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A derivation from first principles of the Lagrangian density for the dissipationless linear drift-
wave equation recently introduced by Mattor and Diamond@Phys. Plasmas1, 4002 ~1994!# is
presented. An exact wave-action conservation law for linear drift waves propagating in a rotating
magnetized plasma is then derived from the Lagrangian density without requiring the use of the
eikonal representation for the wave fields. ©1996 American Institute of Physics.
@S1070-664X~96!04203-0#

I. INTRODUCTION

The variational structure for dissipationless dynamical
equations relies on the existence of a Lagrangian densityL.1

By defining the action integralA[*dnr dt L, wheren is the
number of spatial coordinates on which the variational fields
depend, the dynamical equations are said to possess a varia-
tional structure if they are derivable from the variational
principle dA50. The usefulness of this variational structure
is that, through the Noether method,2 each exact conserva-
tion law can be identified with an exact symmetry of the
Lagrangian densityL.

Recently, Mattor and Diamond,3 in their investigation of
the propagation of linear drift waves in a rotating tokamak
plasma, introduced a variational principle for the dissipation-
less linear drift-wave equation. Their Lagrangian density was
constructed from the linear drift-wave equation itself4 and,
except for some minor modifications, its generic form is
given here as

L~c,dtc,“c,“dtc![ 1
2 @audtcu21bu“dtcu2

2~c–“c!dtc#, ~1!

where the scalar fieldc~x,t! is related to the perturbed elec-
trostatic potentialf~x,t! according to

dtc~x,t !5f~x,t !. ~2!

In the simplest drift-wave model,5 the wave fieldc is a func-
tion of the Cartesian coordinatesr5(x,y) in the plane per-
pendicular to auniform magnetic fieldB[ẑB. In Eqs. ~1!
and~2!, the total time derivativedt[] t1u0–“ is taken along
the ~incompressible! nonuniformbackground flow velocity
u0[ŷu0(x), and the coefficients~a,b,c! depend on thenon-
uniformbackground densityn0(x). The coefficientsa andb
satisfy the conditionsdta505dtb, while the vector-valued
coefficient c satisfies“–c50 and @dt ,c–“#50, i.e., their
commutator vanishes.

Using the Lagrangian density~1!, the variational prin-
ciple d (*d2r dt L)50 associated with arbitrary variations
dc (x,y,t) yields the Euler–Lagrange equation:

05
]L

]c
2

d

dt S ]L

]~dtc! D2“–S ]L

]~“c! D
1

d

dt
“–S ]L

]~“dtc! D ,
or

05dt@a dtc2“–~b “dtc!#2c–“dtc, ~3!

where we used the fact thatdt commutes withc–“. Upon
substituting Eq.~2! into Eq.~3!, we obtain a generic form of
the linear drift-wave equation:5

05dt@af2“–~b “f!#2c–“f. ~4!

The purpose of this paper is to present a derivation of the
Lagrangian density~1! from first principles, and derive ex-
plicit expressions for the coefficients~a,b,c! in Eq. ~4! for a
magnetized plasma with a uniform magnetic field and non-
uniform background density and background flow.

As a starting point for our derivation, we use the varia-
tional structure for the linearized drift-kinetic Vlasov–
Poisson equations. This is motivated by the fact that the
drift-wave equation~4!, usually derived from two-fluid dis-
sipationless equations,5 can also be derived from the drift-
kinetic Vlasov–Poisson equations by imposing6 ~a! the
quasineutrality condition between the perturbed ion and elec-
tron densities,ni15ne1; ~b! the constraint that electrons have
a Boltzmann distribution,ne15n0ef/Te ; and ~c! the cold-
fluid limit on the ion drift-kinetic Vlasov equation.

The drift-kinetic variational structure is derived in Sec.
II from the variational structure for the linearized gyrokinetic
Vlasov–Poisson equations~derived previously in Ref. 7!. In
the appropriate limit, the drift-wave variational structure is
constructed from the drift-kinetic variational structure, and
the Mattor–Diamond Lagrangian density~1! is recovered. In
Sec. III, as an application of the drift-wave variational struc-
ture, anexactconservation law for wave action is derived
from the drift-wave Lagrangian density through the Noether
method,2 without requiring the use of the eikonal represen-
tation for the wave fields.~Our derivation is thus different
from the standard derivation,8 which requires the use of the
eikonal representation.9! We also comment on the wave-
action conservation law for linear drift waves derived by
Biskamp and Horton,10 which was derived without the ben-a!Electronic mail: brizard@tops.lbl.gov
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efit of a Lagrangian formulation. Last, in Sec. IV we sum-
marize our work and indicates several possible generaliza-
tions.

II. DERIVATION OF THE DRIFT-WAVE LAGRANGIAN
DENSITY

A. Ion gyrokinetic variational structure

We derive the variational structure for the linearized
drift-kinetic Vlasov–Poisson equations for a background
magnetized plasma with a uniform magnetic field, a nonuni-
form background density profilen0(x), and a nonuniform
background electrostatic potentialf0(x). We begin with the
phase-spaceLagrangian density for the linearized ion gyro-
kinetic ~gk! Vlasov equation in the presence of electrostatic
fluctuations, which satisfy the gyrokinetic ordering~v/Vi!1,
k'r i;1!. This Lagrangian density was shown in Ref. 7 to be
a quadratic function of the perturbed electrostatic potential
f~r ,t! and of the generating functionSgk~R,Z,U,m,t! for
perturbations of the gyrokinetic Vlasov distribution:

F1[$Sgk ,F0%, ~5!

whereF0(X,U,m) is the unperturbed guiding-center Vlasov
distribution and$ , % is the guiding-center Poisson bracket.
Here, ~R,Z,U,m,u! are guiding-center coordinates in a ‘‘lo-
cal’’ frame moving with the background flow velocityu0 ~see
Appendix B of Ref. 11 for details!: R5(X,Y) is the guiding-
center position in the plane perpendicular toB, Z is its po-
sition alongB, U is the parallel guiding-center velocity,m is
the magnetic moment, andu is the gyroangle.~The depen-
dence on the guiding-center coordinatesZ andU is omitted
in the remainder of this paper, since parallel gradients]/]Z
are assumed to vanish for all fields.!

Using Eq. ~36! of Ref. 7 ~with a vanishing perturbed
magnetic field! and including nonuniform background flows,
the ion gyrokinetic phase-space Lagrangian density is

L gk
~ i !5$Sgk ,F0%S 12 dSgk

dt
2e^fgc& D1

e2F0

2V i
^$F̃gc,f̃gc%&,

~6!

wherefgc~R,m,u,t![f@r ~R,m,u!,t# represents the perturbed
electrostatic potential expressed in terms of guiding-center
coordinates, with the particle positionr ~R,m,u![R
1r~R,m,u! andr~R,m,u! is the gyroangle-dependent gyrora-
dius, ^fgc& is the gyroangle-averaged electrostatic potential,

while f̃gc and F̃gc are defined asf̃gc[fgc2^fgc& and
F̃gc[*f̃gc du. To describe guiding-center motion in a uni-
form magnetic field and a nonuniform background electro-
static potentialf0, we need the guiding-center Hamiltonian,

H0~X,U,m!5ef0~X!1mB1mi~U
21uu0u2!/2, ~7!

whereu0(X)[ ŷu0(X) is the unperturbedE3B fluid veloc-
ity, with u0(X) 5 cf08(X)/B, and the guiding-center Poisson
bracket,

$ f ,g%52
cẑ

eBi*
–“ f3“g1

V i

B S ] f

]u

]g

]m
2

] f

]m

]g

]u D , ~8!

where f andg are arbitrary functions of the guiding-center
coordinates~R,m,u!, “5]/]R is the gradient perpendicular to
B, and

Bi*5B~11V i
21ẑ–“3u0![T B. ~9!

Using Eqs.~7!–~9!, the unperturbed guiding-center Vlasov
operatordt5] t1$ ,H0% is

d

dt
5

]

]t
1u0–“, ~10!

where“H05eT “f0, with T 5 Bi* /B defined in Eq.~9!,
and we usedu0–“u050. In addition, to first order in back-
ground electrostatic potential nonuniformity,11 the gyroradius
vector isr~R,m,u![r0~m,u!/T (X), wherer0 is the gyrora-
dius for an ion moving in a uniform background plasma
~ur0u

25mB/miV i
2!.

The variational principle d@*d2R dt(*dm Bi*Lgk
( i ))#

5 0 associated with arbitrary variationsdSgk~R,m,t! yields
the linearized ion gyrokinetic Vlasov equation:

05FF0 ,S dSgkdt
2e^fgc& D G[2S dF1dt

1e$F0 ,^fgc&% D .
~11!

As discussed in Appendix A of Ref. 7, the following evolu-
tion equation forSgk :

05
dSgk
dt

2e^fgc& ~12!

is equivalent to Eq.~11!. Since the operatord/dt in Eq. ~12!
is independent ofm @see Eq.~10!#, them dependence ofSgk
comes exclusively from̂fgc&~R,m,t![^f~R1r,t!&.

B. Ion drift-kinetic variational structure

The phase-space Lagrangian density~6! describes elec-
trostatic fluctuations that satisfy the gyrokinetic ordering. A
more appropriate ordering for drift-wave dynamics, however,
is the drift-kinetic~DK! ordering~v/Vi!1, k'r i!1!. Hence,
in the drift-kinetic limit, where (mB/miV i

2)¹2!1; we find

^fgc&→f~R,t !, f̃gc→r–“f~R,t !, and

F̃gc→S E r du D –“f~R,t !. ~13!

When these expressions are substituted into the last term on
the right side of Eq.~6!, we obtain

e2F0

2V i
^$F̃gc,f̃gc%&→

mic
2F0

2Bi*
2 u“fu2. ~14!

Next, applying the drift-kinetic limit~13! to the linearized
ion gyrokinetic Vlasov equation ~12!, we obtain
dSDK/dt5ef~R,t!, where SDK~R,m,t! is the drift-kinetic
limit of Sgk . Since the evolution equation forSDK is inde-
pendent ofm, SDK can be written as

SDK~R,m,t ![x~R,t !, ~15!

andx satisfies the evolution equationdx~R,t!/dt5ef~R,t!.
The ion drift-kinetic Lagrangian density is thus obtained

by substituting Eqs.~14! and ~15! into Eq. ~6!:
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L DK
~ i ! 5

cẑ

eBi*
3“F0–“xS 12 dx

dt
2ef D1

mic
2F0

2Bi*
2 u“fu2,

~16!

where$x,F0% 5 “F03“x–cẑ/eBi* is the perturbed ion drift-
kinetic Vlasov distribution or, equivalently, it is the
gyroangle-averaged perturbed ion Vlasov distribution~in the
drift-kinetic limit!.

C. Drift-wave variational structure

In Eq. ~16!, we note that the onlym dependence resides
in the unperturbed distributionF0(X,m). After integrating
the phase-space Lagrangian density~16! over m, with the
background density defined asn0(X) [ *dm Bi*F0(X,m),
we obtain the ion drift-wave~dw! Lagrangian density,

Ldw
~ i ![E dm Bi*L DK

~ i ! 5
cẑ

eB
3“n0* –“xS 12 dx

dt
2ef D

1
mic

2n0
2Bi*

2 u“fu2, ~17!

wheren0* (X) [ n0(X)/T (X) and*dm Bi* “F0 5 T “n0* .
In the remainder of this paper, the wave fieldsx andf are
functions ofr5(x,y) andt, while n0 andf0 are functions of
x.

Next, we look at the Lagrangian density for an electron
fluid with uniform temperatureTe . In the simplest drift-wave
model,5 the electrons are massless and have a Boltzmann
distribution; their perturbed density is

ne1~r ,t !5n0~x!ef~r ,t !/Te , ~18!

where Te is the uniform electron temperature, and the
Boltzmann-electron Lagrangian density is

Ldw
~e!5

n0e
2

2Te
f2. ~19!

Last, we note that the electrostatic-field contribution
u“fu2/8p to the drift-wave Lagrangian density can be ne-
glected, since it is smaller than the last term in Eq.~17! by a
factor c2/vA

2@1; neglecting it corresponds to imposing the
quasineutrality condition between ions and electrons.

By combining the electron Lagrangian density~19! and
the ion Lagrangian density~17!, we obtain the Lagrangian
density for the linear drift-wave dynamics:

Ldw[
cẑ

eB
3“n0* –“xS 12 dx

dt
2ef D1

mic
2n0

2Bi*
2 u“fu2

1
n0e

2

2Te
f2. ~20!

The Lagrangian density~20! is a function of twovariational
fields f~r ,t! and x~r ,t!. Requiring that*d2r dt Ldw be sta-
tionary with respect to arbitrary variations inx~r ,t!, we ob-
tain

05
cẑ

eB
3“n0* –“S dx

dt
2ef D , ~21!

which is the fluid moment of the linearized ion gyrokinetic
Vlasov equation~11! in the drift-kinetic limit. Stationarity
with respect to arbitrary variations inf~r ,t!, on the other
hand, yields

052
cẑ

B
3“n0* –“x2“–Smin0c

2

Bi*
2 “f D 1

n0e
2

Te
f,

~22!

which represents the quasineutrality condition between ions
and electrons.

Since the operatorsd/dt and ẑ3“n0* –“ commute, then
applying the operatord/dt on Eq.~22!, and substituting Eq.
~21! yields

05
d

dt Fn0e2Te
f2“–Smin0c

2

Bi*
2 “f D G2

ceẑ

B
3“n0* –“f,

~23!

which describes linear drift waves propagating in a rotating
magnetic plasma with a uniform magnetic field and a non-
uniform background flow. In the absence of background
flows~i.e.,f050,Bi* 5 B, andn0* 5 n0!, Eq.~23! is the stan-
dard linear drift-wave equation.5 By comparing Eq.~23! with
Eq. ~4!, the coefficients~a,b,c! in Eq. ~4! are thus

a5
n0e

2

Te
, b5

min0c
2

Bi*
2 , and c5

ceẑ

B
3“n0* . ~24!

Using ~24!, the drift-wave Lagrangian density~20! becomes

Ldw5c–“cS 12 dc

dt
2f D1

1

2
~bu“fu21af2!, ~25!

wherec~r ,t![x~r ,t!/e. If we substitutef5dic into Eq. ~25!,
the Mattor–Diamond Lagrangian density~1! is recovered.

We conclude this section by noting that the quasineutral-
ity condition ~22! yields the following expression for the
perturbed ion density:

ni152“–Fn0S cẑ

eBi*
3“x2

mic
2

eBi*
2 “f D G . ~26!

The first term on the right side of Eq.~26! corresponds to the
fluid moment of the perturbed ion drift-kinetic Vlasov
distribution,6 *dm Bi* $x,F0%, while the second term corre-
sponds to the ion polarization density.5 Furthermore, by solv-
ing the perturbed cold-ion fluid equation of motion,

dtui11ui1–“u05V i~ui13ẑ2c“f/B! ~27!

to first order inVi
21, we obtain the following expression for

the perturbed ion fluid velocity:

ui15
cẑ

Bi*
3“f2

mic
2

eBi*
2 ~dt“f2“f–“u0!. ~28!

Thus, we write the linear drift-wave equation~23! as the
perturbed ion continuity equation,dtni152“–~n0ui1!, with
the perturbed ion densityni15ne15n0ef/Te ~making use of
the quasineutrality condition and the constraint that electrons
have a Boltzmann distribution! and the perturbed ion fluid
velocity ~28!.

Last, by comparing Eqs.~26! and~27! with the Eulerian
expressions12 for the perturbed densityni1[2“–~n0ji! and
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for the perturbed fluid velocityui1[dtji2ji–“u0 in terms of
the ion fluid displacementji , we find the following expres-
sion for ji :

ji5
cẑ

eBi*
3“x2

mic
2

eBi*
2 “f. ~29!

This expression has a simple interpretation in terms of the
particle displacementd r ~r ,v![$r ,S~r ,v!%p , whereS is the
generating function for a canonical transformation on par-
ticle (p) phase space and$ , %p is the Poisson bracket~for
simplicity of presentation, the time dependence is omitted!.
Writing d r in the guiding-center representation, we find
d r ~R,m,u!5@R1r, Sgc~R,m,u!#, whereSgc[Sgk1eF̃gc/Vi is
the generating function in the guiding-center representation
and $ , % is given by Eq.~8! ~see Ref. 7 for details on the
decomposition ofSgc used here!. If we now gyroangle aver-
aged r ~R,m,u!, the termŝ $r, Sgk%& and ^$R,eF̃gc/Vi%& van-
ish, and we are left with

^d r &~R,m!5$R,Sgk%2
e

B

]

]m
^rf̃gc&. ~30!

In the drift-kinetic limit @see Eqs.~13! and ~15!#, the
gyroangle-averaged particle displacement~30! becomes
^d r & 5 $R,x% 2 (mic

2/eBi*
2)“f, which is exactly equal to

the fluid displacement~29!. Hence, the ion fluid displace-
ment ~29! is composed of~1! the particle displacement gen-
erated by the drift-kinetic generating functionx and ~2! the
ion-polarization displacement.

III. WAVE-ACTION CONSERVATION FOR LINEAR
DRIFT WAVES

In this section, an application of the variational structure
for the linear drift-wave equation, based on the drift-wave
Lagrangian density~25!, is presented. Through the Noether
method,2 we derive an exact wave-action conservation law
for drift waves propagating in a magnetized plasma with
nonuniform background flows. This conservation law, de-
rived following a procedure presented elsewhere,13,14has the
form

]Jdw
]t

1“–Gdw50, ~31!

whereJdw~r ,t! is the wave-action density andGdw~r ,t! is the
wave-action-density flux.

As a first step in deriving the wave-action conservation
law ~31!, the drift-wave Lagrangian density~25! is trans-
formed into theaverageddrift-wave Lagrangian density:

L̄dw[c–@ 1
2~dic“c*1dtc* “c!2~f “c*1f* “c!#

1aufu21bu“fu2, ~32!

where bothf andc are now complex-valued scalar fields.
The wave-action conservation law~31! follows from the fact
that the drift-wave Lagrangian density~32! is invariant under
the phase shift:f→feia andc→ceia, where the constant
phasea is real. The wave-action densityJdw and wave-
action-density fluxGdw in Eq. ~31! are defined, respectively,
in terms of the averaged Lagrangian density~32! as14

Jdw[2 ImS c
]L̄dw

]~] tc!
D 12 ImS f

]L̄dw
]~] tf!

D ,
~33!

Gdw[2 ImS c
]L̄dw

]~“c!
D 12 ImS f

]L̄dw
]~“f!

D .
By substituting the averaged Lagrangian density~32! into
Eq. ~33!, we thus find

Jdw5Im~cc–“c* !,
~34!

Gdw5u0Jdw2c ImS c
dc*

dt D12b Im~f “f* !.

One can check that~34! satisfy the wave-action conservation
law ~31! exactly, using Eqs.~21! and~22!, without requiring
the use of the standard eikonal representation for the wave
fieldsf andc.

We now compare the exact expressions~34! for Jdw and
Gdw with the standard expressions obtained in eikonal wave
theory.8 Using the eikonal representation for the wave fields
c andf,

S c~x,y,t !
f~x,y,t ! D[S ĉ~x,y,t !

f̂~x,y,t ! DeiQ~x,y,t !, ~35!

whereQ(x,y,t) is the eikonal phase, with the local wave
vectork[“Q and the local wave frequencyv[2]tQ, and
(ĉ,f̂) are slowly varying eikonal amplitudes, the drift-wave
Lagrangian density~25! becomes

L̂dw52v8k–cuĉu21 ik–c~f̂ĉ*2f̂* ĉ !1~a1bk2!uf̂u2

5v8@k–c1v8~a1buku2!#uĉu2, ~36!

wherev8[v2k–u0 and f̂52 iv8ĉ was used to obtain the
second equation. The dispersion relation for linear drift
waves,

v5k–u02k–c/~a1buku2!, ~37!

is obtained from]L̂dw/]ĉ50 andv8Þ0, ĉÞ0. If we now
apply the eikonal representation~35! on ~34!, we obtain the
standard results:8

Jdw[
]L̂dw
]v

and Gdw[2
]L̂dw
]k

5S ]v

]k D Jdw , ~38!

where Eqs.~36!–~37! were used and the group velocity]v/
] k is calculated from the dispersion relation~37!.

The energy density in thelab frame, denotedEdw , is
calculated from theeikonal-averaged Lagrangian density
~36! as

Edw[v
]L̂dw
]v

52vk–cuĉu2, ~39!

while the energy density in themoving frame, denoted
Edw8 , is

Edw8 [v8
]L̂dw
]v8

5~a1buku2!uf̂u2, ~40!

where f̂52 iv8ĉ was used.~The relation Edw8 5 Edw

1 Pdw–u0 between these two energy densities involves the
drift-wave momentum density,Pdw[2k ]L̂dw/]v.! We can
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check that, in the eikonal limit, the drift-wave action density
is expressed either asJdw5Edw/v or asJdw 5 Edw8 /v8 since,
for an arbitrary eikonal-averaged LagrangianL̂ and an arbi-
trary unperturbed flow velocityu, we have the identity

E8

v8
5
E1P–u

v2k–u
5
E1~2kE/v!–u

v2k–u
5
E~12k–u/v!

v2k–u
5
E

v
.

Hence, although the wave frequencyv and the wave energy
Edw are not Galilean invariant, the wave-action density is
Galilean invariant. We note that the property that the wave-
action density be equal to the ratio of the wave energy over
the wave frequency is a universal property of all eikonal-
averaged Lagrangians.

Finally, we comment on the wave-action conservation
law for linear drift waves in a stationary magnetized plasma
previously derived by Biskamp and Horton.10 Since the
variational structure for linear drift waves was not known at
that time, Biskamp and Horton derived a conservation law
directly from the linear drift-wave equation; because the con-
served quantity that they obtained was proportional to the
drift-wave energy~ufu21u“fu2!, Biskamp and Horton con-
cluded that, contrary to all other linear dissipationless wave
models ~e.g., linear waves propagating on a string!, the
wave-action density for linear drift waves was equal to its
wave-energy density. The flaw in their construction, in our
opinion, is that the background density was omitted from
their expression for the wave-energy density@see Eq.~7! of
Ref. 10#. For a time-independentbackground plasma, the
conservation laws of wave energy and wave action are quite
familiar; however, for a time-dependentbackground plasma,
the wave energy is no longer conserved~i.e., energy can be
transferred between the waves and the background plasma!
while the wave action is still conserved~i.e., the number of
wave quanta is constant!. Hence, as expected, the conserva-
tion law derived by Biskamp and Horton appears to be a
wave-energyconservation law~not a wave-action conserva-
tion law!, and this law is valid only for a time-independent
background plasma. The first correct derivation of the wave-
action conservation law for linear drift waves in two
dimensions,15 within the standard eikonal representation,8

appears to have been carried out by Mattor and Diamond3

with the help of the Lagrangian density~1!.

IV. SUMMARY

A derivation from first principles of the Mattor–
Diamond Lagrangian density~1! for linear drift waves in a
rotating magnetized plasma was presented. The drift-wave
Lagrangian density~20!, from which the Lagrangian density
~1! can be derived, is a function of two variational fields: the
perturbed electrostatic potentialf and the generating func-
tion x for the perturbed Vlasov distribution function~in the
drift-kinetic limit!. We showed, in Sec. II, how the Lagrang-
ian density~20! was derived from the phase-space Lagrang-
ian densities for the linearized drift-kinetic and gyrokinetic

Vlasov–Poisson equations. In Sec. III, we derived an exact
wave-action conservation law associated with linear drift
waves propagating in a rotating magnetized plasma.

The usefulness of our derivation can be made apparent
when we consider generalizations of the linear drift-wave
equation~23!. In particular, more realistic background mag-
netized plasmas can be easily accommodated through the
drift-kinetic and/or gyrokinetic variational structures. For ex-
ample, nonuniform background magnetic fields, ion kinetic,
or thermal fluid effects, and nonadiabatic electron dynamics
can be included into the drift-wave Lagrangian density~20!.
These additional effects, as well as the investigation of the
variational structure for the dissipationless nonlinear drift-
wave equations~e.g., the Hasegawa–Mima equation5! will
be treated in a future work.

Finally, we point out that the present variational formal-
ism based on the Lagrangian density~1! can also be applied
to the linearized Rossby-wave equation.5
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