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A new Lagrangian formulation for laser-plasma interactions
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A new Lagrangian structure for cold relativistic plasma electrodynamics is presented. This new
formulation uses the fluid velocity instead of the canonical-momentum Clebsch poteutigX. L.

Chen and R. N. Sudan, Phys. Fluid6B1336(1993]. As a simple application, it is used to derive
(through the Noether methpchew exact conservation laws associated with nonlinear laser
wake-field equations in the multi-dimensional quasi-static approximation.19@8 American
Institute of Physicq.S1070-664X98)00104-9

I. INTRODUCTION netic fields associated with the electromagnetic potentials

. . (¢,A): E=—Vo—c 194A and B=VXA. For self-
Small-scale laser wake-field acceleratiofh WFA) consistency, the Maxwell equations

schemes are presently being considered as substitutes for

large-scale conventional particle acceleratdes recent re- 0=V-E+4me(n—N), ()
views, see Refs. 1)2The simplest LWFA scheme considers
the self-consistent interaction between a high-potnegh- —=cVxB+4menv, 4

frequency laser pulse with a cold relativistitunderdense at
electron plasma in the presence ofreeutralizing nonuni-  are added t¢1) and(2) to form the complete sétl)—(4) for
form fixed-ion backgrounde.g., a plasma chanrigl Since  the analysis of nonlinear laser-plasma interactionghin
the laser high power induces large electron quiver velocitiesthe simplest LWFA scheme(The remaining two Maxwell
the plasma electrons are treated relativistically and thermadquations follow directly from the definitions & andB in
effects are treated as higher-order effects and can be neéerms of ¢ andA.) In (3), N=N(r) represents the nonuni-
glected. form fixed-ion background density; note that3) holds true

In LWFA schemes, a plasma wakefield is generated bynitially then it holds true for all times, as dictated ) and
the displacement of electrons caused by the ponderomotiv@).
force associated with a high-frequency laser pulse propagat-
ing in an underdense plasma. Because of their large mass, tBe Lagrangian formulations
plasma ions are stationary and prowde a ne_utrallzmg back- The set of nonlinear equatiori&)—(4) has been exten-
ground which produces an electrostatic restoring force on the. : ; ) L

) . : Sively investigated in the pagsee Ref. 1 for a historical

electrons. Since the laser field travels in the plasma at a

speed close to the speed of light, the plasma wakefield Casnurve)). Because of their complexity, these equations are

trap and accelerate electrons to high energies. usually §olv§c(§1nalyt|cally or pumer|callyby using a num-

ber of simplifying approximations. For example, the use of
A. Basic equations the eikonal approximatidnfor the laser field is justified by
the fact that it has fast spatial and temporal scales compared

The basic set of nonlinear equations describing the inter: .
! ! quas oing ! to the plasma wake field and the plasma background. Fol-

action of a laser pulse with a cold relativistic electron pla:smaI . . .
includes the electron continuity equation owing _the _standard app_roach_, the implementation of such
approximation schemes is typically done at the level of the
equations themselves. Beside often involving tedious alge-
—=—V.nv, ) bra, the standard approach offers no guiding principle on
how truncation is to be carried out in order to preserve the
conservation lawse.g., energy and momentyrassociated
with (1)—(4). Yet these conservation laws can play an impor-
tant role in checking numerical schemes used for solving

wheren is the electron plasma density amnds the electron
fluid velocity; and the relativisti¢kinetic) momentum equa-

tion (1)—(4) or approximate equations derived from them.
An alternative approach relies on the existence of a La-
J \% i i _ i -
9P _ ~v.Vp—e|lE+ -xB|, @) grangian for.mulat|on for.(l) (4). In the I._agr{:mglan ap-
ot c proach, the implementation of an approximation scheme is

done at the level of the Lagrangian itsélle., before using
where the kinetic momentum isp=myv, with the variational principlg which greatly reduces the number
y=(1—|v/c|?)~*2 and (—e,m) are the charge and mass of of algebraic manipulations. Hence, one useful application of
a single electron. I1f2), E andB are the electric and mag- the Lagrangian approach is that it can be used to check the
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self-consistency of existing sets of approximate equationbrief presentation of the Chen-Sudan Lagrangian formula-
derived by the standard approach. In addition, any set ofion, we present a new Lagrangian formulation based on the
equations obtained from a truncated Lagrangian will autouse of physical fields.

matically preserve the conservation laws(bf—(4). Further-

more, the existence of a Lagrangian formulation fbr(4) A. Clebsch-potential variational principle

allows the use of the povyerfulaveraged-.Lagrang|an In the Clebsch-potential variational principle found by
metho& in studying the coupling between h|gh-frequencyChen and Sudah,the variational fields are ni iy, ¢,A),
laser field, the low-frequency plasma wake, and t_he plasm@vherew is the electron fluid canonical-momentum potential:
background. More generally, it also allows solutions of a

given set of equations to be investigated without explicitty ~ Pc=myv—eA/c=V . ()

knowing them; for instance, conservation laws can used @4 ationg1)—(4) are obtained from the variational principle

discuss whether instabilities exfst. _ 8fd3kdtZ¢p=0, where the Clebsch-potentidCP) La-
The primary goal of this work is to present Lagrang'angrangian density is

formulations for(1)—(4) as well as any approximate sets of
equations derived from theniExplicit applications of the
Lagrangian formulation are beyond the scope of this work
and are left for future work; see Sec. V for some possible
applications. Two Lagrangian formulations fofl)—(4) are +e(n=N)¢, ©®
presented in Sec. Il. The first one, due to Chen and Sldanwhere the relativistic factoy is

makes use of the Clebsch representdtifam the canonical _ > 5
momentump.= V¢ in terms of the Clebsch potentig [see y=V1+[Vy+eAic|?(mc)* @
(5) below] when the former satisfiee xp.=0. In the Chen-  We note that the factory— 1) appears ir{6) instead ofy so
Sudan formulation, the four variational fields, (s, »,A) are  that, in the absence of the laser puls®=0), the back-
varied independently in the variational principle ground plasma fields are{v,v,$)=(N,0,1,0) and the total
8/d3xdt#=0, which then give$1)—(4). Unfortunately, the  energy functional vanishdsee(27.b and Ref. 7 for details

1 o
Yoo (EP= B[ -1 T(y—l)mcz}

presence of the unphysical potenti@alprevents us from us- Chen and Sudan used the Lagrangi@nto study the
ing the Noether methdd® for finding exact conservation propagation of an intense laser pulse in a multi-dimensional
laws for (1)—(4). background plasma. The existence (6§ allowed them to

The second(new) Lagrangian formulation uses the use the average Lagrangian method to st{idy(4) in vari-
electron-fluid velocityv as a variational field instead of the ous limits. Their work revealed the importance of wave-
potential . In the constrainedvariational principle dispersion effects on the laser-pulse propagatveimich had
8fd3xdt#=0, however, the variationén and v are not  been omitted in works prior to thejrs
independerit but are instead expressed in terms of the fluid ~ The variational principlesfd3xdt“.p=0 under arbi-
displacemeng [see(13.b below]. In Sec. Ill, we show how trary variations ¢n, 8y, 5¢,5A) yields the cold relativistic
our new formulation allows the use of the Noether method irelectron plasma electrodynamics equations as follows. Arbi-

deriving exact conservation laws associated with-(4). trary variations indy, 6¢, and 6A yield
Although these two Lagrangian formulations are related 9 PpY Py
[see(18)], the new formulation offers greater flexibility in 0= —<P_ _( =~CP _V,(ﬂ), (8a)
deriving reducedLagrangian formulations for approximate dp It\d(dh) (Vi)
equations. We demonstrate this feature by deriving, in Sec. 0% cp 0% cp
IV, a Lagrangian formulation for the nonlinear theory of in- 0= ( ) (8b)
tense laser-plasma interaction in thaulti-dimensional I JE
quasi-static approximatioiMDQS).? The Lagrangian for- 0%cp 10 (d%cp I%cp
mulation for a simpler set ofone-dimensionalquasi-static 0= A + c E( JE ) X( B )’ (80

equations has already been constructed by Decker and
Mori;*® we recover their Lagrangian formulation in the ap- Which, in turn, correspond to Eqsl), (3) and (4), respec-
propriate limit. By app|y|ng the Noether method on the tlvely For an arbitrary Va.ria.tiomn, on the other hand, we
MDQS Lagrangian formulation, exact conservation laws cor-obtain
responding to conservation of momentum, energy, and action
are derived. In Sec. V, we summarize our work and discuss E:e(ﬁ_(y_ 1)mc2. (9)
potential applications of this new Lagrangian formulation.
To show that this equation is equivalent to E2), we trans-
form (2) into an equation for the canonical momentum

p.=p—eAlc:
Il. LAGRANGIAN FORMULATIONS P¢
WEV[eqS—(y—l)mcz]Jrvaxpc. (10)

The nonlinear equationd)-(4) were recently shown to
possess a Lagrangian formulation by Chen and Sddlaeir  The evolution equations, 2=V x(vxQ) for Q=Vxp.,
formulation relies on the use of Clebsch potentfalsiter a  obtained by taking the curl ofL0), implies that if€ is ini-
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tially zero, then it remains zero for all times. Hence, under o9&
this assumptiorte.g., before the arrival of the laser pulse, we ~ dN=—V-ng,  dv=—r+v-VE-§-Vv. (13b
have Q=0), by substitutingp.=V ¢ into (10) we recover
(9). Substituting these constraints into(13.9, with
SE=—Vép—c 19,6A and 5B=V x 5A, we obtain
B. New constrained variational principle 5;7 (a/) ( 0% 0~
8% = +V-J—§- — +V. +(Vv)
In the new constrained variational principle, the varia- v v
tions of the fluid fields ,v) are not arbitrary but are instead 0 07 97
constrained by being expressed in terms ofidual fluid —nV( + 8¢ +V- ”
displacemeng [see(13.b]. The advantage of this variational JI¢
principle compared to the previous one is thainstead of 0. EX% 0.7
the unphysical Clebsch potentigl appears explicitly. This + 5A'{ AT Ca aE) +Vx &B”’ (14)
situation allows a straightforward application of the Noether
method for the derivation of exact conservation laws. where the densities” andJ are
Equationg1)—(4) are obtained from the variational prin-
. 3 o ) T 0% A 0¥
ciple §fd°xdt%.,=0, where the constrained-variation J=§. (153
(CV) Lagrangian density is v ¢ oE’
’ . env 0 < 0.7 0 07
Lov=mnE(1l-y H+e(n—N)gp— A J=vé—- on oE TOAX—o. (15b

1
+ g (IE*=[B[*, (11

wherey=(1—|v|?%/c?) 2 This Lagrangian is a simple gen-

eralization of the single-particle relativistic Lagrangian dis-

cussed, for example, in Ref. 14.

1. Gauge invariance

out that, for
.) which depends on the potentiafsand A ex-

We point
L(d,A, ..

plicitly, electromagnetic gauge invariance of the Lagrangian

density requires that, under the gauge transformation:
d— p—c Loxlot and A-A+Vy, (12a

wherey is an arbitrary scalar field, the Lagrangian density be 0=

independent of, i.e.,

07 J( 0% A
x0T E(&(am)w'(a(vm)' (120
This condition is satisfied when
A% 0.7
cat aqﬁ)_v' oA =0 (129

is satisfied. We can readily check by substitutidd) that
the gauge invariance conditiofl2.9 yields the particle
number(or chargé conservation law(1).'°

2. Constrained-variational principle
We now proceed with the variational derivation (@)—

(4) based on (11). An arbitrary variation of
Z(n,v,¢,A,E,B) yields
8% = aV 2 +6 +4B il 13
=N “ov ¢a¢ og (139

where the variationssn and év are not arbitrary but are
instead expressed in terms of thietual fluid displacement

g:ll

a Lagrangian density

Since ¢, 6¢,0A) are arbitrary, the variational principle
S[d®xdtZ.y=0 (where the spatial integration extends to
infinity and the time integral is over a finite time interyal

yields
220 o [ o e
. nV( (Zf?%f,‘lcv> ’ (163
0— a;{;\, .(a;{év), -

which correspond td2), (3), and (4), respectively[Recall
that (1) is obtained from the gauge-invariance condition
(12.9.] Here, it is understood that the variation& §¢, 5A)
vanish at infinity as well as at the time-integration bound-
aries, so that the surface terms coming frgfirandJ vanish.

Since (16.a—¢ must be true for all variations
(& 6¢,5A), then(14) becomes
09
8L cy= é—;7+ v-J. ()

This equation is the starting point of the application of the
Noether method in deriving conservation lafesg., energy,
linear and angular momenta, and wave agtion

C. Relation between the two Lagrangian formulations

Since the two Lagrangian&) and (11) describe the
same equationevhenV xp.=0), there must exist a simple
expression relating them. Indeed the relation between the
Clebsch-potential(CP) Lagrangian density(6) and the
constrained-variatiofCV) Lagrangian densityll) is
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Fev= Loyt ol D4y ’ v 7= g = NP
Lep=Zevt | o V== (ny)=V-(vny), J=(g—ov)- v | OEFC I
(19 y
. n |0L
where s appears as a Lagrange multiplier af(7) must —|op— E‘A %’ (213
be used in verifying the identity. We note that, since the last
two terms are exact derivatives, they do not modify the out- 07 z N
come of the variational principlé[d3xdt#=0. We note J=v(n- ‘TV)'W_(W_ (TV)n(?_n+(CU¢_ 7-A) 3
that the (noncanonical Hamiltonian structure forn(1)—(4)
was developed about ten years ago by Holm and z 07
Kupershmidt:® the Hamiltonian functional is common to — g F(CoBt 9xB)X—g, (21D

both Lagrangians7Z=nmc(y—1)+ (E|?+|B|?)/8.

We note that finite-temperature effects, full ion dynam-
ics, the presence of a beam-particle population, as well a2
any other dissipationless effect, can be easily included in

where exact derivatives and terms which vanish explicitly as
result of(16.a—¢ are omitted.

these Lagrangian formulations. For simplicity, only the sim-
plest LWFA model is considered in this paper.

IIl. NOETHER SYMMETRIES AND CONSERVATION
LAWS

Exact momentum and energy conservation laws can now

be derived from(17) by the Noether methddas follows
(additional conservation laws are discussed in Sec. )l C
First, we introduce the infinitesimal generators toriform
temporal and spatial translations: and 7, respectively.
Next, we introduce

§=n—ov, (199
so thatén and v become
on=— oa_n —5-Vn and dv=— Ua_v —5-Vv, (19b
ot at
while §¢ and SA are given as
s¢=nE— | og- 1’-A),
ot c
SA=yxB+coE+V(cogp— n-A); (190

A. Momentum conservation law

Symmetry of a general Lagrangian density
Z(n,...,B;x,t) with respect to an infinitesimal spatial trans-
lation (0=0,+#0) yields[from (17), (20.9, and(21.a and
b)]

dG
E+V~T=V’%’, (229
where
0% Ad¥Y 0% B
EW+E£+§—E><E, (22b
is the momentum-density vector,
TEV&Z B(?,,%?_ A B A
ov B JA JE
A7 0%
+1| £—n o 'o'?_B)’ (220

is the momentum-density-flux tensor. For the Lagrangian
density(11), we find

(239

we note that geometric interpretations for these expressions

are available but are beyond the scope of this paper. To

(19.a—¢, we add

- 0Ly 9" Ley - L
5;%CVE_0'( . at = (VZcy=V' Zev),
(20a
where
vio=vo-|wnliwtlyve Ll
L=V D n an V- EY e . 7B
(20b)
and
19’5,6"_ 0.5 an &Z; ov (9,,%;+ 0B 0% 20
ot \atan tawaw T aas 309

T= ! EE+BB L E|2+|B|?)I Nol
=mnyw-— — —§(| |“+[B|*)I|—eNgl,

(23b
and
V' %ey=—edVN, (230
so that(22.9 becomes
G
W+V-T=—e¢VN. (24

If the ion background densiti{ is invariant along a particu-
lar direction, then the component & in that direction is
conservedthis is the Noether theoremMoreover, accord-
ing to (24), a finite background-density gradie¥itN, when
coupled to the plasma wake fieltl (due to an electron den-

denote explicit spatial and temporal derivatives of the La=sity perturbatiofp causes the total momentum dendByin

grangian density/( - - -;x,t). Substituting these expressions
into (15.a and I we find

the direction of the density gradient to change. This in turn
indicates how transfer of momentum between the laser pulse
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and the plasma wakéor the electronsis affected by the The latter symmetry is associated with a Lagrangian
plasma backgrounths was mentioned in Ref. 16 density 4 which depends on aomplexvalued multi-

We note that the Noether equati¢?4), with G and T  component field¥; (i=1,...N) and its derivatives(ex-
given by(23.a and I is gauge-invarianfalthough not mani- pressed ag¥;/dx*, wherex* denotes either time or spa-
festly sg. A different form for (24) which is manifestly tial coordinatesx). The invariance of the real-valued

gauge-invariant can be obtained by defining Lagrangian% under the phase-shift transformation
eN AP ie
GEG’—TA and T=T'—eNgl, (259 Vimwies, (283
where e<1 is a real infinitesimal phase shift, leads to the
so that(24) becomes conservation law:
: = 0%
IXH AV lax ")

This equation implies that iE vanishes everywhere in a
particular direction, then the component®f in that direc-
tion is also conserved. Equatid®5.b could also be used to
study the generation of quasi-static magnetic fields in lase
plasma interactions.

where sum over repeated indices is implied. In previous
work,¥=2°we have found that when the eikonal representa-
fion for W; is used,(28.b corresponds to the conservation of

wave action. Conservation of wave action is considered ex-

plicitly in the next sectionsee Sec. IVD 2

B. Energy conservation law

Next, symmetry of the Lagrangian density IV. NONLINEAR EQUATIONS IN THE QUASI-STATIC
A(n,...,B;x,t) with respect to an infinitesimal time transla- APPROXIMATION

tion (o-#0,=0) yieldsfrom (17), (20.8, and(21.a and b} In this section, we consider one application of the new

JE 'z Lagrangian formulatior(11). We derive a Lagrangian for-
ot +V-S= at (268 mylation for the nonlinear laser-plasma wake equations in
the multi-dimensional quasi-static  (MDQYS)
where approximation®?*[these equations were initially derived by
0.z 0.7 A7 applying the MDQS approximation on the nonlinear equa-
E=v.——+¢ 70 tE—= - (26D tions(1)—(4)]. The existence of a Lagrangian formulation for
. _ the MDQS equations points to their self-consistency and en-
is the energy density, sures that they preserve all of the important conservation
07 (9/ 07 9 laws which the original equations possess.
S=c v "on ) (260 The Lagrangian formulation for the simplest sef ofe-

dimensional QS nonlinear equatiofshas already been con-
is the energy-density flux. By substitutiigil) into (26.b and  structeda fortiori by Decker and Mor#3 It is recovered here
¢) (while using the fact that the fixed-ion background densityfrom our MDQS Lagrangian density in the one-dimensional
is time independent, i.ed; “cy=—e¢dN=0), one obtains QS (1DQS limit [see(34.9]. Decker and Mori then used the

the energy conservation law: Lagrangian(34.9 to investigate the propagation of a large-
JE amplitude laser pulse in a one-dimensional underdense un-
—+V-S=0, (278  magnetized plasma. The new MDQS Lagrangias) could
at be used to extend this work to two and three dimensions
where (such an application is, however, outside the scope of this
1 work).
E=mcn(y-1)+ §(|E|2+|B|2)’ (27 A MDQS Lagrangian density

. In the MDQS model? the evolution equations for the
S=mcén(y—1)v+ -—EXB. (279  fields (n,v,¢,A) are written in terms of théight-frame co-

4 ordinates ¢,x, ,7), where{=z—ct, X, =(X,Yy), andr=t. In
these coordinatesY=V, +2zd/af, V?=V?+4%3¢%, and
alot=aldt—cald¢. Next, to facilitate comparison with pre-

Other conservation laws associated with the continuousious QS models, we introduce the following normalization:

symmetries of a Lagrangian density includa) the conser- p=n/N, u=yv/c, p=ed/mc?, anda=eA/mc?; as in Ref.
vation of angular momentum associated with rotational sym12, we also consider a uniform background denkity
metry; (b) the conservation of helicity (defined as We now break up each fieltp(u,¢,a) in terms of its
h=p.-V xp,) associated with relabeling symmefifgr fluid low-frequency wakefield componefdenoted by an overbar
systemg '’ and (c) the conservation of wave action associ- and its high-frequency laser-field componédenoted by a
ated with phase-shift symmett§. tilde). Hence, we use

C. Other conservation laws
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(293

a=a+a,

where the terma in u represents the relativistic electron
quiver velocity. We assume that batanda are divergence-
less and thaz-a=0. We further assume that has circular
polarization, i.e.,a=(ae'’+a*e '%)/2, where# is the fast
laser eikonal phase and the eikonal amplitudeand a*
satisfya-a=0=a* -a* anda-a*=|al?, so that|a|? is inde-
pendent of the fast laser time scalé.e., |al?

#-independent Hence, the relativistic factor has only a low-
frequency component:

y=(1+|u>+|a]?)Y2=1y. (29b)

In addmon in the MDQS approximatioff, the wakefields
(p u, ¢ a) are functions of {,x,) only (i.e., . vanishes
whenever it acts on wakefieldsThus, when these expres-
sions are substituted into the Lagrangian denélty), we
obtain

Z=Kp(1+e—y Y1+u-a+|a?))—¢]

Hlve oal" V xa|?
S| |Ve 7 |V xal
e ga dal’ Ux32 20
2\ 2lar %oz |Vxal|, (30
wherek2=47Ne?/mc?.
Next, the wakefield equatiorigbtained from(30)]
- =Vil pP=|
"\ y
ﬁ—g(u—a)=V(7—qo), (31b)
(92
V2+? e=K(p—1), (319
K o
2P
Via= ;u O,’é,V(p, (310
can be used to solve fop(u,a):*?
S U e R e 5%
p= X =y LX, (329
1 U”/'}/ 1+X
— 1l — (1+|u/]?+]a?
2 1+y
(32b)
— X
e pkzviaé’

Alain J. Brizard 1115
- u, — o

Vza\\:VfU|\—Vra—§, Vi'ai:_a_gu (329
where

X=¢-a=y-1-u. (329

From the conditionV-a=0, we may writea,=V2f and

a =- Vlagf (where f is a scalar field so that

an—(Vla” agai)xi. Likewise, from the conditions

V-a=0 andz-a=0, we find Vxa=zb,+zxd,a, where
b,=2-V, xa.

Substituting these expressions in&0), we obtain the
MDQS Lagrangian density

T )
upes= 5| VX~ kpx +u 00 V. 77

—(K3+V2x)uy(x,a)
1/ 1 2 9a da
+3 2

—Eza—g—(bu) )

gal?

T

(33

We note from(32.H thatu_II depends explicitly on the wake-
field y (and_its derivativesand _the laser fielda (through
|al?), while u, depends only ory (and its derivatives

B. One-dimensional QS limit

In the one-dimensional QELDQS limit,?* the spatial

dependence of the fields involves only i.e., inserting
V,=0 in (32.a—¢, we obtain

b,=0, a=0, andu,=0. (343
From (32.a and b we obtain

p=(1-p)~" uw=yB, and y=(1+¢)p.  (34b

Substituting these expressions into the MDQS Lagrangian
density(33), we obtain the 1DQS Lagrangian density

o ffee\® L — 1+[3?) | 1l
2 da da 2
car (9§ (349

from which the nonlinear coupled equations fbranda are
derived. This Lagrangian was previously constructed by
Decker and Mori® and used in their study of the propagation
of an intense laser pulse in an underdense unmagnetized
plasma. It is derived here from first principles by introducing
the 1DQS approximationi34.a and b into the Lagrangian
density(33).

C. MDQS variational principle

We now proceed to show that the MDQS nonlinear
equations fory anda [see(38.a and bbelow] are obtained
from the variational principleSfdzxLdgderMDQs=O.

An arbitrary variation of(33) yields
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d 7 9 J” laws (within the MDQS approximationcan be derived by
8 Mpes™ 3~ &g +V, - applying the Noether method on the Lagrangian der{8iy.
Px (Ko, |— au,
- a—gz - T =Vi|ju—=V, i 1. Energy and parallel momentum conservation laws

We first derive the energy and parallel momentum con-
servation laws. Substituting the light-frame coordinates

—da S\ @2 caral ' (¢x,,7) into the variationg19.9, we find
35 X
o _ (39 Sx=(co— 77\\) (409
where the following identity obtained from(32.5] a’
v ~ ga ga
su, v, X 37 X2+ vixeu, sa=—o o +(co—m)y;, (40b)
k2_ k2 whereo and 7, are generators for infinitesimal temporal and
(k2+VfX)+ —puH Sx— ) 5a (36)  spatial(along thel-axis) translations. Moreover, we have
Y ’)’ — —~
o 3% mpgs 3% \bQs
is used, and the densitieg, J,, andJ, are defined as 8%upes=—o—— — +(Co—np)— . (400)
. da(da da where ther partial derivative acts only on the laser-field
T2 \ar _C,g_g ' (378 terms in(33). After some algebra, recognizing that the trans-

formations J,—J,—V, -I'l and J, —J, +4,I', leave the

ax _ Sa da right side of(39) invariant, and using the identi§86), with

Jy= ‘(ag A\ UL) (370 5(---) replaced by, (- - -), we obtain theexactenergy ¢
#0) conservation law:

c o’

— __&5;_ e A o ~|2 ~ ~
Ji=6xV, y+tu ———uV, ox—saxzh,. (379 9 _d1 LA € g 5122 _.%)
9% ar  all 2c|ar +5(b)T VL byl = €or)**
From (35), the variational principIeSfdzxLdgdn%’MDQf0 — i~y
yields, for arbitrary variations’y and sa (which vanish at + ckap 93] (41a
the integration boundaries so that the surface terms coming 27 a¢ "’
fi 7, J,, andJ ish, th li MDQS | - . .
v:/(;rll]efi/;d v“aqu?[ion? vanish), the nonlinear QS laser where# is the MDQS energy density:
~ ~| 2
— 1/|19a Ja ~
2 # 15\~ pkpe = ( ——— 7 +[Vx 2)
2 o= a.| y (41b)
+ - = — — T
(VL C ool @ &Tz)a ” a, (389 2\|car a¢

which is the dimensionless form of the laser field energy

Px (ks (|E|?+|B|?)/87 [see(27.H)].
= = Vi ju+ (VL u,), (38b) Theexactparallel momentum £, # 0) conservation law,
e a p I
__on the other hand, is
i;r;cgatrlzsze(ait;f:]izgs are valid for arbitrary variatiolys 0 o)1 Jal? 1 sl (55 Ja
’ ar  dl| 2c2|aT 7 (b0 L) DiEXgs
8 gs=—— 97, %h +V,.d,. (39) = .=
QST g o kp_p dla| 423
This equation then becomes the starting point for the appli- 2y 9

cation of the Noether method in derivimxactconservation whereZ, is the MDQS parallel momentum density:
laws (as demonstrated in the previous section for the full

equations 1 Ja (l da da

c it ¢9§ ’ (42b)

which is the dimensionless form of the laser parallel momen-
D. Exact MDQS conservation laws tum 2-(E><B)/4qrc [see(23.3].

The analytical and numerical solutions of the nonlinear ~ Looking at(41.a9 and(42.9, we see how ponderomotive
equations(38.a and b represent a difficult task. The exis- effects(represented by§|5|2) induce transfer of energy and
tence of conservation laws associated with these equations figrallel momentum between the laser pulse and the plasma
often quite crucial in obtaining reliable results. Beca(B®a wake. We note, however, that the quantify- ¢ is con-
and b possess a Lagrangian formulati@xactconservation served:
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2)

—(oa _ oda
+VJ_‘ bH __ZC_

aT a¢

in analogy to the single-particle ca%e.

AP 1|da
5 f¢ ”)_ag c2|ar

xZ|. (420

2. Wave action conservation law

Next, we derive a third conservation law frof@9) by

allowing the complexification of the laser fiel}*® while y
remains rea(see discussion in Sec. II)lCNow consider the

Alain J. Brizard 1117

(1DQS limit, %2 we recovered a Lagrangian formulation pre-
viously constructed by Decker and MdriNext, we applied
the Noether method to obtain exact conservation laws for the
MDQS nonlinear equations.

In future work, we will turn our attention to applications
of the Lagrangian formulation€l1) and (33). In particular,
we are interested in finding out ways of optimizing the back-
ground plasma density profile, for a given laser pulse, to
yield an optimal plasma wake fielgvhich gives the neces-
sary accelerating potentjal Another possible direction
would be to generalize the MDQS equatidi38.a-h to in-
clude finite background-density gradients.

variations ofa anda* under the infinitesimal phase changes o\ckNOWLEDGMENTS

a—ae'c anda* —a*e '€, wheree is real ande<1. Thus,
sa=iea, sa* =—iea*, and, since%ypos and x are both

real, 5,%MDQS=O=5)? Substituting these expressions in
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(39) yields the followingexactwave-action conservation law contracts No. PDDEFG-03-95ER-40936 and DE-ACO3-

for the laser field:

o4 _ 9, a ga* Y B EG 43
= — —_—— . X
or ol ¢ ar L-Im(byaxz), “3
where the wave-action density is
. a(ga* ga* "
Z=Im o )| (44)

which is the dimensionless form of IA{ -E/4wc). Using
the eikonal representation fér (with E=iwA/c), this last
expression becomas ™ |E|?/47, which is indeed the action
of an electromagnetic wave.

V. CONCLUSIONS
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