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A mini-conference on Hamiltonian and Lagrangian methods in fluid and plasma physics was held on
14 November 2002, as part of the 44th meeting of the Division of Plasma Physics of the American
Physical Society. This paper summarizes the material presented during the talks scheduled during
the Mini-Conference, which was held to honor Allan Kaufman on the occasion of his 75th
birthday. © 2003 American Institute of Physic§DOI: 10.1063/1.1564822

I. INTRODUCTION IIl. HAMILTONIAN METHODS

The languages of Hamiltonian and Lagrangian mechan- Applications of Hamiltonian methods rely on the exis-

ics permeate much of fluid and plasma physics. On the on%ﬁiii g]:epa:engzmo”rtlogiasnetfuor:‘cggg?(;inf;trgiofine?(}j s)Héé,t()I;
hand, Hamiltonian methods provide powerful analytical and= 1,...N), and a Poisson bracket structugé such that

numerical tools for the investigation of the motion of o : K
. : - Hamilton’s equations are expressed asiZ*/dt

gharged partlclgs in compliex electro-magnetic flelds f.;l.nd.the:{gk, H(Zt)). Here, the Poisson bracket must satiéfthe
linear and nonlinear stablllty. of plasrng and fluid eqy|llbr|a. antisymmetry property(f, g}=—1{g, f}, (i) the Leibnitz
On the other hand, Lagrgngldor yar|at|ona] f.or.mulat!on-s property{(f g), h}=f {g, h}+{f, h} g, and(iii) the Jacobi
of fluid and plasma physps provide plear guu_jmg principlescondition {f, {g, h}}=—{g, {h, f}}—{h, {f, g}}, where
for the systematic dynamical reduction of fluid and plasmg(f,g,h) are arbitrary functiongor functionals. Whether the
dynamics through the asymptotic elimination of fast degreegoordinates; are canonical or not determines additional fea-
of freedom and the construction of adiabatic invariants eithetures of the Hamiltonian dynamics. Although the Poisson
by Lagrangian averaging or by Lie-transform methods.bracket structure of a canonical Hamiltonian formulation has
Moreover, variational formulations facilitate the derivation a simple form, canonical coordinates suffer from the problem
of important conservation law®.g., energy-momentum, an- Of being unphysical in most casés.g., they are gauge de-
gular momentum, and wave actjothrough the Noether pendent The exploitation of noncanonical Hamiltonian for-
method. mulations was pioneered by the work of Littlejohn on the

The present paper summarizes the oral talks presented Bgmiltonian theory of guiding-center motidriThe physical
the Mini-Conference on Hamiltonian and Lagrangian methtransparency o_f noncanom(_:al coordinates comes at the cost
ods in fluid and plasma physics held at the 2002 annua?f the complexity of the Poisson bracket structure, although

meeting of the Division of Plasma Physics of the American'ts derivation is solidly grounded mathematically. An impor-

Physical Society. Th ris oraanized by tobic and n tthtant consequence of the noncanonical Poisson bracket struc-
ysical Society. The paperis organized by topic a Ot™Mfre is the existence of Casimir invariar@ ), for which

chronological order in which the talks were given. The orga-{C(é,) F(9)=0 for any functionF(). For example, the
nization is, therefore, as follows: Hamiltonian methg@8sc. noncanonical Lie—Poisson bracket structdre}; for the
Il), Lie-transform methodsSec. Il), Lagrangian methods y/jasov equation is an antisymmetric bilinear operator on the

(Sec. IV), Lagrangian chaogSec. V), and a summary of the  space of Viasov distribution(z) in six-dimensional phase
Mini-Conference(Sec. V). Because this is a summary of a space defined as

topical mini-conference, and not a review paper, no attempt

has been made to provide a comprehensive list of references. oF oG
i {F. Gl= | (D) =57 °z,

Instead, references to the relevant review papers have been f 5f(z)’ of(2)

provided, and citations to original sources can be found

there. whereF[f] andG[ f] are two arbitrary functionals arfg} is

the Poisson bracket structure on six-dimensional phase
aMini-Conference, Bull. Am. Phys. Sod7, 6 (2002. space. Casimir invariants for the Vlasov equation are of the
POrganizers. form C[f]= [ x(f(2))d®z, wherex(f) is an arbitrary func-
1070-664X/2003/10(5)/2163/6/$20.00 2163 © 2003 American Institute of Physics
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tion of f and{C[f], F[f]};=0 for all functionalsF. Ca- of(z) 9g(z) af(2) dg(2)

simir invariant$ play an important role in defining relative {f(2), 9(2)}= at ap ap, dIr*

Hamiltonian equilibria and in investigating linear and non- g g

linear stability. The present section focuses on some applica- I € 9f(2) 99(2) 1)
tions of Hamiltonian methods in fluid and plasma physics. cadp, "7 ap,’

Phil Morrison, the Mini-Conference keynote speaker, adyhere f(z) and g(z) are arbitrary extended-phase-space
dressed the important question associated with the signifiynctions, and ,,(r)=a,A,(r)—a,A,(r) denotes the elec-
cance of the existence of a Hamiltonian structure or a variatromagnetic field. We note here that the electromagnetic field
tional (Lagrangian structure for any dissipationless appears only in the Poisson bracké&), which is derived
dynamical systerfi First, the existence of a variational struc- from the covariant phase-space Lagrangidi=(p,
ture serves as a guiding principle for deriving exact and re-+e A, /c)dr#, and that the covariant Hamiltonian is actu-
duced dynamical equatichand their associated conserva- ally a Lorentz invariant!
tion laws. Several variational formulations for fluids and ~ The covariant perturbation analysis now proceeds as fol-
plasmas exist; the variational formulations for the Viasov!OWS: First, for slowly varying fieldsq),, (with Eo)-B(q)
equation are reviewed by Ye and MorriSamhile the varia- =0), L|e-transfor|_”n _methods lead 1o a covariaguiding-

. . . . . center (gc) description —I',c and H—HgJ). Next, a
tional formulations for ideal fluids are reviewed by Holm, . ; 9 9

. . . . small-amplitude eikonal wave
Marsden, and Ratifi.Next, from a practical point of view,
the existence of a noncanonical Hamiltonian structure re-  F =F g, + e[i(kﬂﬁy—kvﬁﬁ)eXQi6’10)+C.C.]
veals the existence of Casimir invariants for a continuous
Hamiltonian system and, thus, allow the investigation of the
stability of relative Hamiltonian equilibridThrough the use is introduced, wheree<1 is the eikonal small parameter
of Hamiltonian methods, the stability properties of numerousyhile the eikonal amplitudZ\M, the eikonal phasé, and the
dissipationless kinetic, hydrodynamic, and magnetohydrodywave four-vectork,= e‘laﬂa are slowly varying functions
namic systems have been investigated through thef the space—time guiding-center coordinates, so that the co-
LyapunoV’ energy-Casimif, and dynamical accessibility ~Variant guiding-center phase-space Lagrangian becdiges
methods. Another significant application of Hamiltonian and—T'gct € I'w. The wave fast time scale is asymptotically

Lagrangian methods in fusion plasma physics lies with theliminated through a near-identity phase-space transforma-
tion from guiding-center coordinates toscillation-center

Hamiltonian dynamics of magnetic-field lines and the exis- dinat p ofi ) )
tence of closed magnetic surfad8s, (oc) coordinates, expressed as asymptotic series expansions
. . i in powers ofe and denoted’(z,€). The phase-space trans-
Next, Morrison reviewed the variational structure of the : . . o
V] i beainni ih the bi . kformatlon also induces a transformation on the Hamiltonian
exac lflsov equation, beginning wi e pioneering wor HoeKoo= TnggC: Ko+ €2K,), where the covariant qua-
of Low™ and culminating with recent works by Cendra yraiic ponderomotive Hamiltonian for oscillation-centers is
et al’? and Brizard'® and the Hamiltonian and Lagrangian 5 ~
formulations of several exact and reduced fluid mofels., KZ(Z;A,k)=A;(R)K“V(Z;k)AV(R). (2)
ideal magnetohydrodynamitMHD) with flows** and re-
duced MHD®]. Morrison concluded his presentation with a
functional-integral derivation of the fluctuation spectrum of a
VIasov—If’ms_son plasm_a, again highlighting the usefulness of YHU(X)= _J d8Z 64 R—x)f o Z)KH"(Z:K),
the Hamiltonian formalism.
Allan Kaufman reviewed Boghosian's wdflon the co-  \heref,(Z) denotes the oscillation-center Viasov distribu-

variant Lagrangian formulations of guiding-center andtion, which in turn leads to the so-calléd— y theorent®

oscillation-center plasmas. A covariant variational principle ,

. . . 14

is formulated for Vlasov—Maxwell plasma dynamics in _ Sx” _ Y K
terms of electromagnetic fields/potentials in four- 5 o JA—Z 0.AV,

dimensional space—tim@vith coordinatesr#) and particle

+0(€?),

Here, the phase-space<4l tensorK#”(Z;k) appears in the
definition of the linear susceptibility

orbits in eight-dimensional phase spaeith coordinates which relates the oscillation-center ponderomotive Hamil-
2*=(r*,p,)]. The advantages of a covariant formulation in- tgnian to the linear susceptibility. Lastly, Kagfmaq (_ampha-
clude a frame-independent representation in which polarizas-"zed t_he role playeq by the Noether_method n dpnvmg con-
tion and magnetization effects are treated in a unified ma servation laws relating the self-consistent evolution of wave,

) e . NaMhackground plasma, and background fiétde2°
ner. The covariant Hamiltonian and Lagrangian formulations Diego del-Castillo-Negrete presented work on the role of

of charged-particle dynamics proceed as follows. First, theelf.consistent chaos in mean-field Hamiltonian models of
covariant Hamiltonian structure of charged particle motion inflyids and plasmas. Mean-field Hamiltonian theories are in-
electromagnetic fields is given in terms of the covariantermediate between test-particle Hamiltonian theories, in
Hamiltonian H(z)=p”pM/2mE—m02/2 and the covariant which particles interact with wave structures but not with
Poisson bracket each other, and exact Hamiltonian theories, in which self-
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consistent fields produced by particles are taken into accoumfally associated with tremendous algebraic completiity

in wave—particle interactions. Mean-field Hamiltonian mod-the point of requiring the use of symbolic manipulation al-
els can be used to describe the collective dynamics of magorithms. The present section focuses on Alex Dragt's pre-
ginally stable fluidge.g., the dynamics of localized vortices sentation on applications of nonperturbative Lie-transform
with negative and positive circulation in shear flowand methods to the technological challenges associated with the
plasmagle.g., the self-consistent evolution of localized elec-construction of powerful particle acceleratérand advanced
tron holes and clumps in phase spd@. During his talk, light sources’

del-Castillo-Negrete presented the Hamiltonian formulation  The Lie-algebraic tools used in accelerator physics and
of the single-wave modeglSWM) equations describing the geometric optics include symplectic matrices, symplectic
interaction of N particles with phase-space coordinatesmaps, and Lie transformations. A matikis symplectic if it
1(x;, uj);i=1,... N} with a single wavecharacterized by satisfies the conditioMT-J-M=J, whereJ represents the

a time-dependent complex-valued amplituale Here, the canonical symplectic matrix; a mapt is symplectic if its

Hamiltonian for the particles is Jacobian matrix is symplectic; and(f@nite) Lie transforma-
02 tion is defined as
2 ——a (Hexpix) —a*(texp —ixy |, (3 (exp:f)g=g-+{f, gl+1i{f, {f, glt+-, (5)

for any phase-space functiofisand g (using Dragt's nota-
tion :f:g={f, g} for Lie operators

With these Lie-algebraic tools in hand, we now contem-
plate their applications. First, any symplectic m&fy can be

da :
Ua_' U a=— 2 Teexp(—ixy), @ factorized as
k

so that Hamilton’s equationdx; /dt=gdH/du; and du;/dt
= —dH/dx; describe the particle dynamics, while the wave
dynamics is represented by the equation

M= (exp:h:)(exp:h:)(exp:f:) -,
\évhlere (‘T'LlJ'Fk)I are model parameterte.g., c!ur’r:ps zmd where f, is a homogeneous polynomial of degnmedn the

oles are ebe ed by,>0 and Fk<_0' .re'sp.ectlvey The phase- space coordinates, while its inverse map is defined as
SWM equationg3) and(4) have their origin in the study of M, “lo(exp—:f,) (exp—ifs:) (exp—if,:). Here, factor-

the beam—plasma instabiltjMore recently, the system has |zat|on is facilitated by the Baker—Campbell-Hausdorff
been systematically derived under more general conditionéBCH) theorem

as a basic model describing the weakly nonlinear dynamic

of marginally stable Vlasov—Poisson plasmas and localized (exp:f:)(exp:g)=(exp:h), (6)
vorticity perturbations in shear flow$ Also, the SWM bears
interesting similarities with Hamiltonian models used in the
study of long-range interacting systems in statistical
mechanicg? h=f+g+3f, g}+5{f, {f, g}}+{g, {9, f}H+

Ngmerlcal gmgleﬂons beseq on the smgle-weve rnOde,Droof of the BCH theoren(®) relies on the definitior{5) of
e?uatrllons(B) with flnl'ga ar|1d mﬂmtel\_lrhshomr/] the emstfen;:e OIIhe Lie transform and the fact that the Poisson bra¢Ret
0 ICO eren': rotfétmgt Ipole fStateS et conerence o é f Katisfies the antisymmetry property and the Jacobi identity.
fhoeeresta?:)%ilrree uerllncer?fstr?e ?ngi:smetmi resor:jaPhce € \?II Next, the Hamiltonian orbits of charged particles moving

q y particles and the oscillag, - 5, electromagnetic fieldor light ray9 propagating

tion frequency of the self-consistent mean fi&ld@he role of éfmugh an assembly of beam-line elemefts lenses are

which states that a new Lie operator :h: can be constructed
from the Lie operators :f: and :g: through the BCH formula

self-consistent chaos in the formation and deetruction Of cnerated by symplectic mafise., finite canonical transfor-
phas_e—space coherent structures was empha_s_|zed by d ations. Since the guiding action of electromagnetic fields
Castillo-Negrete. Lastly, for some initial condtions, del- has strong similarities with the guiding action of lenses, the
Castillo-Negrete showed that the mean-field exhibits a selfl_Ie algebraic tools defined above can thus find applications
con3|ste_nt ellflptrllc h&/_pe:bollc blf_urlcatlon_t_hat Ief:a(:]s toh the hoth in accelerator physics and in geometric optics. First, a
destructlonRoftzi lpdoSe ans/ Vo fnt mixing o the p 3Cseries ofelementgelectromagnetic multipoles or lengesan
space(see Ref. and Sec. V on Lagrangian chaos be represented by the map produkt=M; M -+, where
each element is represented by a symplectic mép with
(exp:f:) describing paraxial behavior, (exp:j and
The Lie-transform methods traditionally used in Hamil- (exp:f;:) describing second- and third-order aberrations, etc.
tonian perturbation theory involve near-identity infinitesi-  Lastly, the product of maps for two successive elements can
mal) canonical transformations. Practical applications ofbe factorized using the BCH theoref@). Consequently, a
such perturbative Lie-transform methods normally involve map action M:z"—z% can be explicitly constructetby
truncation of asymptotic expansions in powers of a smaldrawing tremendous advantage from symbolic manipulation
dimensionless parameterat finite order and, consequently, algorithms.
involve moderate algebraic complexityonperturbative.ie- Applications of Lie-transform methods to the develop-
transform methods, which involvinite canonical transfor- ment of electron microscopes and linear colliders, for ex-
mations, are used in Hamiltonian orbit theof@ssociated ample, can lead to the cancellation of spherical aberration
with accelerator design, for examplend are, therefore, typi- (always present in axially symmetric electromagnetic sys-

lll. LIE-TRANSFORM METHODS
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tems by the introduction of a sextupole beam-line correcting=(d;+uqy- V) &— & Vuy= éu yields the well-known expres-
element. This cancellation can be explicitly calculated bysion for the constraine(Eulerian variation of the fluid ve-
Lie-transform methods and a consequent spot-size reductidocity u.?®

by at least one order of magnitude can be obserieeg., Darryl Holm presented a variational principle for Euler—
Dragt presented a case where the spot-size was reduced fraincareequations of geophysical fluid dynamics amenable
about 3 A to less than 0.1)ASimilar applications in accel- to asymptotic analysis based on the procedure of Lagrangian
erator physics, for example, provide accelerator designeraveraging’® Holm pointed out that the challenge of geophys-
with the capability of following charged particles through ical fluid modeling is to model large-scaler slow) dynam-

millions of turns around a storage ring. ics while retaining the effects of small-scdte fash dynam-
ics, as represented by fluid turbulence. This situation is
IV. LAGRANGIAN METHODS reminiscent of the single-particle case where fast time scales

(e.g., orbital time scales associated with gyromotion or

Lagrangian (or variational formulations of fluid and pounce motion of a charged particle in a strong magnetic
plasma physics provide powerful guiding principles for thefie|d) are asymptotically eliminated by Lie-transform
derivation of exact and reduced dynamical equations and thgethods! In the present case, two averaging proced(iEes
construction of their associated invariants and conservatiopian and Lagrangiaroffer opposing characteristics. Here,
laws. The present section summarizes the talks presented g, Lagrangian average of a fluid quantitx,t), denoted as
applipations of Lagrangian methods in fluid and plasma)?(xlt) and taken at constant Lagrangian coordingje is
physics. _ , . defined ag((x,t)={(x(x+ € & t)), where( ) denotes an Eu-

Before proceeding with our summary, we point out thate jan averageperformed at a fixed spatial location and

near-idgntity transformations also. exist in fluid .dyna'micsx+eg(xit) represents the exact position of a fluid element
(e.g., ideal magnetohydrodynamicsHere, near-identity whose mean position i (we note that our notation is

transformations are expressed in terms of the Lie opefator slightly different than that of Ref. 29 Hence, Eulerian av-

defined as eraging(taken at a fixed spatial locatipaommutes with the

T, x(X,t)=expe & V)x(x,t)=x(x+e€é)), (7)  spatial gradient and partial time derivative and, consequently,
the momentum-conservation form of hydrodynamical equa-
tions is invariant under Eulerian averaging. Lagrangian aver-
aging(or pathraveraging taken by following a fluid element
commutes with the advective time derivative moving with
Fhe fluid and, consequently, Lagrangian averaging preserves
Important conservation law&.g., Kelvin circulation and po-
tential vorticity). Unfortunately, Eulerian averaging does not
preserve these conservation laws while Lagrangian averaging
does not commute with spatial gradients andhyg defini-
tion) history dependent. Nevertheless, a generalized La-
g grangian meariGLM) theory for Euler—Poincarequations

. -1/ Y0 can be developed within the context of constrained varia-

UE(X,t,g) 'VX(X!t)_Te (aTe X(X!t)) . (8) tional prinCiplesz.g

Additional expressions for perturbed fluid quantities, which The description of large-scalelow) dynamics while re-

can also be derived by Lie-transform methods, include thé"‘_‘ining the effects of the Sm?""sca“f?SD dynamics is pro-
perturbed fluid density vided by a wave, mean flow interacti®W/MFI) model, con-

structed by asymptotic analysis based on two dimensionless
Pt =T, "po(x,1)def V(T )], (9)  parameterda, €) associated with wave amplituder) and
the perturbed fluid entropy eikonal representatiofe) of the wave fields. FOL this pur-
1 pose, we replace&(x,t) in Egs. (7)—(10) with « &(eX, et)
Se(X,1:8) =T, "So(X,1), (10 exie 16(ex, et) ]+ c.c. SO that the perturbed fluid fielgs,
and the perturbe@magneti¢ vector potential Uc, ands, are replaced withp(, ¢y, U, @aNdSq, ¢, re-
_ _1 _1 spectively. These expressions are then inserted into the varia-
AdXEE =T Ag(X 1) = V(T "Ag(X,1) - Iex, (1D tional principle for geophysical fluid dynamics and expanded
where §.x=T_x—x and we have omitted the gauge term in powers ofa ande. The mean-flow Lagrangian is obtained
V(T. 1A 8.X) in Eq. (11). The expressiong9)—(11) can  at zeroth order inx and e, while at ordera?, terms repre-
also be derived from the Lie derivativé; of appropriate senting ray-optics, self-modulatiotdispersion; Wentzel—
differential forms, e.g.p.d®x=exp(—eL)[podx]. Note  Kramers—Brillouin (WKB) stability can be collected at
that the constrained variations of the fluid and electromagzeroth-order, first-order, and second-ordek,mespectively.
netic fieldss¢?= (dp, du, 8s, 5A) used in the standard varia- Some approximations of the WMFI variational principle
tional formulation of ideal magnetohydrodynan®ié® are include?® (i) the derivation of the mean-flow dynamics by
defined fromy2=(p.,u.,s.,A.), as given in Eqs(8)—(11),  settinga=0 and varying with respect to the mean fielts;
as Sy (H=(dy?de)|._q. For example, du./de)._, variation with respect to the wave fields only yields equa-

where y(x,t) is an arbitrary fluid scalar field and the vector
field £ represents the ideal fluid displacement frometer-
ence(or unperturbep position x to the exact(or perturbed
position x+ € &(x,t) of a fluid element. Since near-identity
transformations are invertible, we find the inverse operato
T;l=exp(—e§~V). For Hamiltonian fluid dynamicsgwith
unperturbed fluid velocityy), the unperturbed evolution op-
erator isdy/dt=d/dt+uy-V while the perturbed evolution
operator isd. /dt=4d/dt+u.-V, where the perturbed fluid
velocity can be written as

Downloaded 26 Aug 2003 to 192.80.64.216. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



Phys. Plasmas, Vol. 10, No. 5, May 2003 Mini-conference on Hamiltonian and Lagrangian methods . . . 2167

tions suitable for linearized spectral analys$igith unper- ing the stability of magnetohydrodynam(i®HD) equilibria.
turbed mean-flow dynamics includedand (iii) variation  Thiffeault showed how sufficient conditions for the stability
with respect to mean fields and wave fields, after phase awf MHD equilibria can be obtained by using the dynamical
eraging is performed, yields the WMFI dynamics. accessibility method The use of dynamical accessibility en-
Lazar Friedland presented his work on an averagedures that the physical perturbations preserve the natural con-
variational principle for multiphase nonlinear waves excitedstraints of the system imposed by the Hamiltonian structure.
and controlled by synchronized nonlinear mode conversioitdere, the first and second variations of the fluid fieJflsare
by slow (adiabati¢ passage through resonari€d@he analy- expressed asd{*={G, {*} and &*¢“=3{G, {G, {*} },
sis focused on small periodic perturbations of periodic soluwhereG= [{% x,, d3x is a generating functional arfg is an
tions of the sine-Gordon(SG) equatiod' uy(x,t)  appropriate Poisson bracket structure. From émsatz &
— Uyy(X,t) +sinu(x,t)=e f(x,t). By using an eikonal represen- =p Vy;—x, Vs+BXV X3, Thiffeault showed that the
tation for the perturbation, Friedland showed that, when th€ELD and DA methods are equivalent if the functiops x»,
amplitude of the driving perturbation is above a certaingndy, span the space @f(andvice versa. Lastly, Thiffeault
threshold, one can excite a single phase nonlinear waveforgommented on the fact that this procedure is a generalization
synchronized with the drive. Furthermore, as the driving panf the work of Newcom® and Arnold3® among others, who

rameters vary in time and/or space, the emerging phasgnake use of Lagrangian displacements.
locked waveform slowly evolves near the solution space of

the _unperturbed prpblem and, .|f desired, becomes h|gh|)</_ LAGRANGIAN CHAOS
nonlinear. The oscillatory solutions of the nonlinear SG
equation are the plasma and breather oscillations and Fried- Even in the presence of dissipation, a knowledge of
land showed how each nontrivial nonlinear solution of theHamiltonian dynamics improves our understanding of the
SG equation created from zero and controlled by a smaltole played by dissipative dynamics. John Finn presented
forcing. Lastly, Friedland presented an outline of the theorynumerical results of work on self-consistent Lagrangian
and numerical simulation results of this excitation processhaos(i.e., chaotic advectiorin locking bifurcations in two-
based on multi-phase Whitham’s averaged variational prindimensional shear flows. Here, two-dimensional shear flows
ciple. are modeled by the velocity field=V ¢ X 2 and the vorticity
Eliezer Hameiri presented a review of the variationalscalar fieldw=2-V Xv=—V?2¢ in terms of the scalar field
formulation of the energy-Casimir stability analysis of ¢(x,y,t). Two-dimensional fluid motiorx=v is thus de-
plasma equilibria with general flowd.Beginning with a scribed as a Hamiltonian systemx=d¢/dy and ¥

single-fluid model (Hall-MHD), Hameiri identified two =-—4d¢/dx, with ¢ acting as the Hamiltonian. As is well
stream functionsyy and ¢ associated with axisymmetric known, the fluid motion is integrable if the Hamiltonian is
plasma equilibrium. The first stream functignis the famil-  time independent, or can be made time independent by a

iar magnetic flux function defined from the magnetic equa-change of variable, e.g., a change of frame; if the Hamil-
tion B-V¢=0 while the second stream functigm defines tonian is time dependent, Lagrangian chaos is possible. La-
flow surfaces through the relatian Vo =0. We note that a grangian chaos is defined by the property of fluid elements
general plasma equilibrium with flows requires that its en-following chaotic trajectories while Eulerian chaos is defined
tropy s satisfyu-Vs=0, i.e., the entropwg(¢) is a function in terms of turbulence at a fixed location; as a result of La-
of the flow stream functionp. Moreover, Hameiri showed grangian chaos, if a passive scalar field is injected into a
that constant-entropy surfaces are also defined from an aphaotic flow, the passive scalar field is advected, stretched,
plication of a modified version of Ertel's theorem, which and folded by the chaotic nature of the fI8WEinn pointed
leads to the conditioB* - Vs=0, whereB* =B+a 'V Xxu out that Lagrangian chaos does not imply Eulerian chaos
is related to the curl of the canonical momentum of the(although it enhances transpoand that even laminar peri-
single-fluid (with a=¢;/m,). Hence, in an axisymmetric odic flows can lead to complex Lagrangian trajectories with
plasma equilibrium with flows, we may writB=V XV  statistical properties similar to turbulent flows.
+1VZ andB*=V({XVe+1*V{, wherel andl* are func- Next, Finn investigated the self-consistent Lagrangian
tions of ¢ and ¢ (our notatior). After identifying all the chaos in a fluid system consisting of a nonlinear wave due to
constants of the motion for a given plasma equilibrium witha shear-flow(Kelvin—Helmholt? instability and an exter-
flows, a variational principle is developé&8hich yields a  nally imposed sinusoidal perturbation; the fluid was taken to
description of plasma equilibrium with flows in terms of two be two-dimensional and incompressible. Self-consistent La-
coupled Grad—Shafranov equations fé@rand ¢. Hameiri  grangian chaos was observed in the sense that the vorticity
also discussed extensions of this variational formulation ofvas actively advected with the floR? The Navier—Stokes
equilibria with flows to the multi-species magnetofluid casesystem describing the fluid was studied by direct numerical
and the classical fluid case. simulation (involving symplectic integration techniquesn
Jean-Luc Thiffeault presented work on a unified varia-the region of parameter space studigthderately large Rey-
tional formulation of the nonlinear stability analysis of nolds numbey Lagrangian chaos in the presence of smooth
static* and stationary? plasma equilibria. In particular, the flows is relevant, and in this range the bifurcations which
methods ofEulerianizedLagrangian displacementgELD)?®  occur are low dimensional. The main features observed dur-
[see Egs.(8)—(11)], dynamical accessibility(DA),° and ing direct numerical simulations are locking and unlocking
energy-Casimi(EC)® are shown to be equivalent in assess-bifurcations, the latter related to the self-consistent Lagrang-
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