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A new variational principle for the nonlinear gyrokinetic Vlasov—Maxwell equations is presented.
This Eulerian variational principle usesconstrained variations for the gyrocenter Vlasov
distribution in eight-dimensional extended phase space and turns out to be simpler than the
Lagrangianvariational principle recently presented by H. SugdRiays. Plasmas, 466(2000]. A

local energy conservation law is then derived explicitly by the Noether method. In future work, this
new variational principle will be used to derive self-consistent, nonlinear, low-frequency Vlasov—
Maxwell bounce-gyrokinetic equations, in which the fast gyromotion and bounce-motion time
scales have been eliminated. ZD00 American Institute of Physids$1070-664X00)04412-1

I. INTRODUCTION and the Vlasov distribution expressed in terms obig-
dimensionalvirtual displacement vector fielev, our new

Over the past two decades, much attention has been pairiational principle considers constrained variations of the

to the systematic derivation eéducedHamiltonian dynam-  Vlasov distribution itself oneight-dimensionalextended

ics and their associategducedVlasov kinetic descriptions phase space expressed in terms of the Poisson bracket on this

in which fast orbital time scales have been asymptoticallyextended phase space and a single scalar Sieddhich gen-

eliminated:™ Thus for numerical particle-kinetic simula- erates a virtual displacement in extended phase space.

tions of magnetized plasmaggreat advantages have been The new variational principle for the Vlasov—Maxwell

obtained by solving a reduced Vlasov equation in a five-equations is expressed’as

dimensional space instead of solving the exact Vlasov equa-

tion in six-dimensional phase-spate. SALFAH]=O(AVLF AT+ Au[A*]) =0, @
When a self-consistent treatment of particles and fields igyhere the action functionall is divided into a Vlasov Y)

required, the charged-particle densities and current densitiqf.;lrt, denotedA,,, and a Maxwell(M) part, denoted4,, .

in the Maxwell equations need to be expressed in terms ofhe Vlasov action functional has the simple férm

moments of the reduced Vlasov distributibi contrast to

the derivation of reduced single-particle Hamiltonian dynam- FAR]=— J' d8ZF 2VH(Z 2
ics, the derivation of self-consistent reduced Maxwell equa- AdF AL (2H(2). @

tions has generally proceeded in a less systematic ad h%here F(2) denotes the Vlasov distribution on an eight-
fashion. In the present work, a more systematic procedure fo(ﬁimensional extended phase space with coordinages
the derivation of self-consistent reduced VIasov—MaxweIIE(Z.W t) (here,z denotes six-dimensional phase-space co-

equations is presented based on a new Eulerian variationgldinates and the energy coordinatds conjugate to time

principle’ for the exact Vlasov—Maxwell equations. 1), andH(Z)=H(z,t)—w denotes the Hamiltonian on this
A. Eulerian variational principle for exact extended phase space. The Maxwell action functional, on the
Vlasov—Maxwell equations other hand, is given by the standard action functional for the

The variational formulation for the Vlasov—Maxwell electromagnetic field,

equations has been a topic of interest in plasma physics ever 1

since Low presented hisagrangian variational principle® Am[A“]EJ d4XEFMFV“, 3

which combined the standard action functional for the elec-

tromagnetic field with an action functional fgrarticles  where the field tensoF is expressed in terms of the four-

Since then a variety of variational formulations for the potentialA*=(¢,A) asF,,=d,A,—d,A, . The variational

Vlasov—Maxwell equations have appearédl, each one principle(1) is said to beEuleriansince variations are evalu-

more or less based on the low Lagrangian formalism. ated at a fixed poing in extended phase space @F(2) or
A new Eulerian variational principle for the Vlasov— at a fixed pointx=(ct,x) in four-dimensional space-time for

Maxwell equations, which is simpler than all previous varia- SA*(X).

tional formulations, was recently presented in Ref. 7. Under general variation$F of the extended phase-

Whereas the Eulerian variational principle of Cendtal®  space Vlasov distribution, the variational principle(1)

considered constrained variations on the particle dynamicgields

SA
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i.e., physical motion in extended phase space takes place avhere thenth-order generating vector field, is chosen to

the surfacg(Z) =0 orw=H(zt). By imposing this physi-

remove the fast time scale at ordet in the Hamiltonian

cal condition on the extended phase-space Vlasov distribiynamics. As a result, the adiabatic invaridntthe action

tion F(2), we find that it should be of the form

FZ)=8w—H(z1)]f(z1), (5)

where f(z,t) is the time-dependent Vlasov distribution on
six-dimensional phase space. Instead of general variatio

SF, the present Eulerian variational principle consideya-
strainedvariations of the form

5fE{S,f}Z, (6)

where{ , }:isthe Poisson bracket on extended phase space
andS is the generating function for an infinitesimal transfor-

mation on extended phase spage., Z— Z+ 62, where

82*={Z%S}z). Note that(6) can also be written using
canonical coordinates a&F= —d,(d6Z “F), which is analo-

gous in form to the expressiofn=—V-(én) for the con-

strained variation of fluid density in ideal magnetohydro-
dynamics. Thus underonstrainedvariations of the Vlasov
distribution F, the variational principl¢l) yields the Vlasov
equation in extended phase space,

{F H}z=0. ()

Substituting(5) into the extended Vlasov equati¢n) yields
the Vlasov equation in phase space,

af(z,t)
ot

+{f(z,t),H(z1)}=0, (8

variable conjugate to the fast angi¢ is constructed as an
asymptotic expansion in powers @f with the following
property; if the perturbation analysis is performed upefp
(then dJdt=—0gH/90=0(e""Y), ie., H=Hy+eH+- -
+ €"H,, is independent of the fast angle

Under the near-identity phase-space transformétion
the Vlasov action functiongR) becomes theeducedVlasov
action functional
Ay FAF]=— f dBZF 2)H(2), (12)
where F(2)=(T*) 1F(2)=F(2) denotes thereduced
Vlasov distribution expressed as tpell-backof the old Via-
sov distributionZ. Here, the pull-back operator is defined as

*\— 117 =) Ea a = oF
(T HAD=HZD)~eG1(Z) =+ (13
IZ*
Note that by construction the reduced Hamiltonian
H(Z)=(T*) " "H(Z)=(Ho— W)+ eH+ ?Hp+- -,
(14)

and the reduced Vlasov distributidhare independent of the
fast time scale. By applying the variational principfelyr

=0 with the constrained variatior&ﬁ]-‘z{g,]_-‘}g, it is a

where{ , } is the Poisson bracket on phase space. Lastlysimple task to derive theeducedVlasov equation,

under general variation8A” of the electromagnetic four-
potentialA”, the variational principlél) yields the Maxwell
equations

1 9

e EMV

41 IXH

_ SAy
SAL(X)

9

where the right-hand side represents the self-consistent p
ticle current-density four-vector expressed as the function

derivative of the Vlasov action functionall,[ F,A”] with
respect to the four-potentidl”(x).

B. Eulerian variational principle for reduced
Vlasov—Maxwell equations

{F,H}z=0, (15)

where{ , }zis the Poisson bracket on the transformed ex-
tended phase space. We note that in general the pull-back
operator(13) depends explicitly on the electromagnetic po-
tentials (¢,A) and thus the variation of the reduced Vlasov
functional (12) with respect to¢ and A yields the correct

ar- - X
article densities and currents expressed in terms of mo-

ments of the reduced Vlasov distributidn(i.e., the reduced
particle currents are calculated from the functional derivative
SAyr/ SA,).

As an explicit application of the variational principle for
the reduced Vlasov—Maxwell equations, we consider the
nonlinear low-frequency gyrokinetic Vlasov—Maxwell
equationg’ These equations are obtained through a sequence

The most efficient method for deriving reduced Hamil- of two near-identity phase-space transformations: a time-

ton and Vlasov kinetic equations is based on Hamilto:hianindependent guiding_center transformation and a time_
and phase-space Lagrandiahie-perturbation methods. In gependent gyrocenter transformation. The Eulerian varia-
general Lie-perturbation theoly the asymptotic elimination tional principle presented below turns out to be simpler than
of a fast time scalérepresented by the angly proceeds by the Lagrangian variational principle presented recently by
a time-dependent near-identity phase-space transformationgugama}? in which an action functional for gyrocenter par-
Z—>§(Z,e)ETEZ, (10) ticles was der_ived from Fhe Low I__agrangi.an formalism.

The remainder of this paper is organized as follows. In
where e denotes a dimensionless perturbation parameteSec. Il, the derivation of the nonlinear gyrocenter Hamil-
Here, the near-identity transformation is explicitly expressedonian dynamics is summarizeébllowing work presented

in terms of generating vector field§{,G,, .. .), earlief). In Sec. IlI, the Eulerian variational principle for the
9Ge nonlinear low-frequency gyrokinetic Vlasov—Maxwell equa-

ZY(Z,e)=Z%+ €GI+ €| G5+ ; L +---, (1) tion_s is prese_nted; th?1 present work is a nonlinear gengrali-
2071 92+ zation of earlier work?® In Sec. IV, the Noether method is
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used to obtain an explicit expression for tleeal energy e
conservation law for the low-frequency gyrokinetic Viasov—  Ygc= ;A" -dR+ u(mde)do—wdt, (16)
Maxwell equations; the standaglobal gyrokinetic energy .
conservation laW is recovered. Lastly, in Sec. V, our work whereA*=A,+ (cp,/e)b is the effective unperturbed vec-
is summarized and future work is discussed. tor potential, withb=B,/B,; we henceforth omit displaying
the dimensionless guiding-center paramedgrfor simplic-
ity. The unperturbed extended phase-space guiding-center

IIl. NONLINEAR LOW-FREQUENCY GYROCENTER Hamiltonian i

PHASE-SPACE TRANSFORMATION pf
. : . . N Hyc=€dot — +uBo—wW=Hgy.—w. (17)
In this section, we consider the following situation: A 9 ° 2m H=o 9
.bn?jcekg;ﬁgggt erlgi?rg?;';eget.glairt';tiareprfsen;e? .Sbyer_t'metastly, from the unperturbed guiding-center phase-space La-
Incep gnetic p B=(bo.Ao) is p grangian (16), we obtain the unperturbed guiding-center

turbed with Iow-frquency electromagnetm_pote_ntmg Poisson brackef , }, given here in terms of two arbitrary
:.(¢1'A.1)' Th_e amplitude of these perturbations is Orderedfunctions]—" and G on extended guiding-center phase space
with a dimensionless parametex 1, so that the exact elec- ad
tromagnetic field tensor becomes- Fy+ eF; .

The exact dynamics of a particle of massnd charge e (:9}" aG  IF ag)

a0 du  du J0

is described in eight-dimensional extended phase space in 7.0tz mc
terms of the extended phase-space Lagrangiany,

+e€y,, Wwhere y,=[(e/c)Ay+mp]-dx—wdt and vy, B* G  IF cb

=(el/c)A;, and the extended phase-space Hamiltorftan + B_*( V}-g_ %Vg) o VIXVG
=Ho+ €H,, whereHo=|p|?/2m+ep,—w and H,=ed,. : : '

The Poisson brackdt , }; on extended phase space is ob- dF 0G OF 3G

tained from the extended phase-space Lagrangiby stan- (m ot gt m) ' (18)

dard meang? .

When a magnetized plasma is perturbed with low-Where B*=VXA* and Bj'=b-B*. The guiding-center
frequency electromagnetic fluctuations, it is possible to conHamiltonian dynamics in the local reference moving frame is
struct a reduced dynamical description by asymptoticallthus expressed in terms of the Hamiltoniafi) and the Pois-
eliminating the fast gyromotion orbital time scale. The stan-son bracket18) as Z*={Z“ Hyc} z. In particular, we have
dard low-frequency gyrokinetic analy3fsproceeds by a se- pzo sinceH . is independent of the fast gyroangleto all
quence of two near-identity phase-space transformations: @rders ineg).
time-independenguiding-centerphase-space transformation
and a time-dependergyrocenter phase-space transforma-

tion. .
B. Time-dependent gyrocenter extended-phase-space

A. Time-independent guiding-center extended-phase- transformation

space transformation . - I
P We now consider how guiding-center Hamiltonian dy-

The first near-identity transformation is thguiding-  namics is affected by the introduction of low-frequency elec-
centerphase-space transformation, with a small dimensiontromagnetic field fluctuations¢;,A,). These fluctuations
less paramete¢g=p/Lg<1 defined as the ratio of the char- are assumed to satisfy the low-frequency gyrokinetic
acteristic gyroradiug (for a charged particle of massand  ordering'*
chargee) and the background magnetic-field length scale
Lg. This transformation is designed to remove the fast gy-
romotion time scale associated with the time-independent  /|k |=0O(e,),
background magnetic fiel8,=V XA, associated with an
unperturbed magnetized plasma. [k [p=0(1), (19

In previous work} this transformation was carried out to whereQ,=eB,/mc denotes the charged-particle’s gyrofre-
second order ireg with the scalar potential, ordered at  quency ande,, is a small dimensionless ordering parameter
zeroth order ineg . The results of the guiding-center analysis gssociated with the electromagnetic perturbations space—
presented in Ref. 4 are summarized as follows. First, thgme scales, witho the characteristic wave frequendy,the
guiding-center transformation yields the following guiding- characteristic parallel wavenumber ald the characteristic
center coordinatesR,p;,u,6,w,t)=Z2, where R is the  perpendicular wave vectdboth with respect to the unper-
guiding-center positionp,=my, is the guiding-center mo- ,rped magnetic field,).
mentum parallel to the magnetic field, is the guiding- Under these electromagnetic perturbations, the guiding-

center magnetic momend, is the gyroangle, andw(;t) are  center phase-space Lagrangiéré) and Hamiltonian(17)
the canonically conjugate guiding-center energy-time coordipecome

nates. Next, the unperturbed guiding-center extended phase- , )
space Lagrangian is Yoc=Ygcot €¥ger and Hy=Hgo+€Hge, (20)

wlQo=¢€,<1,
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where € is a dimensionless ordering parameter associatedhereH, is the nonlinear gyrocenter Hamiltonian, given to
with the amplitude of the electromagnetic perturbation podowest order ine’e,, and e’eg as
tentials (#,,A1) and the zeroth-order guiding-center phase- _
. . . . Hgy— Hgyo+ Ee< l/’lgc)
space Lagrangiatyyo and HamiltonianHg are given by

(16) and (17), respectively. The first-order guiding-center 2/ e? e? B
phase-space Lagrangiai., and HamiltoniarfHy,, on the +— _c2<|Alg°|2>_ —({W1gc, U1gch) |- (26)
other hand, are 2\m Qo

Here, 14c= ¢1gc— A1gc'V/C defines an effective first-order
perturbation potential and ) denotes averaging with respect
=(elc)Ag(R,t; 1, 0)-d(R+ p) to the gyroangled. In (23), the first-order gauge function
Syy1 is (to lowest in the low-frequency gyrokinetic ordering

Ygar = (€/C)A1(R+p,t)-d(R+p)

chl=e¢1(R+Put)
e ~ — € .
Ee¢gc(R1t;M’ 0)’ (21) SgylE _f l//]_gcd o= _‘Plgcv (27)
Qo Qo

where A14¢(R,t; 1, 0) and ¢14(R,t; 1, 6) denote perturba-
tion potentials evaluated at a particle’s positicaR+ p ex-
pressed in terms of the guiding-center positignand the Part of ¥gc. - .
le-dependent avroradius vecialr to lowest Lastly, the gyrocentemulI—back(T;y 1 of any function
gyroang p ay folin, 0) ( —
order ineg, we ignore the spatial dependencepof F on guiding-center phase space yields a new funct#ton
Because of the gyroangle-dependence in the guiding=(Tg,) ~'F on gyrocenter phase space defined by the rela-
center perturbation potentials,q. and A4, the guiding- tion
center magnetic moment is no longer conserved by the
perturbed guiding-center equations of motion, i.e,
:O(E). To remove the gyroang|e-dependence from the perTO first order in&’, the IOW-fI’equency gyl’ocenter pU”'baCk
turbed guiding-center phase-space Lagrangian and Hamifperator is
tonian (20), we proceed by using the time-dependgwto-
centerphase-space transformation, (Ts) lr=F—¢

whereT//lch P1gc—(¥14c) denotes the gyroangle-dependent

A2)=(T) *A2)=HTy'2)=F 2). (28)

e -
— I, P
Qo{ 1gc Fiz

e -
where Z denotegyrocenter(gy) extended phase-space coor- + EAlgc'{R+P1f}§ +0O(€). (29
dinates; we note that the time coordinaie not affected by
this transformation. Note that the extended gyrocenter Hamiltontdg), can also
The results of the nonlinear Hamiltonian gyrocenter perbe expressed in terms of the gyrocenter pull-backigs
turbation analysis are summarized as folldviko first order E(T’gy)’ngc.
in € and zeroth order ire,, and eg, this transformation is

represented in terms of generating vector fieldsm_ VARIATIONAL PRINCIPLE FOR NONLINEAR LOW-
(ggyl'ggyb ...)as FREQUENCY GYROKINETIC VLASOV-MAXWELL

_ EQUATIONS
Z'=Z+eGgat . (22
] . Since time is not affected by the gyrocenter extended
The components of the first-order gyrocenter generating VeGshase-space transformation, we henceforth omit displaying

tor field Gy, are its explicit dependence. Moreover, we omit the overbar and
e subscript gy to denote gyrocenter coordinates and functions
Goy1={Sgy1, 2} z+ EAlgC-{Rer,Z“}Z, (23)  on gyrocenter phase space.

The reduced action functional for the nonlinear gyroki-
whereS,, is a gauge function. Through this transformation, netic Vlasov—Maxwell equations is
the perturbed guiding-center phase-space Lagran@an dix
transforms into the gyrocenter phase-space Lagrangian Ar= _J dBZAZ)H(Z)+ f 8_(|V¢|2_|B|2)’ (30)
a

e — -
Yoy= EA* «dR+(mdc/e) udf—wdt, (24)  where we henceforth use the notation
. . . . - ¢E¢0+6¢1 and BEBo+EVXA1
which is identical in form to the unperturbed guiding-center . _ .
phase-space Lagrangi&h6) so that the gyrocenter Poisson The absence of the inductive part™~d,A; of the perturbed
bracket{ , }z={ , }z has the same form g48).5 Up to  electric fieldE; in the Maxwell part of the reduced action

second order ine, the extended phase-space gyrocentefunctional(30) means that the inductive curreff; will be

Hamiltonian is absent from the Ampere equation; this is consistent with the
L . low-frequency approximation used in nonlinear gyrokinetic
Hgy=(Hgyot+ €Hgyr+ €2Hgyp) —w=Hg,—w, (25 theory.
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The variational principledAg=8fLgd*x=0 for the . A
nonlinear low-frequency gyrokinetic Vlasov—Maxwell equa- f d°Zf(Z,t){ (Tg,) (E5Sc
tions is based on constrained variations t6(Z) while
variations of the electromagnetic potentialks,A) are re- 8 4
stricted to variations of the perturbation potentiafs (x,t) + | dZSIF(w-H)}e+ | dX(9- ), (39
and A;(x,t) only. Variation of Az with respect to6F( 2),

Sbu(x.t), and dA5(x.1) yields where we have used(Z)=4§(w—H)f(Z,t) for the gyro-

center Vlasov distribution function in extended phase space
in the first two terms indA, while the last term in(35)

SAR=— f d®Z| SFA Z2)H+ F(2) involves the exact space-time divergence
J .
oH 19-J(X)E—( f d®z6%(x— R)SFR¥
Xf d*| b (x) + 5AL(X)- X
O¢1(X) dA1(X)
Yo 6A,
dx +V:| e—Vd—-e—XB|, (36)
+f4—(eva¢1-vq>—evx5A1-B). (31) A 4
an .
where R*={R"* 'H} ; denotes the gyrocenter four-velocity.
Here, the variatior5F is constrained to be of the form Since (36) is an exact space—time divergence, it does not

SF={S,F}», (32) contribute to the reduced variational principielg=0.

By requiring that the action functionalg be stationary
wheresS generates the virtual extended phase-space displac@&ith respect to arbitrary variations, d¢;, andA; (which
mentsZ={Z,8};and{ , };is the Poisson brack¢t8 on  Vvanish on the integration boundaniewe find the nonlinear
extended gyrocenter phase space. The functional derivativé/rokinetic Vlasov equation

SH/ 5h1(X) ahd SH/S8A(X) in (31), on the other hand, are 0={FH}s, (37)
evaluated using26) (to second order ir) as

9H e -
=Ee< 5SC—EQ_{\I,19C:5§(:})>
I1(X) 0 V2d>(x)=—477f d°Zf(2)((T},) ted*(x—R—p)),
= ce((T5) 152, (33 (38)

where 5305 83(x—R—p)=48¢,(R+p)/8¢1(x) using the and the gyrokinetic Ampere equation,
identity

and the gyrokinetic Maxwell equations; the gyrokinetic Pois-
son equation

am o * -1
VXB(x)sz d°Zf(Z)((Ty,) *(evs®*(x—R—p))).
¢1(R+p)=f d*x8%(x— R~ p) p1(X) (39

= 510 R: 1,6) If we now substituteF(Z)=8(w—H)f(Z,t) into {F H}z
1get ™ Ha G- =0, we obtain the standard nonlinear gyrokinetic Vlasov

Similarly, we find equationd,f +{f,H} =0, written explicitly as
of [B* gH cb B* of
M Vs . i(@l Yéa} E+(—*—+—*XVH Vf-| —-VH | —=0.
dA1(X) c % ol e B p; eB; I Py
n EA AR+ Xé\g The nonlinear equation@8), (39), and (40) [with H given
¢’ e P %ge by (26)] are the self-consistent nonlinear gyrokinetic
Vlasov—Maxwell equations in general magnetic field
%
__ ee< (Tgy)_l(gégc) > (34) geometry?
After rearranging and integrating by part81) becomes IV. LOCAL GYROKINETIC ENERGY CONSERVATION
LAW BY THE NOETHER METHOD
S A= _f d*xe S¢a(X) {quﬂﬂme By substituting(37), (38), and(39) into (35), the varia-
A tional equations.A= [ 5£d*x (we henceforth ignore the sub-
scriptR) yields the Noether equation
><f dﬁzf(Z,t)<(T;y)1é§c>} SL(X)=3- J(X). (41)
SA In the Noether method, the variations, 6¢1,0A1,56L) are
+J' d*xe 1(X) {VXB—47TG expressed in terms of generators for infinitesimal translations
4 in space or time.
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Following a translation in timé—t+ 6t, the variations
S, 8¢1, 6A1, and 6L become, respectively,

S=—-wdt,

0=~ 6toy ¢y,

6A = —6tdA=CcSt(E+ VD),

OL=—0to, L. (42

In (42), the expression faf satisfiesst={t,S} >, the expres-
sion for A incorporates the identitiz,+ V =0, and the
Vlasov—Maxwell Lagrangian density is
1 1
- = 2_|B|2y= — 2_
L= 5= (VOB = [V 2 Eey,

after the physical constrairt{=0 is imposed in the space—
time integrand of the reduced action functioiaD); here,

Eem=(|V®|?+|B|?) /87 denotes the electromagnetic-field

energy densityin the low-frequency limit
By combining(42) into (36) and(41), we obtain

@
d’ (

pr f d%Z 8% (x— R)Hf)

—V-U d"’Z&%x—R)HfR}

(1) (Im)

€ ——— c — 43
+Ve == 0p VO ——(E+V®P) XB|. (43
The term(l) can be written as
= q>2—av 1q>v<1>)
#2211 = 5|V am
+ef dz63(x— R)f((TSy)‘ltbgc)}
(44)

where ® .= o+ ehrqyc, the identity |[VO|?=V-(DPVD)
—®V?P was used, an@38) was substituted. The teriil)
can be written as

—V(—&thlVd)) V;t( ¢1ch)

+ (45)

62
Vel — &1V |.
47
Lastly, the term(lll) can be written as
c c
—V-(V@x—B) :V-(CD—VXB)
47 41

-v.

e f d62f<<T;y>-1<v<bgc>>},
(46)

Variational principle for nonlinear gyrokinetic Vlasov—Maxwell equations

4821

ol gmve v

By collecting the remaining terms, we obtain the following
expression for théocal gyrokinetic energy conservation law,

¢
E4_OV(9»[¢1)

o€
—+V-5=0,

n (47)

where the gyrokinetic energy density is

Ex.t)= f d°Z8%(x—R)F(Z,H)(H—e((T) "1 ®40))

1
2 2
+ g ([VeIP+[B]%), (49)
while the gyrokinetic energy density flux is

S(x,t):f déz8%(x— R)f(Z,t)(HR—e((T;y)’1v<Dgc>)

(49

1 P
+— yp= cEXB— €1 Vat¢l)
The last term in(49) represents the contribution from the
polarization current. Integratin@7) over space we recover
the standardylobal gyrokinetic energy conservation 14%°
dE/dt=0, where

d3x
Ef 5(x,t)d3x=f8—(|V¢|2+|B|2)+ dzf(Z,t)
ar

X(H—e((Tgy) '®gc)) (50

is the total gyrokinetic Vlasov—Maxwell energy.

V. SUMMARY AND FUTURE WORK

In the present work, the Eulerian variational principle for
low-frequency nonlinear gyrokinetic Vlasov—Maxwell equa-
tions is presented for the first time. This new variational
principle is based on constrained variations of the Vlasov
distribution functionZ on extended eight-dimensional phase
space. The variational principle is also an extension of the
Eulerian variational principle previously constructed for the
linearized gyrokinetic Vlasov—Maxwell equatiotfsit also
provides a simpler variational principle than the Lagrangian
variational principle presented by Sugdrhia which the gy-
rocenter phase-space coordinates are variational variables.

The elegance of the present Eulerian variational prin-
ciple is demonstrated by the ease with which self-consistent
reduced Maxwell equations can be derived, e.g., through the
functional derivatives.Ayr/8A,(x) in (9). As a further ap-
plication, we also derivéfor the first timg a local energy
conservation law for the nonlinear gyrokinetic Vlasov—
Maxwell equations from which the standard global gyroki-
netic energy invariants0) is recovered.

In future work, the reduced Eulerian variational formal-
ism will be applied to derive self-consistent, nonlinear, low-

where(39) was substituted. We now note that the first termfrequency bounce-gyrokinetic Vlasov—Maxwell equations,

in (45) partially cancels the first term i®4) leaving

in which both the fast gyromotion and bounce-motion time
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scales have been eliminated. This work will be based on theinvariant. Since the magnetic moment is considered an invariant as far as
recent derivation of nonlinear bounce-gyrocenter Hamil- the reduced particle dynamics are concerned, the reduced particle dynam-
tonian dynamic§7 ics actually takes place on a four-dimensional reduced phase $pace
’ submanifold defined by specifying a value for the magnetic moment

which has its own Hamiltonian structure.
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