Variational structure for dissipationless linear drift-wave equations
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A derivation from first principles of the Lagrangian density for the dissipationless linear drift-

wave equation recently introduced by Mattor and
presented. An exact wave-action conservation law

Diam@Rbys. Plasmad, 4002 (1994)] is
for linear drift waves propagating in a rotating

magnetized plasma is then derived from the Lagrangian density without requiring the use of the

eikonal representation for the wave
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I. INTRODUCTION

The variational structure for dissipationless dynamical

equations relies on the existence of a Lagrangian dehsity
By defining the action integrad= fd"r dt L, wheren is the

number of spatial coordinates on which the variational fields

fields. 196 American Institute of Physics.
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depend, the dynamical equations are said to possess a varjg-

tional structure if they are derivable from the variational
principle SA=0. The usefulness of this variational structure
is that, through the Noether methde&ach exact conserva-
tion law can be identified with an exact symmetry of the
Lagrangian density.

Recently, Mattor and Diamontiin their investigation of

O0=dya diy—V-(b Vd¢)]—c-Vdy, €)
where we used the fact thdf commutes withc-V. Upon
substituting Eq(2) into Eq. (3), we obtain a generic form of
the linear drift-wave equation:

the propagation of linear drift waves in a rotating tokamak

plasma, introduced a variational principle for the dissipation-

0=dfa¢p—V-(b Vé)]—c-V. (4)

less linear drift-wave equation. Their Lagrangian density was

constructed from the linear drift-wave equation itSeifd,
except for some minor modifications, its generic form is
given here as

L(¢,d, Vi, Vdp)= 3 [ald|?+b| V|2

—(c-Vy)dy], ()
where the scalar fielg{x,t) is related to the perturbed elec-
trostatic potentiakp(x,t) according to

dtl//(xvt):(ﬁ(xit)' (2)
In the simplest drift-wave modélthe wave fieldy is a func-
tion of the Cartesian coordinates-(x,y) in the plane per-
pendicular to auniform magnetic fieldB=zB. In Egs. (1)
and(2), the total time derivativel,=9,+u,-V is taken along
the (incompressible nonuniformbackground flow velocity
Ug=YUoy(X), and the coefficientéa,b,c) depend on theon-
uniform background densitpy(x). The coefficients andb
satisfy the conditionsl,a=0=d;b, while the vector-valued
coefficient ¢ satisfiesV-c=0 and [d;,c-V]=0, i.e., their
commutator vanishes.

Using the Lagrangian densityl), the variational prin-
ciple §(fd?r dt L)=0 associated with arbitrary variations
Sy (x,y,t) yields the Euler—Lagrange equation:
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The purpose of this paper is to present a derivation of the
Lagrangian densityl) from first principles, and derive ex-
plicit expressions for the coefficienta,b,c) in Eq. (4) for a
magnetized plasma with a uniform magnetic field and non-
uniform background density and background flow.

As a starting point for our derivation, we use the varia-
tional structure for the linearized drift-kinetic Vlasov—
Poisson equations. This is motivated by the fact that the
drift-wave equation(4), usually derived from two-fluid dis-
sipationless equatioriscan also be derived from the drift-
kinetic Vlasov—Poisson equations by impo$int) the
quasineutrality condition between the perturbed ion and elec-
tron densitiesn;,; = ng,; (b) the constraint that electrons have
a Boltzmann distributionng; =nge¢/T,; and (c) the cold-
fluid limit on the ion drift-kinetic Vlasov equation.

The drift-kinetic variational structure is derived in Sec.
Il from the variational structure for the linearized gyrokinetic
Vlasov—Poisson equatioriderived previously in Ref.)7 In
the appropriate limit, the drift-wave variational structure is
constructed from the drift-kinetic variational structure, and
the Mattor—Diamond Lagrangian dens{ty) is recovered. In
Sec. lll, as an application of the drift-wave variational struc-
ture, anexactconservation law for wave action is derived
from the drift-wave Lagrangian density through the Noether
method? without requiring the use of the eikonal represen-
tation for the wave fields(Our derivation is thus different
from the standard derivatidhwhich requires the use of the
eikonal representatioh. We also comment on the wave-
action conservation law for linear drift waves derived by
Biskamp and Hortor? which was derived without the ben-
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efit of a Lagrangian formulation. Last, in Sec. IV we sum-wheref andg are arbitrary functions of the guiding-center
marize our work and indicates several possible generalizacoordinategR,u,6), V=4/dR is the gradient perpendicular to

tions. B, and
Bf =B(1+Q; '2-V xuy)=.7B. (9
Il. DERIVATION OF THE DRIFT-WAVE LAGRANGIAN Using Eqgs.(7)—(9), the unperturbed guiding-center Vlasov
DENSITY operatord,= ¢,+{ ,Hg} is
A. lon gyrokinetic variational structure i d ~tug-V, (10)

. L. . . dt ot
We derive the variational structure for the linearized

drift-kinetic Vlasov—Poisson equations for a backgroundwhereVHy=e7 V¢, with.7 = B} /B defined in Eq(9),

magnetized plasma with a uniform magnetic field, a nonuni@nd we usediy-Vuy=0. In addition, to first order in back-

form background density profiley(x), and a nonuniform ground electrostatic potential nonumformﬁythe gyroradius

background electrostatic potentigh(x). We begin with the  vector is p(R,u,0)=po(u,0)/.7(X), where p, is the gyrora-

phase-spacé&agrangian density for the linearized ion gyro- dius for an ion moving in a uniform background plasma

kinetic (gk) Vlasov equation in the presence of electrostatic(|pol*=uB/mM Q7).

fluctuations, which satisfy the gyrokinetic orderitg/(); <1, The variational principle & fd?R dt(fdu B} /('Q)]

k, p;~1). This Lagrangian density was shown in Ref. 7 to be= 0 associated with arbitrary variatiodSy,(R,u, t) y|elds

a quadratic function of the perturbed electrostatic potentiathe linearized ion gyrokinetic Vlasov equation:

¢(r,t) and of the generating functioBy(R,Z,U,u,t) for S, =

perturbations of the gyrokinetic Vlasov distribution: 0=|F,, ( kg %&” dtl +e{Fo.(pgo} |
F1={Sg.Fol. ) (11

As discussed in Appendix A of Ref. 7, the following evolu-
t tion equation forSg, :

whereFy(X,U,u) is the unperturbed guiding-center Vlasov
distribution and{, } is the guiding-center Poisson bracke
Here, (R,Z,U,u,6) are guiding-center coordinates in a “lo- ngk

cal” frame moving with the background flow velocity, (see &( Py (12
Appendix B of Ref. 11 for details R=(X,Y) is the guiding-

center position in the plane perpendicularBpZ is its po- IS equivalent to Eq(11). Since the operatat/dt in Eq. (12)
sition alongB, U is the parallel guiding-center velocity, is 1S independent of. [see Eq(10)], the u dependence dB
the magnetic moment, anglis the gyroangle(The depen- comes exclusively fronidy)(R,u.t)=(¢(R+p,t)).

dence on the guiding-center coordinaieand U is omitted
in the remainder of this paper, since parallel gradief&
are assumed to vanish for all fielfs.

Using Eg.(36) of Ref. 7 (with a vanishing perturbed The phase-space Lagrangian dens$8y describes elec-
magnetic fieldland including nonuniform background flows, trostatic fluctuations that satisfy the gyrokinetic ordering. A
the ion gyrokinetic phase-space Lagrangian density is more appropriate ordering for drift-wave dynamics, however,
is the drift-kinetic(DK) ordering(w/Q;<<1, k, p;<<1). Hence,

B. lon drift-kinetic variational structure

7 )= {Sye Fo}( :gk e( g | + 20 <{q)gc bod),  inthe drift-kinetic limit, where ©B/m,Q?)V2<1; we find
' 2 dt 2 ' -
(6) <¢gc>‘>¢(Rat)v ¢gc*>P'V¢(R,t), and
where ¢y(R,u,0,t)=¢[r (R,u,0),t] represents the perturbed ~
electrostatic potential expressed in terms of guiding-center Pge—| | pAO]-VAHRY). (13

coordinates, with the particle positionr(R,u,0)=R
+p(R,u,0) andp(R,u,6) is the gyroangle-dependent gyrora-
dius, (¢99 is the gyroangle averaged electrostatic potential,
while ¢4, and <Dgc are defined as¢gjc g ((f)gc} and
d>gc Jpqcd6. To describe guiding-center motion in a uni-
form magnetic field and a nonuniform background electro-
static potentiakp,, we need the guiding-center Hamiltonian,

When these expressions are substituted into the last term on
the right side of Eq(6), we obtain

eFy ~ ~ m;c%F, )
2_Qi<{q)gm¢gc}>_’T‘-)‘c2|V¢| : (14)

Next, applying the drift-kinetic limit(13) to the linearized
ion gyrokinetic Vlasov equation (12), we obtain
Ho(X,U, 1) =edo(X) +uB+m(UZ+|ug|?)/2, (7)  dSy/dt=ed(Rit), where Sp(R,ut) is the drift-kinetic
) . . limit of Sy. Since the evolution equation f@p is inde-
whereug(X) =yuo(X) is the unperturbe& X B fluid veloc-  pendent ofu, Spk can be written as
ity, with ug(X) = c¢o(X)/B, and the guiding-center Poisson

bracket, Sok(R, i, 1) =x(R, 1), (15)
o9f 9 of 9 and y satisfies the evolution equatiahy(R,t)/dt=e¢d(R,t).
{f.g}= g AN _g) (8) The ion drift-kinetic Lagrangian density is thus obtained
5\ B 90 du du 90 by substituting Eqs(14) and (15) into Eq. (6):
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. CZ 1 dX m;c2F which is the fluid moment of the linearized ion gyrokinetic
s = 2 VEyV b Sk : : ift-Kkinetic limi onari
2 DK eB’ o' VX5 gt 2B*2 ) Vlasov equation(1l) in the drift-kinetic limit. Stationarity
| ! (1  With respect to arbitrary variations i(r ), on the other
hand, yields

where{x,Fo} = VF(xV x-cZ/eB is the perturbed ion drift- . ) )
kinetic Vlasov distribution or, equivalen.tly,' it ' is the 0= C_Zang -VX—V-( mirlof )+ Nee 5.
gyroangle-averaged perturbed ion Vlasov distributionthe B B, e
drift-kinetic limit). (22)

which represents the quasineutrality condition between ions
and electrons.
C. Drift-wave variational structure Since the operatord/dt andzxVnj -V commute, then

applying the operatod/dt on Eq.(22), and substituting Eq.
In Eqg. (16), we note that the only. dependence resides (2plF)) {/Iie?ds P a.(22 HbSHLENg =9

in the unperturbed distributiofr o(X, ). After integrating

the phase-space Lagrangian dengit$) over w, with the _ d [nye? m;nyc? cez .
background density defined ag(X) = fdu B Fo(X,u), 0= dt| T, $-V- BX2 Vol|- vano Vo,
we obtain the ion drift-wavedw) Lagrangian density, (23

(.)_ (i) dyx which describes linear drift waves propagating in a rotating
f du Bff “px= —anO Vx|5 g e¢ magnetic plasma with a uniform magnetic field and a non-

uniform background flow. In the absence of background

flows(i.e., »=0,Bf = B, andng = ny), Eq.(23) is the stan-

dard linear drift-wave equatiohBy comparing Eq(23) with

Eq. (4), the coefficientga,b,c) in Eq. (4) are thus

m;c2ng
+ 28*2

VeI%, 17)

whereng (X) = ng(X)/.7(X) andfdu Bff VFq=.7Vng.

In the remainder of this paper, the Wave fiejdand ¢ are _ noe’ _ mingc? d o= c_e“zxv % o4
functions ofr =(x,y) andt, while ny and ¢, are functions of I R - T and ¢=-g o (24
X.

Next, we look at the Lagrangian density for an electronUSing (24), the drift-wave Lagrangian densit@0) becomes
fluid with uniform temperaturd, . In the simplest drift-wave 1dy 1
model® the electrons are massless and have a Boltzmann Law=¢C: Vl//(z a %13 (b|V ¢|*+ap?), (25
distribution; their perturbed density is

where/(r t)=x(r t)/e. If we substitute¢p=d; ¢ into Eq. (25),

Nea (T, 1) =No(X)€(r, 1)/ Te, (18  the Mattor—Diamond Lagrangian density) is recovered.
where T, is the uniform electron temperature, and the ~ We conclude this section by noting that the quasineutral-
Boltzmann-electron Lagrangian density is ity condition (22) yields the following expression for the

) perturbed ion density:

Ne€
L= o7 ¢ (19

n,=-V-: (26)

cz v m;c? v
—_— x —
No B X~ 3 eB? ¢
Last, we note that the electrostatic-field contribution ] ) )
V487 to the drift-wave Lagrangian density can be ne- The first term on the right side of E(R6) corresponds to the
glected, since it is smaller than the last term in Bg) by a fluid moment of the perturbed ion drift-kinetic Vlasov
factor c?/va>1; neglecting it corresponds to imposing the distribution;’ fdu Bjf {x,Fo}, while the second term corre-
quasineutrality condition between ions and electrons. sponds to the ion polarlzanon densitifurthermore, by solv-
By combining the electron Lagrangian densii®) and ing the perturbed cold-ion fluid equation of motion,
the ion Lagrangian densityl7), we obtain the Lagrangian diUj1+Ui1-Vug=Q;(uj; XZ—cV ¢/B) (27)

density for the linear drift-wave dynamics: ]
to first order in€); 1, we obtain the following expression for

cz 1dy c?ng the perturbed ion fluid velocity:
Lav= o5 XV} Vx| 5 gr—ed |+ 5’ V4P pertir® 4
eB 2 dt B, c mic
noe " uu:ﬁxw) o5 (d Vé—Vé-Vup). (28)

Thus, we write the linear drift-wave equatid@3) as the

The Lagrangian densit§20) is a function of twovariational ~ Perturbed ion continuity equatiomign;; =—V-(ngu;;), with
fields ¢(r,t) and x(r.t). Requiring that/dr dt L, be sta- the perturbed ion density,; =ng; =nged/ T, (making use of

tionary with respect to arbitrary variations iir,t), we ob- the quasineutrality condition and the constraint that electrons

tain have a Boltzmann distributigrand the perturbed ion fluid
R g velocity (28).
cz X Last, by comparing Eq$26) and(27) with the Eulerian
_ = * AN ,
0= evanO V( dt e¢>), 2Y) expressiong for the perturbed density;;=—V-(ny&) and
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for the perturbed fluid velocity;;=d, & — & - Vug in terms of (9[dw L gy
the ion fluid displacemeng; , we find the following expres- Jw=21Im| ¢ FTERT +21m| ¢ e ,
sion for & : (0) (9b) 33
cz m;c? _ L gw L gw )
65 VX o V4 @0 Tem 2Ny TN ¢ G gy

This expression has a simple interpretation in terms of th&Y substituting th? averaged Lagrangian densBg) into
particle displacemensr(r,v)={r,S(r,v)},, whereS is the Eq. (33), we thus find

generating function for a canonical transformation on par-  J,,=Im(yc-V¢*),

ticle (p) phase space and, }, is the Poisson bracketor
simplicity of presentation, the time dependence is omjtted
Writing &r in the guiding-center representation, we find
o1 (R,u,0)=[R+p, SyR,u,0)], whereS;=Sy, +ed /() is
the generating function in the guiding-center representatio
and{, } is given by Eq.(8) (see Ref. 7 for details on the
decomposition o5, used herk If we now gyroangle aver-
age 6r(R,u,6), the terms({p, Syt and({R,ed,/€);}) van-
ish, and we are left with

(34)

*

dy
I'qw=Ugdgn—C Im(w T )+2b Im(¢ Vo*).

One can check thdB4) satisfy the wave-action conservation
Thw (31) exactly, using Eqs21) and(22), without requiring
the use of the standard eikonal representation for the wave
fields ¢ and .

We now compare the exact expressig¢d4) for J, and
I'y, With the standard expressions obtained in eikonal wave

e d - theory® Using the eikonal representation for the wave fields
<5r>(R,M):{RaSgk}_§£<P¢gc>- (30 ¢ and ¢,
In the drift-kinetic limit [see Egs.(13) and (15)], the Xy, _ {p(x,y,t) GO0y (35
gyroangle-averaged particle displaceme(®0) becomes d(XY,0)) | p(x,y,1) '

(6r)={R,x} — (mc?e Tz)Vda,Which is exactly equal to
the fluid displacemen(29). Hence, the ion fluid displace-
ment(29) is composed ofl) the particle displacement gen-
erated by the drift-kinetic generating functignand (2) the
ion-polarization displacement.

where O(x,y,t) is the eikonal phase, with the local wave
vectork=V® and the local wave frequenay=—-4,0, and
(¢, @) are slowly varying eikonal amplitudes, the drift-wave
Lagrangian density25) becomes

Law=— 0'k-c|g|2+ik-c(dg* — ¢* ) + (a+bk?)| B|2

1. WAVE-ACTION CONSERVATION FOR LINEAR = w'[k-c+ o’ (a+b|Kk|D)]|#2, (36)

DRIFT WAVES ) A _
wherew'=w—Kk-uy and ¢p=—iw'¢ was used to obtain the

In this section, an application of the variational structuresecond equation. The dispersion relation for linear drift
for the linear drift-wave equation, based on the drift-wavewaves,
Lagrangian density25), is presented. Through the Noether _ 5
method? we derive an exact wave-action conservation law w—k-uo—k~c/5a+bA|k| ), A (37)
for drift waves propagating in a magnetized plasma withis obtained fromdL 4,/d¥=0 and o’ #0, 0. If we now
nonuniform background flows. This conservation law, de-apply the eikonal representatig5) on (34), we obtain the
rived following a procedure presented elsewhéréhas the  standard result®:
form L JL J

dw dw w
dJ Jaw=——" and Iy E——=(—)Jd , (39
—E Y Tg=0, (31) v o Yook ek
_ _ _ _ where Eqs(36)—(37) were used and the group velociiw/

whereJq,(r t) is the wave-action density afdy,(r.t) isthe ;i is calculated from the dispersion relati¢).
wave-action-density flux. The energy density in théab frame, denotecEy,, is

As a first step in deriving the wave-action conservationca|culated from theeikonataveraged Lagrangian density
law (31), the drift-wave Lagrangian densit{25) is trans-  (3g) as

formed into theaverageddrift-wave Lagrangian density:

. ﬁl:d ~
Law=C-[3(digVy* +duf* Vi) —(¢ Vy*+¢* Vy)] Eq=o 5, =~ ok-duf? (39
+a|¢|>+b|Ve|?, (320 while the energy density in thenoving frame, denoted

where both¢ and i are now complex-valued scalar fields. Edw: 1S
The wave-action conservation |a&1) follows from the fact L g )
that the drift-wave Lagrangian densit§2) is invariant under Ep=o’ P (a+blk|?)|o|?, (40)

the phase shiftp— ¢pe'® and y—ie'®, where the constant A wA

phasea is real. The wave-action densityy, and wave- where ¢=—iw’'y was used.(The relationE}, = Eg,
action-density flud’y,, in Eq. (31) are defined, respectively, + Pgy,-uUy between these two energy densities involves the
in terms of the averaged Lagrangian den$gg) as* drift-wave momentum densityy,=—Kk dLg4,/dw.) We can
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check that, in the eikonal limit, the drift-wave action density Vlasov—Poisson equations. In Sec. lll, we derived an exact

is expressed either dg,=Ey,/w or asly, = Eg/o’ since,  wave-action conservation law associated with linear drift

for an arbitrary eikonal-averaged Lagrangiarand an arbi- waves propagating in a rotating magnetized plasma.

trary unperturbed flow velocity, we have the identity The usefulness of our derivation can be made apparent
E' E+Pu E+(—kE/w)-u E(l-k-ulw) E When_we consider generalizations (_)f .the linear drift-wave
i = = =_ equation(23). In particular, more realistic background mag-

©' o-ku w=k-u w=k-u w netized plasmas can be easily accommodated through the

Hence, although the wave frequeneyand the wave energy drift-kinetic and/or gyrokinetic variational structures. For ex-

E4, are not Galilean invariant, the wave-action density isample, nonuniform background magnetic fields, ion kinetic,
Galilean invariant. We note that the property that the waveor thermal fluid effects, and nonadiabatic electron dynamics
action density be equal to the ratio of the wave energy ovegan be included into the drift-wave Lagrangian den2g).

the wave frequency is a universal property of all eikonal-These additional effects, as well as the investigation of the
averaged Lagrangians. variational structure for the dissipationless nonlinear drift-

Finally, we comment on the wave-action conservationvave equationge.g., the Hasegawa—Mima equafipmill
law for linear drift waves in a stationary magnetized plasmabe treated in a future work.
previously derived by Biskamp and Hortdh.Since the Finally, we point out that the present variational formal-
variational structure for linear drift waves was not known atism based on the Lagrangian dendity can also be applied
that time, Biskamp and Horton derived a conservation lawto the linearized Rossby-wave equatibn.
directly from the linear drift-wave equation; because the con-
served quantity that they obtained was proportional to thACKNOWLEDGMENTS
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