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Abstract

The elimination of a fast-time scale from the Vlasov equation by Lie-transform methods is an important step in deriving a
reduced Vlasov equation such as the drift-kinetic Vlasov equation or the gyrokinetic Vlasov equation. It is shown here that
this dynamical reduction also leads to the introduction of polarization and magnetization effects in the reduced Maxwell
equations, which ensure that the reduced Vlasov—Maxwell equations possess an exact energy—-momentum conservation law.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The asymptotic elimination of fast-time scales from the Vlasov equation presents important analytical and
computational advantages for its solution in complex plasma geometries [1]. Here, fast-time scales in a colli-
sionless plasma are either associated with particle orbital dynamics (e.g., the fast gyromotion of a charged par-
ticle about a magnetic field line) or wave-particle dynamics (e.g., the fast oscillatory motion of a charged
particle in the presence of a high-frequency electromagnetic wave). In the former case, the elimination of a
fast orbital time scale is often associated with the construction of an adiabatic (action) invariant (e.g., the mag-
netic moment of a charged particle in a strong magnetic field). Next, the construction of a reduced Vlasov
equation, from which one or more fast-time scales have been removed, can either be obtained through an iter-
ative solution of a perturbatively-expanded Vlasov equation [2] or by performing one or more near-identity
phase-space transformations resulting from applications of Hamiltonian perturbation theory [3]. The present
paper focuses on applications of Lie-transform Hamiltonian perturbation theory.

The most general setting for carrying out Hamiltonian perturbation theory [4] on the Vlasov—Maxwell equa-
tions is to use an eight-dimensional extended phase space with coordinates Z“ = (z; w, ), where z denotes regular
(six-dimensional) phase-space coordinates, w denotes the energy coordinate, and time ¢ denotes its canonically-
conjugate coordinate. The extended Hamilton’s equations (7 denotes the Hamiltonian-orbit parameter)
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dz* oA (Z) (1)

dr 0z’
are expressed in extended phase space in terms of an extended Hamiltonian # (%) = H(z,t) — w, where
H(z,t) denotes the regular Hamiltonian, and the extended phase-space Lagrangian I' = I',dZ“, which is a dif-

ferential one-form in extended phase space (summation over repeated indices is, henceforth, implied). Note
that the physical motion in extended phase space takes place on the subspace # = 0:

w=H(z,1). 2)

= {7 H}=J"2)

The extended Poisson bracket {,} is obtained from the extended phase-space Lagrangian I', first, by construct-
ing the Lagrange matrix w (with antisymmetric components w,, = 9,1, — 9,I",) associated with the differen-
tial two-form w = dI" = wab dz* A dZ" and, second, by inverting the Lagrange matrix to obtain the Poisson
matrix J = o' with antlsymmetrlc components J“b = {2 #"}. Hence, we obtain the extended Poisson
bracket defined in terms of two arbitrary functions F and G as {F,G} = 9,FJ*°0,G

The extended Vlasov equation is expressed in terms of the extended Vlasov distribution % (%) and the
extended Hamilton’s equations (1) as

dF 47 07 (%)

-7 _ — o
& & o S (3)
In order to satisfy the physical constraint (2), the extended Vlasov distribution is required to be of the form
‘97(:2?) = 05[W - H(Zv [)]_f(Z, t)’ (4)

where f(z,¢) denotes the time-dependent Vlasov distribution on regular phase space. By integrating the ex-
tended Vlasov equation (3) over the energy coordinate w (and using dt = d¢), we obtain the regular Vlasov
equation

df

=YYy 5)

Note that we use the same symbol {, } for the Poisson bracket on regular phase space in Eq. (5) since w-deriv-
atives appearing in the extended Poisson bracket vanish identically on regular phase space.

Next, the extended Vlasov equation (3) is coupled with Maxwell’s equations for the self-consistent electro-
magnetic fields

10E 4
V-E=4mp and VXB——a———”J, (6)
ot c
where the charge-current densities
(cp,d) /dp/ e, V) /d3pf c, V) (7)

are defined in terms of moments of the extended Vlasov distribution % (with d*p = ¢! dwd’p) and the elec-
tromagnetic fields E = —V® — ¢ 10A /0t and B = V x A satisfy

V-B=0 and V xE+c¢'0B/ot=0. (8)

The purpose of this paper is to show that: the asymptotic elimination of a fast-time scale from the Vlasov
equation (3) introduces polarization and magnetization effects into the Maxwell equations (6); and the reduced
Vlasov—Maxwell equations possess exact conservation laws that can be derived from a variational principle by
Noether method.

The remainder of this paper is organized as follows. In Section 2, we present a brief summary of the Lie-
transform perturbation method used in the asymptotic elimination of a fast-time scale from the Vlasov equa-
tion and its associated Hamiltonian dynamics. In Section 3, we present the reduced Vlasov—Maxwell equations
introduced by the dynamical reduction associated with a near-identity phase-space transformation. Through
the use of the push-forward representation of particle fluid moments, we present expressions for the charge-
current densities involving momentum-space moments of the reduced Vlasov distribution and present explicit
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expressions for the reduced polarization charge-current densities and the divergenceless reduced magnetiza-
tion current density. In Section 4, we present the variational derivation of the reduced Vlasov—Maxwell equa-
tions and derive, through the Noether method, the exact reduced energy—momentum conservation laws
(explicit proofs are presented in Appendix A). Lastly, in Section 5, we summarize the work present here
and briefly discuss applications.

2. Dynamical reduction by near-identity phase-space transformation
2.1. Near-identity phase-space transformation

The process by which a fast-time scale is removed from Hamilton’s equations (1) involves a near-identity
transformation 7 .: & — % (Z;e) = 7 .Z on extended particle phase space, where

. 0w . . G} 0G|
g@z@:%-mq+é@g+§hg0+-w (9)
and its inverse near-identity transformation 7_": & — % (Z;¢) = 7 _'Z, where
a(gp apa a a Gb aGa
(Y, e) =% —6G1—62<G2—716§1b> (10)

In Egs. (9) and (10), the dimensionless ordering parameter € < 1 is defined as the ratio of the fast-time scale
over a slow time scale of interest, and the nth-order generating vector field G, is chosen to remove the fast time
scale at order € from the perturbed Hamiltonian dynamics. Examples of asymptotic elimination of fast-time
scales by Lie-transform perturbation method include guiding-center Hamiltonian theory [5,6], gyrocenter
Hamiltonian theory [7], and oscillation-center Hamiltonian theory [8].

2.2. Pull-back and push-forward operators

Next, we define the pull-back operator on scalar fields induced by the near-identity transformation (9):
T F - F =T.F, (11)

i.e., the pull-back operator T, transforms a scalar field # on the phase space with coordinates Z into a scalar
field # on the phase space with coordinates & : # (%) =T.7 (%) = (7 %) = 7 (Z). Using the inverse
transformation (10), we also define the push-forward operator:

T 7 -7 =T"7, (12)

i.e., the push-forward operator T_' transforms a scalar field # on the phase space with coordinates Z into a
scalar field 7 on the phase space with coordinates 7: 7 (%) = T.'7# (%) = #(7.'Z) = #(Z). Note that
both induced transformations (11) and (12) satisfy the scalar-invariance property 7 (%) = 7 (%).

In Lie-transform perturbation theory [3], the pull-back and push-forward operators (11) and (12) are
expressed as Lie transforms: T = exp(+Y.,_,¢"£,) defined in terms of the Lie derivative £, generated by
the nth-order vector field G,, which appear in the nth-order terms found in the near-identities (9) and (10).
A Lie derivative is a special differential operator that preserves the tensorial nature of the object it operates
on [9]. For example, the Lie derivative £, of the scalar field 2# is defined as the scalar field £,# = G0, ,
while the Lie derivative £, of a one-form I'=1,d%“ is defined as the one-form £,I' = G w,dZ by
d(G;I',), where w,, = 0,1y, — 0,I, are the components of the two-form o = dI'.

The pull-back and push-forward operators (11) and (12) can now be used to transform an arbitrary oper-
ator 4: F(Z) — €[F](Z) acting on the extended Vlasov distribution function %. First, since 4[Z](Z) is a
scalar field, it transforms to T_'{%[#]}(Z) with the help of the push-forward operator (12). Next, we replace
the extended Vlasov distribution function .# with its pull-back representation # = T.Z and, thus, we define
the transformed operator

6.7 =T (6[T.F)). (13)

€
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By applying the induced transformation (13) on the extended Vlasov operator d/dt defined in Eq. (3), we
obtain

d(F -1 d — PR —
=T (—TF|)={F,A#}, 14
=T (5mE) = o, (14)
where the total derivative d./dt along the transformed particle orbit is defined in terms of the transformed
Hamiltonian

H =T, (15)
and the transformed Poisson bracket
{F,G}, =T,'({T.F,T.G}). (16)

The Poisson-bracket transformation {, } — {, }, can also be performed through the transformation of the ex-
tended phase-space Lagrangian, I'. = T_'T" + d.%, where % denotes a (canonical) scalar field used to simplify
the transformed phase-space Lagrangian I', at each order ¢” in the perturbation analysis. Note that the choice
of % has no impact on the new Poisson-bracket structure w, = dI’. = d(TZIF ) = T:ldF = Te‘lw, since
&*7 =0 (ie., 05,9 -0, =0) and T_' commutes with d. By inverting the reduced Lagrange matrix
W, = T:lw —J. = @ ', we, thus, obtain the reduced Poisson matrix J., with antisymmetric components
J = {7 7"}, and define the reduced Poisson bracket {F,G} = 9,FJ*0,G. Lastly, we note that the ex-
tended-Hamiltonian transformation (15) may be re-expressed as H = T.'H — 0% /0t. The new extended
phase-space coordinates are chosen (i.e., the generating vector field G, and the scalar field %, are specified
at each order n=1,2,... in the perturbation analysis) so that d.Z“/dt = {Z“, #}_ are independent of the
fast-time scale.

3. Reduced Vlasov—Maxwell equations
3.1. Reduced Viasov equation

The push-forward transformation of the extended Vlasov distribution (4) yields the reduced extended
Vlasov distribution

F(Z) = colw - H(z,1))f (Z,1), (17)
where the reduced extended Hamiltonian # = H(z,¢) — w is defined in Eq. (15). The extended reduced Vlasov
equation

d.7

dz

can be converted into the regular reduced Vlasov equation by integrating it over the reduced energy coordi-
nate w, which yields the reduced Vlasov equation

dj of .

0= = H 19

L =27, (19)

where f(Z, 1) denotes the time-dependent reduced Vlasov distribution on the new reduced phase space. Hence,

we see that the pull-back and push-forward operators play a fundamental role in the transformation of the
Vlasov equation to the reduced Vlasov equation.

{(F,#}. =0 (18)

3.2. Reduced Maxwell equations

We now investigate how the pull-back and push-forward operators (11) and (12) are used in the transfor-
mation of Maxwell’s equations (6). The charge-current densities (7) can be expressed in terms of the general
expression (where time dependence is omitted for clarity)
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T =) "e / dx / d*pr' S (x—nF =) e / dxd*p(T ') (X + p, — 1) F

~Y e / dRTNT =V - (p. T F) +-- 1, (20)

where T_'v" = (¢, T_'v) denotes the push-forward of the particle four-velocity v* and the displacement
p.= T:lx — X between the push-forward T;lx of the particle position x and the (new) reduced position X
is expressed as

1
pE:—eGT—e2<G'§——G1~dGT> + - (21)

2
in terms of the generating vector fields (Gy, G, - - -) associated with the near-identity transformation.

The push-forward representation for the charge-current densities, therefore, naturally introduces polariza-
tion and magnetization effects into the Maxwell equations. Hence, the microscopic Maxwell’s equations (6) are
transformed into the macroscopic (reduced) Maxwell equations

10D 4n-
V:-D=4np and VxH--—=—1J, (22)
¢ Ot c
where the reduced charge-current densities J* = (cp, J) are defined as moments of the reduced Vlasov distri-
bution F#

(€, 0) =3 e / d4pﬁ<c,°1;—f>, (23)

where d.X/d¢ denotes the reduced (e.g., guiding-center) velocity. The microscopic electric and magnetic fields E
and B are, thus, replaced by the macroscopic fields D = E + 47P, and H = B — 47M.,, where P, and M, denote
the polarization and magnetization vectors associated with the dynamical reduction introduced by the phase-
space transformation (9).

3.3. Push-forward representation of charge-current densities

We now derive explicit expressions for the reduced polarization P, and the reduced magnetization M, by
using the push-forward representation method. First, we derive the push-forward representation (20) for
the charge density (J° = cp):

=S [¢57 -5 (Le [appF ) =p-v-P. (24)

wherep =Y e[ d*pZ denotes the reduced charge density that appears in the reduced Maxwell equations (22)
and the polarization vector is defined as

P, zze/d“p[pﬁ—%v (p.p.7) +} (25)

where the quadrupole contribution ; V - (p.p.7 ) (which will be useful in what follows) is retained in Eq. (25),
while the reduced electric-dipole moment (for each particle species)

. = ep, (26)

is associated with the fast-time-averaged charge separation induced by the near-identity phase-space
transformation.

Secondly, we derive the push-forward expression for the current density J, where the push-forward of the
particle velocity v = dx/d7 (using the Lagrangian representation)
dx [ d _dx dop,

-1, _ 719X 149 -1
Tov=Tog= " dzT‘] (Tex) = dt ~ dt

(27)
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is expressed in terms of the reduced velocity d.x/dz, which is independent of the fast-time scale, and the par-
ticle polarization velocity d.p, /dt, which has both fast and slow time dependence. Note that the fast-time-aver-
age particle polarization velocity d.p./dt, which is nonvanishing under certain conditions, represents
additional reduced dynamical effects (e.g., the standard polarization drift in guiding-center theory [11,12])
not included in d.x/dz. Hence, the push-forward expression (20) for the current density J is

1= (e S)7 v (e f e (G 57 o

We may now replace the polarization velocity d.p,./d¢ in Eq. (28) by using the following identity based on the

reduced polarization vector (25):
B s (dep\—= / - df‘ 1d.
—Ze/dp< )7 Ve [ AT (g ety g ) | g

where the reduced Vlasov equation (14) was used and integration by parts was performed. Using the vector
identity V- (BA — AB) = V x (A x B), the push-forward representation for the current density is, therefore,
expressed as

J=1J

: 2
o . (29)

where J =Y e [ d*p(d.x/dt)Z denotes the reduced current density appearing in the reduced Maxwell equa-

tions (22), J,o1 = 0P, /0t denotes the reduced polarization current, and the divergenceless reduced magnetiza-
tion current J,e = ¢V X M, is expressed in terms of the reduced magnetization vector

M. _ZS/d4’_”’E X C ddlz)e _> Z/d4_<”‘ ddf)7 (30)

which represents the sum (for each particle species) of the reduced intrinsic magnetic-dipole moment

_i dfps
b= <p€ < &P ) G1)

and a moving electric-dipole contribution (z. x d.X/d¢), as suggested by classical electromagnetic theory [10].

4. Variational formulation of reduced Vlasov—Maxwell equations
4.1. Reduced variational principle

We now show that the reduced Vlasov—Maxwell equations (18) and (22) can be derived from a variational
principle [ d*xdZ = 0. Variational principles for reduced (e.g., guiding-center) Vlasov—Maxwell equations
have been presented previously by Pfirsch [13] and Pfirsch and Morrison [14] using the Hamilton—Jacobi for-
mulation and by Kaufman et al. [15-19] using the Low-Lagrangian formalism. Here, we present a variational
principle for general reduced Vlasov—Maxwell equations (derived by Lie-transform perturbation method)
based on the reduced Lagrangian density [20]

—
1 6n / d'p7 A, (32)
where Z and # denote the reduced extended Vlasov distribution and the reduced extended Hamiltonian,
respectively. In this section, we use the convenient space-time metric g"* = diag(—1,1,1,1), so that the elec-
tromagnetic field tensor F,, = 0,4, — 0,4, is defined in terms of the four-potential 4, = (—®, A) and, thus,
Fjo=E;and F;; = ¢;3B". In order to simplify our presentation, we use canonical four-momentum coordinates
D = (—w/c,p), so that the reduced extended Hamiltonian # is required to be invariant under the gauge
transformation

A, — A, + 90, and p, — p,+ (e/c)0u, (33)

where y denotes the electromagnetic gauge field.
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Note that, as a result of the dynamical reduction of the Vlasov equation, the reduced Hamiltonian 2 is not
only a function of the four-potential 4, but also of the field tensor F,,. From these dependences, we express
the reduced four-current density (23) as

T = (cp, T :—CZ/d aA (34)
,u

and we introduce the reduced antlsymmetric polarization-magnetization tensor [17]

w’:_
Ko = / d“p aFw (35)

where the reduced polarization and magnetization vectors K® =P and K7 =¢*M, are defined as
(P,M,) =Y [d*pF (0# /OE,0# |OB).
We begin with an expression for the Variation of the reduced Lagrangian density

6L =0, 9" = / d&pF{F, aaﬂ

which is generated by the four-potential Varlatlon_éAv and the Eulerian variation [20] for the reduced Vlasov
distribution 6 = —62°0,7 ={¥, 7}, where ¢ is the generating scalar field for a virtual displacement on
reduced phase space, 62 = {Z“, ¥}.. Note that the divergence term J, #", where the reduced Noether four-
density is

=3 / &p7F ‘x ‘Z (F*™ — 4nK"™), (36)

does not contribute to the variational principle [ d*xdZ = 0 but instead is used to derive exact conservation
laws by applications of the Noether method.

Next, as a result of the variational principle, where the variations . and 64, are arbitrary (but are required
to vanish on the integration boundaries), we obtain the reduced Vlasov equation (18), {#, #}, = 0, and the
reduced (macroscopic) Maxwell equations

a lV y 47[ v
i (P —4nK?) = ==, (37)

4r_
(F.uv _ 47[K“v) 4 ?ﬂ"‘]v ,

from which we recover the reduced Maxwell equations (22). Note that the electromagnetic field tensor also
satisfies 0,F, + 0,F\; + 0,F,, = 0. In addition, we note that the reduced electric-dipole and reduced mag-
netic-dipole moments (26) and (31) are also expressed in terms of derivatives of the reduced Hamiltonian
H as

3B dr 3E

n.=——= and pu =-—

O0H OH 1dx ©OH
oE

which provides a useful consistency check on the derivation of the reduced Vlasov—Maxwell equations by Lie-
transform perturbation method. Lastly, the reduced charge conservation law
B aJ" 6p
T T o
follows immediately from the reduced Maxwell equations (37) as a result of the antisymmetry of the tensors
P and K" (ie., 0, F" = 0= 0, K").

+V-J (38)

4.2. Reduced energy—momentum conservation laws
We now derive the energy-momentum conservation law from the reduced Noether equation X% = o I"
associated with space-time translations generated by ox° = (c¢dt, 0x), where the variations (&, d4,,0.%) are
S = Pps0x°, 04, = F,;0x" — 0,(4,6x°), and 6L = —0,(ZLx"). (39)

Here, we note that éx’ = {¥', ¢}, while the variations 04, and 07 are expressed in terms of the Lie derivative
£5. generated by ox" as 04, dx" = —£;.(4,dx") and 6. &7 = —£5(Zd°7).
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After some cancellations introduced through the use of the reduced Maxwell equations (37), we obtain the
reduced energy-momentum conservation law 0,7 =0, where the reduced energy-momentum tensor is
defined as

' gllv 1 , 4_— dﬁ)_c.“ . 11—
W o— CF _ o _ Ho\ v 7 A Wy P
T _1677:F'F 4n(F AnK")F" + E /dpf(dtp> CJA. (40)

Here, the antisymmetric tensor K*?, defined in Eq. (35), represents the effects of reduced polarization and mag-
netization. Note that, while the last two terms are individually gauge-dependent, their sum is invariant under
the gauge transformation (33). Explicit proofs of energy-momentum conservation for the reduced Vlasov-
Maxwell equations based on the reduced energy—-momentum tensor (40) are presented in Appendix A. Lastly,
additional angular-momentum conservation laws can be derived from the reduced Noether equation
0% = 0, #" by considering invariance of the reduced Lagrangian density .# with respect to arbitrary rotations
in space.

5. Summary

In this paper, the general theory for the reduced Vlasov—Maxwell equations was presented based on the
asymptotic elimination of fast-time scales by Lie-transform Hamiltonian perturbation method. This dynam-
ical reduction is based on a near-identity transformation on extended phase space, which induces transforma-
tions on the Vlasov distribution and the Vlasov operator, as well as introducing a natural (push-forward)
representation of charge-current densities in terms of reduced charge-current densities and their associated
reduced polarization and magnetization effects. The variational formulation of the reduced Vlasov—Maxwell
equations allows the derivation of exact energy—-momentum conservation laws by Noether method.

We conclude this paper by summarizing the polarization and magnetization effects observed in selected
reduced Vlasov—Maxwell equations that have important applications in plasma physics. First, in guiding-cen-
ter Hamiltonian theory [5,21,6] for a strongly magnetized plasma in the presence of a background electric field

= —V, the fast-time scale is associated with the rapid gyromotion of a charged particle about a magnetic
field line and fast-time-averaging is carried out by averaging with respect to the gyroangle. The guiding-center
electric-dipole moment [21]

mc’E, ~ vp

Moo = €Pyc :T—i-eb )
includes effects due to the background electric field (vg = cE x B/B?) as well as the magnetic (VB and curva-
ture) drift velocity vg. The fast-time-averaged particle polarization velocity depe/d? includes the standard
polarization drift velocity (¢/BQ)OE,/0t, which is not included in the guiding-center drift velocity
dg.X/df = vg. On the other hand, the guiding-center magnetic-dipole moment yields the classical parallel mag-
netization term

”gc = _Hb7

where & denotes the guiding-center magnetic-moment adiabatic invariant and b = B /B denotes the unit vector
along a magnetic-field line, which enables the reconciliation of the particle current J with the guiding-center
current Jy. through the relation J = Jy + Jmye (valid in a static magnetized plasma).

Next, gyrocenter Hamiltonian theory [7] describes the reduced (gyroangle-independent) perturbed guiding-
center Hamiltonian dynamics associated with low-frequency, electric and magnetic fluctuations (¢E;, B, ) in a
strongly-magnetized plasma (with static magnetic field By = Byb, and E, = 0). Note that the results shown
below are valid only in the limit of zero Larmor radius [7]. The gyrocenter electric-dipole moment

Mgy = ECB—bOO X (SAI -+ mug; +]_9H g—;)
includes not only the perturbed polarization-drift term (mchy /Bo X ug;), but also the effects due to magnetic
flutter (cpr)o x By/By) and the inductive part of the perturbed E x B velocity (i.e., the polarization drift
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velocity includes the higher-order correction —8,A; X by /By to the perturbed E X B velocity —V@; x cby /Bo).
On the other hand, the gyrocenter magnetic-dipole moment

py, = —0(bo + By /Bo)

includes a correction to the classical parallel magnetization term due to the perturbed magnetic field, where i
now denotes the gyrocenter magnetic-moment adiabatic invariant.

Lastly, oscillation-center Hamiltonian theory [8] describes the reduced dynamics of charged particles
interacting with a high-frequency electromagnetic wave in a weakly-inhomogeneous plasma for which the
eikonal approximation is valid. The eikonal representation for the wave fields is (ecE;,eB;) =
(eE1, eBy) exp(ie, ' @) + c.c., where € < 1 denotes the amplitude of the electromagnetic wave and ¢ < 1
denotes the eikonal small parameter, while the eikonal phase ©(eor, €t) is used to define w = —¢;'9,0 and
k = ¢,'VO. Note that fast-time-averaging, here, is carried out by averaging with respect to the eikonal phase
©O. By considering the simplest case of an unmagnetized plasma [8], the oscillation-center electric-dipole and
magnetic-dipole moments are

Moo = €2ek X (—i& x &) and p, =€ E o (—i& x &),

where @ = w — k - v denotes the Doppler-shifted wave frequency and the first-order term for the displacement
p. = €€ + - -- has the eikonal amplitude

~ e ~ v ~
E=——(Ei+>xBy).

Note that both reduced moments are quadratic functions of the wave fields. An additional wave-action con-
servation law results from the invariance of the reduced Lagrangian density on the eikonal phase but its der-
ivation is outside the scope of this work.

Appendix A. Explicit proofs of energy—momentum conservation for the reduced Vlasov—Maxwell equations

In this Appendix, we present explicit proofs of energy—-momentum conservation based on the reduced
energy-momentum stress tensor (40). We begin with the reduced energy conservation law
0& /ot + V - S = 0, where the reduced energy density & = T is

1 ) 5\ D-E 3=
&=——||E|"—|B — d’pfH — p®@
o (B = 1BP) + 2 4 3 [ alpri — o,
where the w-integration was performed. First, using the reduced charge conservation law (38) and the identity
S [y S T,
TR PR Ly o

we obtain

o6 E oD H 0B 337 T
5= o T a—+E J+V- Jqﬁ)—Z/de{fjH},

where we used the reduced Vlasov equation (19) to obtain the last term. Lastly, using the reduced Maxwell
equations (8) and (22) and the identity

d.x

dr )’

e - [aprm=v- ([ apm

we finally obtain
o0& c - 3 ——d. X\
==V (EEXH—JdiJrZ/dpr dt) =_V-S,

where the energy-density flux §' = ¢T%.




A.J. Brizard | Communications in Nonlinear Science and Numerical Simulation 13 (2008) 24-33 33

Next, we consider the reduced momentum conservation law 0I1/0f + V - T = 0, where the reduced momen-
tum density IT' = 7% /c is

DXB p 3
S R-Pa Y [

which has the Minkowski form [10]. By substituting the reduced Vlasov—Maxwell equations (8) and (22) and
the reduced charge conservation law (38), we obtain

oI 1 1- - (d.Xx S J
BH + DE) + - JA — &Epf(==p)| - d&*pfVH +Vdp — VA - =
K3 =V [471( + c Z/ pf(dtp)] Z/ PIVH +NV&p =¥ c
—(VH-B+ VE D).
Lastly, using the identities
S J
Z/d3prHEV(Dp—VA-;—VE-PE—VB-ME,
and
E |B’
we finally obtain
o 1 s (dx\ 1o 1 ([E B
~——=V.|—(DE+BH) - “JA - — —47M, -B||=-V-T.
o~V |azPE+BH) Z/dpf<dtp)+c'] m\2 T v
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