"|%.7"|% (29b)

Using (25b) and (28b), the global transmission coeffi-
cients for scenarios | and IV are

Tp=(TY) 1=1-4T41-Tg)si? O, <1. (309

Similarly, using(26b) and(29b), the global transmission co-
efficients for scenarios Il and Il are

Tp=(Tp) '=1+4T(Ts'-1)siP ©_=1. (30b

We note thatTp=(Ty) * and Tp=(Tp) * are exact re-

exp—QK, 7* — n* expQK, with the dimensionless growth
rate defined ag)=(AB) 3(|k? ~*+|k?~1)y. The modi-
fied coupled equations are then solved as an eigenvalue prob-
lem, where, for a given value of the paramelef?, one
solves for the eigenvaluA X+iQ by imposing boundary
conditions atk = +o. What we then find is that, whenever
AX|_1<AX<AX, (for I=1), whereAX,, are roots 0f(31),
there ard unstable roots, with th& X, root being the most
unstable. We also find that this instability has a threshold
|70l 2=[(In 2)/7]JAX,. The results of the modular-eikonal
approach for this instability agree very well with the numeri-
cal study of this instability.

E. Comparison with numerical results

Equation (15 has been solved numerically as a
boundary-value problem using the Burlisch—Stoer method:
once incoming boundary conditions are prescribed, the out-
going wave solutions are sought.

Figures @a) and 6b) show a comparison between ana-
lytical and numerical results for the transmission coefficients
To=(TY) L and T=(Tp) %, with |7[?=0.5. Solid lines
correspond to the numerical solutions (@6) for each sce-
nario, while dotted lines are given by the analytical formulas

sults that do not depend on the validity of the modular-(308 and(30h). Excellent agreement between the analytical

eikonal approachfrom which the right sides 0f30g and
(30b) are obtainedl

D. Comments concerning scenario IV

Upon further investigation of30a, we note that, under
certain conditions, it is possible to find values|afi?> and
AX for which T}, vanishes(and T becomes infinitg In-
deed, wherTs=1/2 and siR®_ =1 is substituted in(30a),
we find Th=(Tpy ) *=0. From the first condition, we find
| 7[%/(2JAX) = (In 2)/2w=]| v,|2, which can be substituted
into the second condition to give® ,(AX,|vg|?)=(n
+1/2)7 (for n=0). Multiplying this equation by 2, and re-
arranging some terms, we obtain
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and numerical results is observed for each scenario whenever
AX>2, in agreement with conditiot24). Excellent agree-
ment for each scenario was also obtained for other values of

[7l®.

IV. INNER AND OUTER SOLUTIONS

The next two sections present the technical aspects of
the derivation of(303 and (30b) based on the modular-
eikonal approach. An important step in this approach in-
volves asymptotic matching between the outer wave solu-
tions (defined in the eikonal regiohsand the inner wave
solutions(defined in the mode-conversion regipngar each
of the two double-crossing mode-conversion points. In the
present section, we derive expressions for the outer and inner

Brizard et al.
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introduced to simplify the algebraUsing these coordinates,
in the limit where|p|?<(AX)¥? and|v|?<(AX)%? the ex-
pression for S(K) near the conversion points iS(K)
=- U[Se(p) - ¢5]+K{"?[(AX)73/4]! where

(solid=exact, dashed=theory)
1.0 T T ' T T L T T T T I T T T

T T T

p2
S.(p)= 7+ el | and

_(AX)¥2 3e|v]?

=7+ —5—In2|AX, (33)

T T T T T

Hence, near the conversion points, the eikonal solutions
(178 become theouter solutions:

(p_})uter(p):(Zjaeiiowpé)eii(rsé(p), (34)

where the eikonal-region labelis either—, 0, or +, and the
upper (lower) sign refers to wave (waveb). Now that the

o
T T

o yE— S outer solutiondin the eikonal regionsare known, we turn
our attention to the solutions of the coupled-wave equations
(a) Ax in the mode-conversion regiorihe inner solutions.

(solid=exact, dashed=theory)

LI I S B B R I B St B R N L B S RN A (N SR

oy
(=]

B. Inner solutions

The study of the inner solutions is based on the solutions
of the single-crossing mode-conversion problem. Shma-
trix for a general single-crossing mode conversion was first
obtained by Tracy and Kaufmarby using metaplectic-
transform techniques.

We begin by linearizing the dispersion matrix (th5)
about the crossing points & =0, K==+ /AX). For this
purpose, we use the canonical coordind83. When these
coordinates are substituted intb5), we obtain, after linear-
izing in p,

€.(q+opl2) v )(‘//a(p)) 0
¥ en(G—op/l2) |\ ¥u(P)]

whereq=id/dp. In the neighborhood of both single cross-
(b) Ax ings, theuncoupledparabolic rays are thus approximated as
straight lines:p(q) = = 2q.

FIG. 6._ A comparison of analytical and numer|cal regults for the_global Locally, one can choos(éollowing Tracy and Kaufman
transmission coefficient for each scenario as a function of the dimen-

sionless caustic separatiayX, for dimensionless wave-coupling strength N€W canonically conjugate coordinat@s= Q(Qa_p) and P
|7[2=0.5: (a) scenario I; andb) scenario Il. For scenarios Il and IV, the =P(q,p), such tha{Q,P}=+1 andQ or P vanishes when
global transmission coefficient$}) and T\Y satisfy the identitiesT} p(q) = +2q or p(q)=—2q. For scenarios | and I\Wwhere

=(Tp) " andTp'=(Tp) . €,=+1=¢p), we choose
Q=(q+p/2), P=-(q—p/2), (36)

?or both single crossings. For scenarios Il and(Wheree,
=+1=—¢), on the other hand, we choose

THUE SC TN N S TR W VRN NUS SO TOUN N SO SO S S S WY

(39

F'N
A LN E B SO N A B B N ANt B B S B N R B

NS reeraner ST IR ST U SN S T SUNE U N R T S
0 1 2 3 4

w

solutions near these points, while in the next section, w
perform the asymptotic matching, leading(89a and(30b).

A. Outer solutions Q=-o0(q—p/l2), P=—-0o(gq+p/2). (37)

To perform asymptotic matching between the outer andrhe local Q,P) frames, given by36) and (37), are shown
inner solutions near the crossing points, we begin by evaluin Figs. 4a) and 7b) superposed onto the dispersion curves.
ating S(K) [(17b)] near (X,K)=(0,+AX). For this pur- After substituting the new canonical coordinat€y, P)
pose, it is convenient to introduce the lodahd rescaled into (35), two distinct formulations of single-crossing mode
canonical pair of phase-space coordinaigg], defined by  conversion are obtained. The first formulation, labeleg a

_ . type, describes the situation where waweasymptotically

X=(2 VAX) a, K=o AX+ o/ (Zm)m’ (32 lives on theQ axis (while waveb asymptotically lives on the
where o= +1 represents the top conversion while= —1 P axig). The single-crossing mode-conversion equations are
represents the bottom conversighe rescaling op andqis  [from (35)]
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J— ZQUIQ_ilV‘Z, Q>O,
P : Q wJ(Q)Z{Z}Jn|Q|i|V|2, Q<0, (40
|

for Q+#0, and

— 24pil® p>o,
(41)

¢i(P)= Z}n|P|i\V|2’ P<O0,
T = for P#0 (note that mode conversion occurst 0= P); in
(40)—(41), the amplitudes £',z") are either &y, a;,) or

(bout,bin)- The S-matrix relation between the incoming am-
- Q plitudes @;,,bi,) and the outgoing amplitudes{,:,boy) is

( VTs - 1—Tse‘<¢”>)
V1-Tge /(40 VTs

ain
bin

aout _
bout

(42

where the upper and lower signs refer to waeeand b,
Q /:\ respectively, the single-crossing transmission coefficient
| is defined above ang=w/4—argl'(—i|1?).

(@)

C. Metaplectic transforms

Our next step involves transforming the mode-
e > conversiqn solution$40)—.(41) into functions ofp. To per- .
form this transformation, we use the metaplectic
transform&'12

P |nner( ) J’ 1 az 3(p Q) 12
0 P Qzai pao
!
| ; -
o | xeFsPy;(Q), (43
and
FIG. 7. (Q,P)-frames for(a) scenarios | and 1V, an(b) scenarios Il and IlI.

Note that a wave crossing a mode-conversion point onQireis crosses inner -1 (92F4(p, P) 12 iFA(PP)
the other mode conversion point on tReaxis (or vice versa l/fj (p)= . ﬁ W CHES l//j( P),
(44)
. o whereF;(p,Q) andF,(p,P) are generating functions for a
P v\ {4 (Q) canonical transformation from the “old” coordinateg,p)
» 0 w(Q)] (38 to the “new” coordinates Q,P); see Ref. 13 for further

A details on generating functions. The metaplectic transforms
whereP=—id/dQ. TheQ,-type conversion is found in the (43)—(44) are performed explicitly in Appendix D; only the
bottom conversion of scenarios | and 1V, and the top converresults are shown here. For the case+ 1, we obtain

sion of scenarios Il and Ill. The second formulation, labeled out

aQy, type, describes the situation where wdéves on the lp'““”(p) e+'5+(D>[ . p=0, (45)
Q axis (while wave a lives on theP axis. The single- i p<0,
crossing mode-conversion equations drem (35)] where the upper and lower signs refer(&B) and (44), re-
spectively. Fore=—1, we obtain
( e v ) (%(Q)) o @9 =0
v mPIKQ) Y(p) == oeis- p>[zin,’ op=<0. (46)

The Qp-type conversion is found in the top conversion of

scenarios | and 1V, and the bottom conversion of scenarios 1Y€ arehnow readyl to p;rlormdth:‘: a_symptotllc _matcShmg be-
and IIl. (Note that each double-crossing mode conversiorfWeen the outer solution84) and the inner solutiongts) or

diagram is described in terms of single-crossing mode con(-46)‘ This task is performed in the next section.

versions of each of these two typ&%.
The solutions of the single-crossing mode conversion’: MODULAR-EIKONAL ANALYSIS OF THE FOUR

problems of both types are presented in Appendix C anCENARIOS

only results are summarized here. The solutions forQhe In this section, the modular-eikonal analysis of each of
type arey,(Q) and ,(P), while the solutions for th&®,,  the four scenarios is performed by asymptotic matching of
type arey,(P) and ¢,(Q), where the outer and inner solutions at both double-crossing mode-
54 Phys. Plasmas, Vol. 5, No. 1, January 1998 Brizard et al.
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conversion points. This matching procedure yields thewvhere®  =2¢,— ¢ [see(270)].
single-crossing top and botto® matrices, which are then
used to obtain the glob& matrix from(23). For the sake of
brevity, we present the case of scenario | in detail while theB . .
. . . Bottom conversion of scenario |
other scenarios are summarized.
The bottom conversion of scenario | is@,-type con-
A. Top conversion of scenario | version. The outer solutions affrom (34) with o= —1 and

. . . =+
The top conversion of scenario | is@,-type conver- € 1]

sion. The outer solutions affrom (34) with c=+1 ande outer S () ] Z?, p>0
— a+i[St —@4 !
=+1] g (p)=e pIme S, p<o, (51)
. zH, p>0 : , ,
outer ny — a*i[Sy(p)—e 1l T ' while the inner solutions are
gi - (p)=e ¢ (z?, p<0, (47) i
where S, (p) and ¢, are defined in(33), and the upper ¢}"”9f(p):e+i5+<9>{221’ ng (52)
(lower) sign [here and in(48)] refers to wavea (wave b). i P=0
The inner solutions are where the upper and lower signs(iil)—(52) refer to wavea
_ . z', p>0 and waveb, respectively. Th&-matrix relation between the
lﬂ}nner(p)=etlsma){ZJQ p<0’ (48)  incoming asymptotic amplitudes( ,b_) and the outgoing
i :

asymptotic amplitudesag,bg) is [from (42) with an upper
The S-matrix relation between the incoming asymptotic am-sign|
plitudes {g,89) and the outgoing asymptotic amplitudes

(b, ,a,) is[from (42) with a lower sigr ag :( \/T—S —V1-Tge'?* a)) a_
b, VTs T [, Do/ | VI-Tge (449 VTs b o
a.) | [I-Tee 0 s 2/’

(49) By matching(51)—(52), we find @.a_)=(22,2;)e'*+ and

(bo,b,)E(ZO,Zg)e*"“. By substituting these relations

into (53), we obtain, after some straightforward manipula-

(80.8,)=(2%.Z e 1%+ and (by.b.)=(20.Z*)e'%+. By tions, theS matrix for the bottom conversion of scenario I
0:44+ )= ar“a 0:M4+)= 14p .

substituting these relations intd9), we obtain(after some \/T—S —J1-Tg @+
straightforward manipulatiofshe S matrix Sy, involved in Shotton= | =0, -0 . (59
the relation between the incoming asymptotic stét&.lg) 1=Tee \/T_S

and the outgoing asymptotic sta(,Z, ) for the top cross- ) )
ing of scenario I: C. Global double-crossing mode conversion

N
StopE( —\/1——Tse‘i(®++a) \/T—s

By matching(47) with (48), we find the following relations
between the inner and outer solutions for waaeand b:

We now combine, following23), the top and botton$
), (50) matrices,(50) and (54), to obtain theglobal S matrix for
scenario I

Tst+(1-Tge? O+ 2ie'’\T(1-Tg) sin®
2ie7''\T4(1-Tg) sin®, Tst(1-Tge 29+ |-

A comparison with(253 yields the global transmission and conversion amplitu@@s) for scenario |I. These expressions are
then used to obtain the global transmission coefficients for scenarios | and IV, as sh@@ain
Following a similar procedure, the glob&Imatrix for scenario Ill is

< Tsl—(Ts'—1)e?®- —2ie''\Tg (Ts'—1) sin®_
9P 2ie TS HTS -1 sin®_  Tg'—(Tgl-1)e 20

SglobalE (55)

: (56)

where @ _=2¢_+ ¢ [see (27¢]. Comparison with(26g  VI. DISCUSSION

yields the global transmission and conversion amplitudes

(27b) for scenario lll. These expressions are then used to We conclude our work by reviewing our results and by
obtain the global transmission coefficients for scenarios Idiscussing the assumptions used in the modular-eikonal ap-
and lIl, as shown in(30b). proach and its extensions.
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Our purpose was to study the effects of ray curvature orthe absence of top—bottom symmetry, the modular-eikonal
mode conversion. This led us to consider double-crossingpproach can be used to study more general double-crossing
mode conversion in the neighborhood of two caustics. Agnode-conversion problems.
demonstrated by our analytical resultbased on the
modular-eikonal approaghray curvature introduces destruc- ACKNOWLEDGMENT
tive and constructive interference effects in wave transmis-
sion through a double-crossing mode-conversion region. B)é
comparing these results with numerical solutions of the °
coupled-wave equations, we have confirmed these effects
and established the validity of the modular-eikonal approach’A‘PPE'\“:)IX A: EIKONAL SOLUTIONS OF THE

. COUPLED-WAVE EQUATIONS (15)
Our theory shows that interference effects depend on only
two dimensionless parameters: the dimensionless caustic The purpose of this appendix is to present a complete
separatiom\ X and the dimensionless wave-coupling strengthderivation of (173 and (17b) by asymptotic analysis of the
7. Four scenarios were identified: each scenario was distirsolutions of the coupled wave equatiaii$):
guished on the basis of whether the two coupled waves had dy
the same or opposite energy signs, gnd whether they were dKa (K)= D" (K)h,(K)=— e, m9,(K), (A1)
copropagating or counterpropagatingkin. One of the sce-
narios (counterpropagating waves with opposite energy din, o
signg also led to the discovery of a new instability mecha- i~ (K)+®" (K)ip(K) =~ enn” a(K), (A2)
nism.

For a given double-crossing scenario, the wave equawhere
tions are parametrized byy(AX,AB), wherey is the wave- 1 1
coupling strengtiievaluated at the crossing poiptAx is the d(K)= > K AX— 5 K3. (A3)
separation between the two caustics, aglis the ray cur-
vature between the two waves. We obseriedAppendix  In the absence of wave couplingy€0), the solutions of
A) that, for the modular-eikonal approach to be valid, the(A1)—(A2) are y;(K)=2;e™'*®), whereZ; (j=a,b) are
caustic separatioAx and the wave-coupling strengéhhad  (globa)) constants and (K) is the(exac} eikonal phase. For

This work was supported by U.S. Department of Energy
ntract No. DE-AC03-76SFOO0098.

to satisfy the sake of brevity, upper and lower sigfi®e., = or ¥)
1 always refer to wavea and waveb, respectively. When
Ax=[7[(xDa)o(xDp)ol (57) wave-coupling effects are considered, the solution@adj—

which is (24) in dimensional form. This condition was nec- (A2) are written in the fornupj(K)E¢j(K)e+'¢(K), where
essary for both waves to enter their eikonal regimes beford;(K) satisfies the second-order equation:
reaching k,=0, the midpoint between the two crossing d
pointsk,= = (Ax/AB) Y2, Ik
The even parity of both dispersion functionskp (as-
sumed in this workleads to the top—bottom symmetry of the
double-crossing mode-conversion picture. What this mean¢heree=e,e .
is that the(dimensionlessparameter list 4 X, 7) is the same We now wish to solvgA4) in threeasymptoticregions
at both single-crossingtop and bottorh mode-conversion represented by the limit§ — * o andK—0, corresponding
points. Top—bottom symmetry is broken, for example, wherfO the upper asymptotic regioftabeleda= +), the lower
the two uncoupled rays have the fomg(k,)=>Xao+ Bak2 asymptotic region(labeled «=—), and the intermediate
andxp(Ky) = X0+ apky, Where waveb has negligible curva- asymptotic region(labeled «=0), respectively. In each
ture compared to the linear termk, . This situation means asymptotic region (for fixed | [?), we look for solutions of
that the two rays cross at{°tmkPotm and P k'),  the form

o 99 F2iv(y
F2id(K) d_'f;l (K)) _ _6|;|"2€+2|<I>(K)¢j(|(),

(A4)

where PH(K)=Z0e i), (A5)
Y S 4Ba Ax L (58) whereZ{" (j=a,b) are constant within the asymptotic region
x 2B\ aﬁ ' a, and ¢1-“(K) are complex-valued phasperturbations

which satisfy the boundary conditions
where  AX=X,0—Xpo, and xP=x;(k),  xPotom

=x;(k2°"™, wherej is eithera or b. Since the crossings ¢ (K—+2)=0, ¢J(K=0)=0, and

occur at differentk, values, the wave-coupling strength is b7 (K——0)=0. (AB)
expected to be different at both crossings, i, Mot J_ _ _ _

Since the modular-eikonal approach considers the tw®ubstitution of(A5) into (A4) yields

single-crossing mode conversions independently of each A2 do?\ dg®

other, the different parametrizations at these crossings does =i dKZj d_KJ> d—szeﬁF. (A7)
not jeopardize its applicability; the new intermediate eikonal

region is now centered at the midpoint betwd@A™®and ~ We now proceed with the solutions ¢A7) in each of the

k;"p, i.e., ky=—ap/(28,). Hence we expect that, even in three asymptotic regions.

AX—K?+

+
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As the waves enter the asymptotic regienwe expect 1 €|T2 K+ \/ﬁ|
the phase perturbations* to become slowly varying func- S(K)= > KAX— In .
tions of K and asymptotically approach zero to satiéig). 2\/_X K~ \/ﬁ|
Consequently, in each asymptotic region, we use the order- (A15)
ings Note that the eikonal phase is independent of the asymptotic-

ion labele.
|de/dK|<[AX—K?| and region fabela

, , ) 2. Intermediate asymptotic region K—0
| 0% 1AK% <|(AX—KZ)d/dK]. (A8) In the intermediate asymptotic region, fti|—0 and
Based on these orderings, we expagd(K): ¢ (K) AX>|7], the solutions 0fA12) are
=¢io(K)+ i1 (K)+---, where |d¢fi/dK|<|d¢]/dK].

-1
To lowest order in the orderingéA7) yields PP (K)= AX° (xie[7PK2+ | 7[*K +---). (A16)
doio (K)= el n[* . (A9) In the intermediate asymptotic region, the solution$Adf)—
dK AX—K (A2) are
In all three asymptotic regions, the solutions(AB) [subject 1 _ _
to (A6)] are ¢?(K)zz? 1- (AX)3 (e| pPK2Fi[g[*K+---) |eT1SH0,
P | (IK+VBX (A1D)
#io(K)= : (A10) . .
2JA X |K—VAX| 3. Global asymptotic analysis

(Note that the lowest-order phase perturbations are indepen- In conclusion, we find, fron{A14) and (A17), that the
dent of the asymptotic-region labeland the wave-type la- lowest-order asymptotic form for the wave fieldg(K) in
belj.) Using (A10), the ordermddd)JO/d K|<|AX—K?| be- each of the three asymptotic regions are

comes|AX—K?|>| [, which is easily satisfied in the upper

+
- +
and lower asymptotic regionsvhereK — =), In the inter- " ISK) ZJO ' ffor K= +ee,
mediate asymptotic regiofwhereK — 0), we obtain instead gi(K)—e Zj, (f)r K=0, (A18)
Z , for K——oo,
|AX[=[7], (A1) '

where the upper sign in the eikonal phase corresponds to
i.e., the caustic separation must be large enalighgiven  wave a while the lower sign corresponds to wate This
coupling to allow the waves to enter the eikonal regime. expression appears if17a and (17b) and is used in the
At the next order, we find fronfA7), wave-action conservation la¢t8).

d¢]1

(K)=rxx= Kz)s ([nl*+2ien*K).  (A12)

APPENDIX B: DERIVATION OF GENERIC S MATRIX
We now solve(A12) in each of the three asymptotic regions. _ o
Note that, in contrast to the lowest-order phase perturbations TheS matrix appearing i(203 has the general form

(A10), the next-order perturbations are complex valued, Lo T a
which means that the asymptotic amplitudes are perturbed as S, = ( aa ( a ) (B1)
well at this order. “ba “bb
For the norm defined iri19a and (19b), we introduce the
metric
1. Upper and lower asymptotic regions K—*© 1 0
The solutions 0fA12) for |K|—« (a=+ or —) are gz(o KG)’ (B2)
47(K) i e[ p[? (1 ZAX+ ) so that
—r_ —_——
" KT K 1z|z=2"g-2, (B3)
[l 1. 38X . (A13) whereZ" denotes the adjoint oZ. From the conservation
K> |5 7K?2 ' law [|Z°%|2=]|Z""|2, we find that theS matrix must satisfy

S.-9-S,=g, and thus the determinant &, must be
Hence, the solutions aofA1)—(A2) in the upper and lower * 9-=x=9

asymptotic regions are aa” b~ ab” pa= = 1. (B4)

|‘[2 |—[4 - Since the results of the present analysis are independent of
z//j“(K)EZJ-“( oxd Flgs Tt ")e“S(K), (Al4)  the sign of the determinant &, , we arbitrarily choose the
determinant to ber 1.
where, combining/A3) and (A10), the generalized eikonal Substituting (B1) into (198 and (19b), we find for
phase is Z°42,
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+

Zo2=(|.7 el + k€| S1al )| 222 — 1 - ipo
12 = (|7 aal *+ €l 7bal )| Z3] ‘”b(P)E(zwi)”J,w dQ e P9.(Q)

+ (|- apl 2+ kel Spp|?)| 252

TR (S 0a” Sy K€ 50 ) ZNZD* ], (BS) _ (2_77—.>1f2 [~ %Q J(Q)e PR

so that(19g and (19b) hold only if .72+ ke|. 74l 2= 1,

*

| 7bp|2+ k€. apl?=1, and." za 75+ k€7 b2 1, =0. These v f+°° =1, miPQ

three relations, witt{B4), yield (2@ J, dQ Q (& 2
Sop=-Tra and Sp.=—kesE,, (B6) —ePQq), (C4)

and(B1) becomes where the unconventional phase fadtot’? appearing on the

o 1% right side is included for consistency with the metaplectic
S E( a7 ab), (B7) transforms:! The integration in(C4) can be done explicitly
“\ ke Vaa in terms of the Gamma function, and we find
where.”,, and.”,, satisfy I(P)— —*T(=i]v]?) a I(iP)ilVlz . ip)i|V|2]
_ - = —a.(— _
| el + kel 7 apl?= 1. (B8) ’ (2mi)" o "

We note that, foie=+1 (i.e., waves with equal energy Expressing the solution for wavie on the P axis (for P
signg in (B2), the relation(B3) implies thatS, is unitary,  #0) as
sinceg=| (the unit matrix and(B3) become§I~SK= . On
the other hand, foke=—1 (i.e., waves with opposite en- — bouP'"?,  P>0,
ergy signgin (B2), (B3) implies thatS,. is no longer unitary Po(P)= b [P[IM?, P<0, (CH
in the standard sense, but instead it satisSgso-S,= o, " ’
where o is defined by(B2) with ke= —1. This pseudani- we find, definingrze‘”"’|2, with (ii)i\V|ZET-T-1/2’ and p
tarity condition for waves of opposite energy signs has beenz_(zwi NYH[*T (=i 2] With [p[2=1—72): bo=(a;,

observed previously in a different contéxt. — rag,)/p and by = (ra,—ag,)/p. From these equations,

one obtains th&-matrix relation between the incoming am-
plitudes @;,,b;,) and the outgoing amplitudesi{,:,bou):

T p
ol P

APPENDIX C: SINGLE-CROSSING MODE
CONVERSION ain

bin '

Aout

Co6)
b (
The analysis presented in this appendix follows the work out
of Tracy and Kaufman.

. . . 2. -type single-crossing mode conversion
1. Q,-type single-crossing mode conversion Qv-typ 9 9

In the case where waue lives on theQ axis (the Q

We begin with the single-crossing conversion in Wh'Chtype), the coupled equation@9) are

wavea lives on theQ axis (the Q, type), represented by the

coupled equation&38): id/dQ  v* @(Q) B

o — =0 (C7)

I difa(Q)/dQ=—r¢y(Q) and v QJ/\¢a(Q)

7% 4 (Q) = — Qp(Q). (C1)  The solutions are similar t¢C3) and (C5):
After sub;tituting the solutiqn of the sgcond efquatio!ﬁCbI) — aoutpi\v|2' P>0,
into the first one, one obtains an ordinary differential equa-  ¥.(P)= 12 (C9

— a;|P|1"°, P<O0,
tion for ,(Q): n ’
— . for P#0, and
dya(Q)  —ilv]* —
= ¥a(Q), (C2 L
dQ Q _ b..O~ilv 0
Q= 2 9

whose solutior{for Q#0) is expressed ds b bi,|Q7 "%,  Q<0,

— aoth*Mz, Q>0, for Q#0. The relation between the incoming and outgoing

$a(Q)= am|Q|—i|v\2 Q<o0. (€3 amplitudes is given in terms of tHe-matrix relation:
The solution for modé is obtained from the second equa- Pout T  —p\ b
tion in (C1). Since waveb asymptotically lives on theP Aoy o1 \an) (C10
axis, however, we must use the Fourier transform
(Q)— ¥, (P), defined as follows: wherer is the same as above, white=pe2'?.
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APPENDIX D: METAPLECTIC TRANSFORMS

The purpose of this appendix is to present the details of

the metaplectic transformation&43)—(44) of (40)—(41),
where the generating functioris;(p,Q) and F,4(p,P) for
the canonical transformatior{86)—(37) are

_€ p? 2
F3(P,Q)—§ 7+Q -pQ/a,,

(D1)

2
Fu(p,P)= e(p—+P2)—pP/bE,

2\ 2
where @, ,a_)=(1,—0o) and b, ,b_)=(—-1,—0).
1. Metaplectic transform :/Z(Q)—u/;,-(p)
For the wave function
21Q-1"*, >0,
Z}n|Q|fi\vlz, Q<0,

the metaplectic transfori®3) yields

12 o
J, 4
0

Y@ e(p2/4+Q%2)—i|v|% In Q(szutefin/aE_’_ Zijnein/aE)'

(D3)

Since we are interested in evaluatiig(p) in the large|p|
limit, we note that the phase

2 2
X(Q;p)E%Jr%ﬁ

#,(Q) ={ (D2)

i(p)=

1
2mia,

pPQ

2 —
v|“In QF
2in Q=

(D4)

is a rapidly varying function ofQ, except wheny'(Q;p)
~0. DenotingQy(p) = *+ (ep/a.—a.|v|?/p) the point where
x'(Q;p) vanishes for fixedp (with |p|>1), we find that
x(Qo(p);p)=—€S.(p). Using the stationary-phase method,
we therefore obtain
. o

Yi(p)= —bee'fsf(p)[ Z]]n

For e= =1, we obtain(45) and (46) (with the upper sigh

, epla_=>0,

ep/a.<0. (D5)

2. Metaplectic transform a/jj(P)—n/;j(p)

Similarly, for the wave function

2upili® p=q

l’/jj(P):[Z}L|p|i|V2, P<0, (D)

Phys. Plasmas, Vol. 5, No. 1, January 1998

the metaplectic transforr#4) yields

1 12 r o
27Tib5> fo dp

% e—ie(p2/4+ P2/2)+i|v|? In P(

i (p)=

ZJQut —ipP/b. 4 Z}neipP/bE).

(D7)
Since we are interested in evaluatirig(p) in the large|p|
limit, we note that the phase
—eP? ep pP
2 4 b,
is a rapidly varying function ofP, except wheny’(P;p)
~0. DenotingPq(p) = * (ep/b.—b,|v|?/p) the point where
x'(P;p) vanishes for fixedp (with |p|>1), we find that

2

x(P;p)= +|v|?In PF (D8)

x(Po(p);p)=€S.(p) and, using the stationary-phase
method, we find
‘ ", eplb >0,
nP)=ae s D Do 9

] 1
For e= *+ 1, we obtain(45) and(46) (with the lower sign.
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