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Variational principle for nonlinear gyrokinetic Vlasov–Maxwell equations
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A new variational principle for the nonlinear gyrokinetic Vlasov–Maxwell equations is presented.
This Eulerian variational principle usesconstrained variations for the gyrocenter Vlasov
distribution in eight-dimensional extended phase space and turns out to be simpler than the
Lagrangianvariational principle recently presented by H. Sugama@Phys. Plasmas7, 466~2000!#. A
local energy conservation law is then derived explicitly by the Noether method. In future work, this
new variational principle will be used to derive self-consistent, nonlinear, low-frequency Vlasov–
Maxwell bounce-gyrokinetic equations, in which the fast gyromotion and bounce-motion time
scales have been eliminated. ©2000 American Institute of Physics.@S1070-664X~00!04412-7#
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I. INTRODUCTION

Over the past two decades, much attention has been
to the systematic derivation ofreducedHamiltonian dynam-
ics and their associatedreducedVlasov kinetic descriptions
in which fast orbital time scales have been asymptotica
eliminated.1–4 Thus for numerical particle-kinetic simula
tions of magnetized plasmas,5 great advantages have be
obtained by solving a reduced Vlasov equation in a fi
dimensional space instead of solving the exact Vlasov eq
tion in six-dimensional phase-space.6

When a self-consistent treatment of particles and field
required, the charged-particle densities and current dens
in the Maxwell equations need to be expressed in term
moments of the reduced Vlasov distribution.4 In contrast to
the derivation of reduced single-particle Hamiltonian dyna
ics, the derivation of self-consistent reduced Maxwell eq
tions has generally proceeded in a less systematic ad
fashion. In the present work, a more systematic procedure
the derivation of self-consistent reduced Vlasov–Maxw
equations is presented based on a new Eulerian variati
principle7 for the exact Vlasov–Maxwell equations.

A. Eulerian variational principle for exact
Vlasov–Maxwell equations

The variational formulation for the Vlasov–Maxwe
equations has been a topic of interest in plasma physics
since Low presented hisLagrangian variational principle,8

which combined the standard action functional for the el
tromagnetic field with an action functional forparticles.
Since then a variety of variational formulations for th
Vlasov–Maxwell equations have appeared,9,10 each one
more or less based on the low Lagrangian formalism.

A new Eulerian variational principle for the Vlasov
Maxwell equations, which is simpler than all previous var
tional formulations, was recently presented in Ref.
Whereas the Eulerian variational principle of Cendraet al.10

considered constrained variations on the particle dynam

a!Present address: Saint Michael’s College, Box 254, One Winooski P
Colchester, Vermont 05439.
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and the Vlasov distribution expressed in terms of asix-
dimensionalvirtual displacement vector fieldw, our new
variational principle considers constrained variations of
Vlasov distribution itself oneight-dimensionalextended
phase space expressed in terms of the Poisson bracket o
extended phase space and a single scalar fieldS which gen-
erates a virtual displacement in extended phase space.

The new variational principle for the Vlasov–Maxwe
equations is expressed as7

dA@F,Am#[d~AV@F,Am#1AM@Am#!50, ~1!

where the action functionalA is divided into a Vlasov (V)
part, denotedAV , and a Maxwell~M! part, denotedAM .
The Vlasov action functional has the simple form7

AV@F,Am#[2E d8ZF~Z!H~Z!, ~2!

where F(Z) denotes the Vlasov distribution on an eigh
dimensional extended phase space with coordinatesZ
[(z;w,t) ~here,z denotes six-dimensional phase-space
ordinates and the energy coordinatew is conjugate to time
t), andH(Z)[H(z,t)2w denotes the Hamiltonian on thi
extended phase space. The Maxwell action functional, on
other hand, is given by the standard action functional for
electromagnetic field,

AM@Am#[E d4x
1

16p
FmnFnm, ~3!

where the field tensorF is expressed in terms of the fou
potentialAm5(f,A) asFmn[]mAn2]nAm . The variational
principle~1! is said to beEuleriansince variations are evalu
ated at a fixed pointZ in extended phase space fordF(Z) or
at a fixed pointx5(ct,x) in four-dimensional space-time fo
dAm(x).

Under general variationsdF of the extended phase
space Vlasov distributionF, the variational principle~1!
yields

dAV

dF [2H50, ~4!k,
6 © 2000 American Institute of Physics
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4817Phys. Plasmas, Vol. 7, No. 12, December 2000 Variational principle for nonlinear gyrokinetic Vlasov–Maxwell equations
i.e., physical motion in extended phase space takes plac
the surfaceH(Z)50 or w5H(z,t). By imposing this physi-
cal condition on the extended phase-space Vlasov distr
tion F(Z), we find that it should be of the form

F~Z![d@w2H~z,t !# f ~z,t !, ~5!

where f (z,t) is the time-dependent Vlasov distribution o
six-dimensional phase space. Instead of general variat
dF, the present Eulerian variational principle considerscon-
strainedvariations of the form

dF[$S,F%Z , ~6!

where$ , %Z is the Poisson bracket on extended phase sp
andS is the generating function for an infinitesimal transfo
mation on extended phase space~i.e., Z→Z1dZ, where
dZ a5$Z a,S%Z). Note that ~6! can also be written using
canonical coordinates asdF[2]a(dZ aF), which is analo-
gous in form to the expressiondn[2¹"(jn) for the con-
strained variation of fluid densityn in ideal magnetohydro-
dynamics. Thus underconstrainedvariations of the Vlasov
distributionF, the variational principle~1! yields the Vlasov
equation in extended phase space,

$F,H%Z[0. ~7!

Substituting~5! into the extended Vlasov equation~7! yields
the Vlasov equation in phase space,

] f ~z,t !

]t
1$ f ~z,t !,H~z,t !%50, ~8!

where$ , % is the Poisson bracket on phase space. Las
under general variationsdAn of the electromagnetic four
potentialAn, the variational principle~1! yields the Maxwell
equations

2
1

4p

]

]xm
Fmn~x!5

dAV

dAn~x!
, ~9!

where the right-hand side represents the self-consistent
ticle current-density four-vector expressed as the functio
derivative of the Vlasov action functionalAV@F,An# with
respect to the four-potentialAn(x).

B. Eulerian variational principle for reduced
Vlasov–Maxwell equations

The most efficient method for deriving reduced Ham
ton and Vlasov kinetic equations is based on Hamiltoni1

and phase-space Lagrangian11 Lie-perturbation methods. In
general Lie-perturbation theory,12 the asymptotic elimination
of a fast time scale~represented by the angleu) proceeds by
a time-dependent near-identity phase-space transformat

Z→Z̄~Z,e![TeZ, ~10!

where e denotes a dimensionless perturbation parame
Here, the near-identity transformation is explicitly express
in terms of generating vector fields (G1 ,G2 , . . . ),

Z̄a~Z,e!5Z a1eG 1
a1e2S G 2

a1
1

2G 1
b

]G 1
a

]Z bD 1¯, ~11!
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where thenth-order generating vector fieldGn is chosen to
remove the fast time scale at orderen in the Hamiltonian
dynamics. As a result, the adiabatic invariantJ̄ ~the action
variable conjugate to the fast angleū) is constructed as an
asymptotic expansion in powers ofe with the following
property; if the perturbation analysis is performed up toen,
then dJ̄/dt[2]H̄/]ū5O(en11), i.e., H̄5H̄01eH̄11¯

1enH̄n is independent of the fast angleū.
Under the near-identity phase-space transformation~10!,

the Vlasov action functional~2! becomes thereducedVlasov
action functional

AVR@F̄,Am#52E d8Z̄F̄~Z̄!H̄~Z̄!, ~12!

where F̄(Z̄)[(Te* )21F(Z̄)[F(Z) denotes thereduced
Vlasov distribution expressed as thepull-backof the old Vla-
sov distributionF. Here, the pull-back operator is defined

~Te* !21F~Z̄![F~Z̄!2eG 1
a~Z̄!

]F
]Z̄a

1¯. ~13!

Note that by construction the reduced Hamiltonian

H̄~Z̄![~Te* !21H~Z̄!5~H̄02w̄!1eH̄11e2H̄21¯,
~14!

and the reduced Vlasov distributionF̄ are independent of the
fast time scale. By applying the variational principledAVR

50 with the constrained variationdF̄[$S̄,F̄%Z̄ , it is a
simple task to derive thereducedVlasov equation,

$F̄,H̄%Z̄50, ~15!

where$ , %Z̄ is the Poisson bracket on the transformed e
tended phase space. We note that in general the pull-b
operator~13! depends explicitly on the electromagnetic p
tentials (f,A) and thus the variation of the reduced Vlas
functional ~12! with respect tof and A yields the correct
particle densities and currents expressed in terms of
ments of the reduced Vlasov distributionF̄ ~i.e., the reduced
particle currents are calculated from the functional derivat
dAVR /dAn).

As an explicit application of the variational principle fo
the reduced Vlasov–Maxwell equations, we consider
nonlinear low-frequency gyrokinetic Vlasov–Maxwe
equations.4 These equations are obtained through a seque
of two near-identity phase-space transformations: a tim
independent guiding-center transformation and a tim
dependent gyrocenter transformation. The Eulerian va
tional principle presented below turns out to be simpler th
the Lagrangian variational principle presented recently
Sugama,13 in which an action functional for gyrocenter pa
ticles was derived from the Low Lagrangian formalism.

The remainder of this paper is organized as follows.
Sec. II, the derivation of the nonlinear gyrocenter Ham
tonian dynamics is summarized~following work presented
earlier4!. In Sec. III, the Eulerian variational principle for th
nonlinear low-frequency gyrokinetic Vlasov–Maxwell equ
tions is presented; the present work is a nonlinear gene
zation of earlier work.14 In Sec. IV, the Noether method i
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.



–

k

A
m

e
-

e

b

w
on
ll
n

-
s:
n
-

on
r-

al
gy
e

o

is
th
g-

-

rd
a

-

nter

La-
er

ce

is

y-
c-

tic

e-
ter
ce–

-

ng-
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used to obtain an explicit expression for thelocal energy
conservation law for the low-frequency gyrokinetic Vlasov
Maxwell equations; the standardglobal gyrokinetic energy
conservation law15 is recovered. Lastly, in Sec. V, our wor
is summarized and future work is discussed.

II. NONLINEAR LOW-FREQUENCY GYROCENTER
PHASE-SPACE TRANSFORMATION

In this section, we consider the following situation:
background magnetized plasma represented by ti
independent electromagnetic potentialsA0

m5(f0 ,A0) is per-
turbed with low-frequency electromagnetic potentialsA1

m

5(f1 ,A1). The amplitude of these perturbations is order
with a dimensionless parametere!1, so that the exact elec
tromagnetic field tensor becomesF5F01eF1 .

The exact dynamics of a particle of massm and chargee
is described in eight-dimensional extended phase spac
terms of the extended phase-space Lagrangiang5g0

1eg1 , where g0[@(e/c)A01mp#•dx2wdt and g1

[(e/c)A1 , and the extended phase-space HamiltonianH
5H01eH1 , whereH0[upu2/2m1ef02w and H1[ef1 .
The Poisson bracket$ , %Z on extended phase space is o
tained from the extended phase-space Lagrangiang by stan-
dard means.12

When a magnetized plasma is perturbed with lo
frequency electromagnetic fluctuations, it is possible to c
struct a reduced dynamical description by asymptotica
eliminating the fast gyromotion orbital time scale. The sta
dard low-frequency gyrokinetic analysis3,4 proceeds by a se
quence of two near-identity phase-space transformation
time-independentguiding-centerphase-space transformatio
and a time-dependentgyrocenter phase-space transforma
tion.

A. Time-independent guiding-center extended-phase-
space transformation

The first near-identity transformation is theguiding-
centerphase-space transformation, with a small dimensi
less parametereB[r/LB!1 defined as the ratio of the cha
acteristic gyroradiusr ~for a charged particle of massm and
chargee) and the background magnetic-field length sc
LB . This transformation is designed to remove the fast
romotion time scale associated with the time-independ
background magnetic fieldB05¹ÃA0 associated with an
unperturbed magnetized plasma.

In previous work,4 this transformation was carried out t
second order ineB with the scalar potentialf0 ordered at
zeroth order ineB . The results of the guiding-center analys
presented in Ref. 4 are summarized as follows. First,
guiding-center transformation yields the following guidin
center coordinates (R,pi ,m,u,w,t)[Z, where R is the
guiding-center position,pi[mv i is the guiding-center mo
mentum parallel to the magnetic field,m is the guiding-
center magnetic moment,u is the gyroangle, and (w,t) are
the canonically conjugate guiding-center energy-time coo
nates. Next, the unperturbed guiding-center extended ph
space Lagrangian is
Downloaded 16 Nov 2000  to 12.29.252.10.  Redistribution subject to
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e

c
A* "dR1m~mc/e!du2wdt, ~16!

whereA* [A01(cpi /e)b̂ is the effective unperturbed vec
tor potential, withb̂[B0 /B0 ; we henceforth omit displaying
the dimensionless guiding-center parametereB for simplic-
ity. The unperturbed extended phase-space guiding-ce
Hamiltonian is4

Hgc5ef01
pi

2

2m
1mB02w[Hgc2w. ~17!

Lastly, from the unperturbed guiding-center phase-space
grangian ~16!, we obtain the unperturbed guiding-cent
Poisson bracket$ , %, given here in terms of two arbitrary
functionsF and G on extended guiding-center phase spa
as4

$F,G%Z[
e

mcS ]F
]u

]G
]m

2
]F
]m

]G
]u D

1
B*

Bi*
"S ¹F ]G

]pi

2
]F
]pi

¹GD 2
cb̂

eBi*
"¹FÃ¹G

1S ]F
]w

]G
]t

2
]F
]t

]G
]wD , ~18!

where B* [¹ÃA* and Bi* [b̂"B* . The guiding-center
Hamiltonian dynamics in the local reference moving frame
thus expressed in terms of the Hamiltonian~17! and the Pois-
son bracket~18! asŻa[$Z a,Hgc%Z . In particular, we have
ṁ[0 sinceHgc is independent of the fast gyroangleu ~to all
orders ineB).

B. Time-dependent gyrocenter extended-phase-space
transformation

We now consider how guiding-center Hamiltonian d
namics is affected by the introduction of low-frequency ele
tromagnetic field fluctuations (f1 ,A1). These fluctuations
are assumed to satisfy the low-frequency gyrokine
ordering3,4

v/V0[ev!1,

ki /uk'u5O~ev!,

uk'ur5O~1!, ~19!

whereV0[eB0 /mc denotes the charged-particle’s gyrofr
quency andev is a small dimensionless ordering parame
associated with the electromagnetic perturbations spa
time scales, withv the characteristic wave frequency,ki the
characteristic parallel wavenumber andk' the characteristic
perpendicular wave vector~both with respect to the unper
turbed magnetic fieldB0).

Under these electromagnetic perturbations, the guidi
center phase-space Lagrangian~16! and Hamiltonian~17!
become

ggc8 [ggc01eggc1 and H gc8 [Hgc01eHgc1 , ~20!
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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where e is a dimensionless ordering parameter associa
with the amplitude of the electromagnetic perturbation p
tentials (f1 ,A1) and the zeroth-order guiding-center phas
space Lagrangianggc0 and HamiltonianHgc0 are given by
~16! and ~17!, respectively. The first-order guiding-cent
phase-space Lagrangianggc1 and HamiltonianHgc1 , on the
other hand, are

ggc15~e/c!A1~R1r,t !"d~R1r!

[~e/c!A1gc~R,t;m,u!"d~R1r!

Hgc15ef1~R1r,t !

[efgc~R,t;m,u!, ~21!

whereA1gc(R,t;m,u) and f1gc(R,t;m,u) denote perturba-
tion potentials evaluated at a particle’s positionx[R1r ex-
pressed in terms of the guiding-center positionR and the
gyroangle-dependent gyroradius vectorr(m,u) ~to lowest
order ineB , we ignore the spatial dependence ofr.!

Because of the gyroangle-dependence in the guid
center perturbation potentialsf1gc and A1gc , the guiding-
center magnetic momentm is no longer conserved by th
perturbed guiding-center equations of motion, i.e.,ṁ
5O(e). To remove the gyroangle-dependence from the p
turbed guiding-center phase-space Lagrangian and Ha
tonian ~20!, we proceed by using the time-dependentgyro-
centerphase-space transformation,

Z[~R,pi ,m,u,w,t !→Z̄[~R̄,p̄i ,m̄,ū,w̄,t !,

whereZ̄ denotegyrocenter~gy! extended phase-space coo
dinates; we note that the time coordinatet is not affected by
this transformation.

The results of the nonlinear Hamiltonian gyrocenter p
turbation analysis are summarized as follows.4 To first order
in e and zeroth order inev and eB , this transformation is
represented in terms of generating vector fie
(Ggy1,Ggy2, . . . ) as

Z̄a[Z a1eG gy1
a 1¯. ~22!

The components of the first-order gyrocenter generating v
tor field Ggy1 are

G gy1
a [$Sgy1,Z a%Z1

e

c
A1gc"$R1r,Z a%Z , ~23!

whereSgy1 is a gauge function. Through this transformatio
the perturbed guiding-center phase-space Lagrangian~20!
transforms into the gyrocenter phase-space Lagrangian

ggy[
e

c
A* "dR̄1~mc/e!m̄dū2w̄dt, ~24!

which is identical in form to the unperturbed guiding-cen
phase-space Lagrangian~16! so that the gyrocenter Poisso
bracket$ , %Z̄[$ , %Z has the same form as~18!.16 Up to
second order ine, the extended phase-space gyrocen
Hamiltonian is

Hgy5~Hgy01eHgy11e2Hgy2!2w̄[Hgy2w̄, ~25!
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whereHgy is the nonlinear gyrocenter Hamiltonian, given
lowest order ine2ev ande2eB as

Hgy5Hgy01ee^c1gc&

1
e2

2
S e2

mc2
^uA1gcu2&2

e2

V0

^$C̃1gc ,c̃1gc%& D . ~26!

Here,c1gc[f1gc2A1gc"v/c defines an effective first-orde
perturbation potential and̂ & denotes averaging with respe
to the gyroangleū. In ~23!, the first-order gauge function
Sgy1 is ~to lowest in the low-frequency gyrokinetic ordering!

Sgy1[
e

V0
E c̃1gcdū[

e

V0

C̃1gc , ~27!

wherec̃1gc[c1gc2^c1gc& denotes the gyroangle-depende
part of c1gc .

Lastly, the gyrocenterpull-back(Tgy* )21 of any function
F on guiding-center phase space yields a new functionF̄
[(Tgy* )21F on gyrocenter phase space defined by the re
tion

F̄~Z̄![~Tgy* !21F~Z̄![F~Tgy
21Z̄![F~Z!. ~28!

To first order ine, the low-frequency gyrocenter pull-bac
operator is

~Tgy* !21F5F2eS e

V0

$C̃1gc ,F%Z̄

1
e

c
A1gc"$R̄1r̄,F%Z̄D 1O~e2!. ~29!

Note that the extended gyrocenter HamiltonianHgy can also
be expressed in terms of the gyrocenter pull-back asHgy

[(Tgy* )21Hgc .

III. VARIATIONAL PRINCIPLE FOR NONLINEAR LOW-
FREQUENCY GYROKINETIC VLASOV–MAXWELL
EQUATIONS

Since time is not affected by the gyrocenter extend
phase-space transformation, we henceforth omit display
its explicit dependence. Moreover, we omit the overbar a
subscript gy to denote gyrocenter coordinates and funct
on gyrocenter phase space.

The reduced action functional for the nonlinear gyro
netic Vlasov–Maxwell equations is

AR52E d8ZF~Z!H~Z!1E d4x

8p
~ u¹Fu22uBu2!, ~30!

where we henceforth use the notation

F[f01ef1 and B[B01e¹ÃA1 .

The absence of the inductive part2c21] tA1 of the perturbed
electric fieldE1 in the Maxwell part of the reduced actio
functional~30! means that the inductive current] tE1 will be
absent from the Ampere equation; this is consistent with
low-frequency approximation used in nonlinear gyrokine
theory.
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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The variational principledAR[d*L Rd4x[0 for the
nonlinear low-frequency gyrokinetic Vlasov–Maxwell equ
tions is based on constrained variations forF(Z) while
variations of the electromagnetic potentials (f,A) are re-
stricted to variations of the perturbation potentialsf1(x,t)
and A1(x,t) only. Variation ofAR with respect todF(Z),
df1(x,t), anddA1(x,t) yields

dAR52E d8ZFdF~Z!H1F~Z!

3E d3xS df1~x!
dH

df1~x!
1dA1~x!"

]H

]A1~x!
D G

1E d4x

4p
~e¹df1"¹F2e¹ÃdA1"B!. ~31!

Here, the variationdF is constrained to be of the form

dF[$S,F%Z , ~32!

whereS generates the virtual extended phase-space disp
mentdZ[$Z,S%Z and$ , %Z is the Poisson bracket~18! on
extended gyrocenter phase space. The functional deriva
dH/df1(x) anddH/dA1(x) in ~31!, on the other hand, ar
evaluated using~26! ~to second order ine) as

]H

]f1~x!
5eeK S dgc

3 2e
e

V0

$C̃1gc ,dgc
3 % D L

[ee^~Tgy* !21dgc
3 &, ~33!

where dgc
3 [d3(x2R2r)[df1(R1r)/df1(x) using the

identity

f1~R1r!5E d3xd3~x2R2r!f1~x!

[df1gc~R;m,u!.

Similarly, we find

]H

]A1~x!
52eeK F v

c
dgc

3 2eS e

V0
H C̃1gc ,

v

c
dgc

3 J
1

e

c
A1gc"H R1r,

v

c
dgc

3 J D G L
[2eeK ~Tgy* !21S v

c
dgc

3 D L . ~34!

After rearranging and integrating by parts,~31! becomes

dAR52E d4xe
df1~x!

4p
F¹2F14pe

3E d6Z f~Z,t !^~Tgy* !21dgc
3 &G

1E d4xe
dA1~x!

4p
"F¹ÃB24pe
Downloaded 16 Nov 2000  to 12.29.252.10.  Redistribution subject to
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E d6Z f~Z,t !K ~Tgy* !21S v

c
dgc

3 D L G
1E d8ZS$F,~w2H !%Z1E d4x~]•J!, ~35!

where we have usedF(Z)[d(w2H) f (Z,t) for the gyro-
center Vlasov distribution function in extended phase sp
in the first two terms indA, while the last term in~35!
involves the exact space-time divergence

]•J~x![
]

]xm S E d8Zd4~x2R!SFṘm D
1¹"S e

df1

4p
¹F2e

dA1

4p
ÃBD , ~36!

where Ṙm[$Rm,H%Z denotes the gyrocenter four-velocity
Since ~36! is an exact space–time divergence, it does
contribute to the reduced variational principledAR[0.

By requiring that the action functionalAR be stationary
with respect to arbitrary variationsS, df1 , anddA1 ~which
vanish on the integration boundaries!, we find the nonlinear
gyrokinetic Vlasov equation

05$F,H%Z , ~37!

and the gyrokinetic Maxwell equations; the gyrokinetic Po
son equation

¹2F~x!524pE d6Z f~Z!^~Tgy* !21ed3~x2R2r!&,

~38!

and the gyrokinetic Ampere equation,

¹ÃB~x!5
4p

c E d6Z f~Z!^~Tgy* !21~evd3~x2R2r!!&.

~39!

If we now substituteF(Z)[d(w2H) f (Z,t) into $F,H%Z
50, we obtain the standard nonlinear gyrokinetic Vlas
equation] t f 1$ f ,H%50, written explicitly as

] f

]t
1S B*

Bi*

]H

]pi

1
cb̂

eBi*
Ã¹H D "¹ f 2S B*

Bi*
"¹H D ] f

]pi

50.

~40!

The nonlinear equations~38!, ~39!, and ~40! @with H given
by ~26!# are the self-consistent nonlinear gyrokine
Vlasov–Maxwell equations in general magnetic fie
geometry.4

IV. LOCAL GYROKINETIC ENERGY CONSERVATION
LAW BY THE NOETHER METHOD

By substituting~37!, ~38!, and~39! into ~35!, the varia-
tional equationdA[*dLd4x ~we henceforth ignore the sub
script R) yields the Noether equation

dL~x![]•J~x!. ~41!

In the Noether method, the variations (S,df1 ,dA1 ,dL) are
expressed in terms of generators for infinitesimal translati
in space or time.
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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Following a translation in timet→t1dt, the variations
S, df1 , dA1 , anddL become, respectively,

S52wdt,

df152dt] tf1 ,

dA152dt] tA1[cdt~E1¹F!,

dL52dt] tL. ~42!

In ~42!, the expression forS satisfiesdt[$t,S%Z , the expres-
sion for dA1 incorporates the identityE01¹f0[0, and the
Vlasov–Maxwell Lagrangian density is

L5
1

8p
~ u¹Fu22uBu2![

1

4p
u¹Fu22EEM ,

after the physical constraintH50 is imposed in the space
time integrand of the reduced action functional~30!; here,
EEM[(u¹Fu21uBu2)/8p denotes the electromagnetic-fie
energy density~in the low-frequency limit!.

By combining~42! into ~36! and ~41!, we obtain

~43!

The term~I! can be written as

]

]t S 1

4p
uFu2D5

]

]t F¹"S 1

4p
F¹F D

1eE d6Zd3~x2R! f ^~Tgy* !21Fgc&G ,
~44!

where Fgc5f01ef1gc , the identity u¹Fu2[¹"(F¹F)
2F¹2F was used, and~38! was substituted. The term~II !
can be written as

2¹"S e

4p
] tf1¹F D52¹

]

]t
"S e

4p
f1¹F D

1¹"S e2

4p
f1¹] tf1D . ~45!

Lastly, the term~III ! can be written as

2¹"S ¹FÃ
c

4p
BD5¹"S F

c

4p
¹ÃBD

5¹"FeE d6Z f^~Tgy* !21~vFgc!&G ,
~46!

where~39! was substituted. We now note that the first te
in ~45! partially cancels the first term in~44! leaving
Downloaded 16 Nov 2000  to 12.29.252.10.  Redistribution subject to
]

]t
¹"S f0

4p
¹F D[¹"S e

f0

4p
¹] tf1D .

By collecting the remaining terms, we obtain the followin
expression for thelocal gyrokinetic energy conservation law

]E
]t

1¹"S50, ~47!

where the gyrokinetic energy density is

E~x,t !5E d6Zd3~x2R! f ~Z,t !~H2e^~Tgy* !21Fgc&!

1
1

8p
~ u¹Fu21uBu2!, ~48!

while the gyrokinetic energy density flux is

S~x,t !5E d6Zd3~x2R! f ~Z,t !~HṘ2e^~Tgy* !21vFgc&!

1
1

4p S cEÃB2e
F

4p
¹] tf1D . ~49!

The last term in~49! represents the contribution from th
polarization current. Integrating~47! over space we recove
the standardglobal gyrokinetic energy conservation law4,15

dE/dt50, where

E[E E~x,t !d3x5E d3x

8p
~ u¹Fu21uBu2!1E d6Z f~Z,t !

3~H2e^~Tgy* !21Fgc&! ~50!

is the total gyrokinetic Vlasov–Maxwell energy.

V. SUMMARY AND FUTURE WORK

In the present work, the Eulerian variational principle f
low-frequency nonlinear gyrokinetic Vlasov–Maxwell equ
tions is presented for the first time. This new variation
principle is based on constrained variations of the Vlas
distribution functionF on extended eight-dimensional pha
space. The variational principle is also an extension of
Eulerian variational principle previously constructed for t
linearized gyrokinetic Vlasov–Maxwell equations.14 It also
provides a simpler variational principle than the Lagrang
variational principle presented by Sugama13 in which the gy-
rocenter phase-space coordinates are variational variabl

The elegance of the present Eulerian variational pr
ciple is demonstrated by the ease with which self-consis
reduced Maxwell equations can be derived, e.g., through
functional derivativedAVR /dAn(x) in ~9!. As a further ap-
plication, we also derive~for the first time! a local energy
conservation law for the nonlinear gyrokinetic Vlasov
Maxwell equations from which the standard global gyro
netic energy invariant~50! is recovered.

In future work, the reduced Eulerian variational forma
ism will be applied to derive self-consistent, nonlinear, lo
frequency bounce-gyrokinetic Vlasov–Maxwell equation
in which both the fast gyromotion and bounce-motion tim
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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scales have been eliminated. This work will be based on
recent derivation of nonlinear bounce-gyrocenter Ham
tonian dynamics.17
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