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A formulation for collisional kinetic theory is presented based on the use of Lie-transform methods
to eliminate fast orbital time scales from a general bilinear collision operator. As an application of
this formalism, a general guiding-center bilinear Fokker—Plaiiék collision operator is derived
following the elimination of the fast gyromotion time scale of a charged particle moving in a
nonuniform magnetic field. It is expected that classical transport processes in a strongly magnetized
nonuniform plasma can, thus, be described in terms of this reduced guiding-center FP kinetic theory.
The present paper introduces the reduced-collision formalism only, while its applications are left to
future work. ©2004 American Institute of PhysidDOI: 10.1063/1.1780532

I. INTRODUCTION Fokker—Planck(FP) collision operators(for uniform and

nonuniform magnetic fieldswhen compared to those ob-

ated with the asymptotic elimination of fast time scales fromtf"“ne% 7by the standard apprpach for' uniform magnepc
fields.”* The present approach is expected to be appropriate

single-particle Hamilton equatioﬁﬁln the present paper, ¢ licati ; llisional Kinetic th d i
the general Lie-transform rules for the transformation of an ' applications in collisional gyrokinetic theory and gyroki-

arbitrary bilinear collision operator are presented. netic particle simulations.**

As a first step, Lie-transform methods are used to as-
ymptotically eliminate a fast orbital time scale from the col- A. Brief introduction to collisional plasma kinetic
lisionless(Vlasov) evolution operator of a collisional kinetic theory
equation. This dynamical reduction is performed through a e begin with a brief introduction of collisional plasma
phase-space coordinate transformation, from which colliyinetic theory(see Refs. 13-15, for examplehe study of
sionless reduced Vlasov kinetic theories are derié@d., jrreversible transport processes in nonuniform plasmas is

gyrokinetic Vlasov theo&_“). As a result of this coordinate pased on solutions of a collisional plasma kinetic equation
transformation, the collision operator is transformed into a

new collision operator in which the fast time-scale depen- g(z t) =C[f1(z,t) (1)
dence is still present; this feature is common to all collisional ~ dt Y

theongs gised on the use _reduced .gwdmg-cent%heref is the testparticle distribution function and are
coordinates. " To eliminate this residual fast-time-scale de- ., ginates in the six-dimensional single-particle phase
pendence, we proceed with a second step involving a fasgpace_ The Vlasov operator

angle averaging procedure and a closure scheme based on'a

time-scale ordering involving the characteristic collisional d_ i+'z“(z t)i ?)
time scale. Areducedcollisional kinetic equation is, there- dt gt oz

fore, obtained in whichthe fast-angle-averaged distribution . o . .

evolves in a reduced phase space. Note that fast-angle avé&aracterizes theissipationlessime evolution off, where
aging is required only in the presence of collisions since thd"€ Hamiltonian particle orbik(t; o) is the solution of the

first step involves aeversiblephase-space coordinate trans- Hamilton equations®(z,t) ={z", h(z,t)} with the initial con-
formation that requires no averaging. dition zy; here,h and{,} are the single-particle Hamiltonian

The present approach is to be contrasted with the trad@nd Poisson bracket, respectivegummation over repeated
tional multiple time-scale approa@hwhereby the collisional ndices is implied throughout the paper; greek indices take

kinetic equation in particle phase space is expanded in pov\){alues from 1 to 6, while latin indices take values from 1 to

ers of a small parameter with the particle distribution func-
tion expanded a$=X,_, €'f,. In general, the zeroth-order
componentf, is independent of the fast time scale and the
fast-time-scale dependencefgfinvolves contributions from
collisionless(Hamiltoniar) dynamics and collisional dynam- cfl=S cf:f'] 3)
ics, which introduces several layers of tedious algebra before
a reduced collisional kinetic equation is derived,with a  in Eq. (1) characterizes thelissipative (irreversiblg time
linearizedcollision operator. evolution of f, where thebilinear collision operatoiC[f;f’]
By using Lie-transform methods, we obtain simpler anddescribes binary collisions between test particles feld
more compact expressions for transformed guiding-centgparticles (with distribution f’); the summation is over all

Lie-transform perturbation methods are normally associ

In the absence of collisiong =0), Eq.(1) is the Vlasov
equationl.6 df(z,t)/dt=0, whose solutiorf(z,t) is constant
along a Hamiltonian particle orbit. The collision operator
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field-particle speciegand includes like-particle collisions reducedphase-space coordinatég (the reduced particle dy-
Solutions of the collisional kinetic equatigfh) are quite  namics takes place infaur-dimensional spageand the fast
difficult to obtain in general and various approximation canonical action-angle paid, ).
schemes must be adopted in order to arrive at useful solu- Next, using the transformatiof@), we define thegoush-
tions. One such approximation scheme involves removindorward operator on scalar fieldsinduced by the near-
fast orbital time scales associated with Hamiltonian particleidentity transformatior{4),
orbits in six-dimensional phase space Here, the motion of o I
magnetically confined charged particles exhibits three dis- Tof—F=TH, (5)
tinct orbital time scaleéry < 7,<7¢): (1) a fastgyrationtime  j e  T-! transforms a scalar fieltl on the phase space with
scalery associated with the gyromotion of charged particlescoordinatesz into a scalar field= on the phase space with
about a magnetic field ling2) an intermediatéouncetime  ¢gordinates Z:F(2)=T*(2)=1(7.'2)=f(2). Since the
scale 7, associated with the periodic parallel motion of {ransformation(4) is invertible, i.e., there exists an inverse
charged particle along a magnetic field line; aBgla slow  pear-identity transformation
drift time scalery associated with the perpendicular motion
of charged particles acrosmnuniformmagnetic field lines. 7,42 22,9 =172 with 2Z;0)=2, (6)
After choosing aslowtime scale of interestiabeledr),
we identify allfasttime scalesr, which satisfy the condition
7«< 7. For example, if we are interested in plasma dynamics T F —f=T., (7)
on the bounce time scale~ 7,) then the gyromotion time
scale is considered faét,<7) and it can be asymptotically
removed. For each such fast orbital time scalea pair of
action-angle variableg),, ) is assigned¢® is the fast-angle

variable (with #¢= Q¥ denoting the fast orbital frequency
and its canonically conjugate actidpis an adiabatic invari- such thatZf is also a scalar field on particle phase space.

. — k . _

ant on a time sqalg longer thap= fﬁd@k"? (|..e.., th? fast Hence, the induced transformation of the scalar figfdol-
angle average aly is zerg. The asymptotic elimination of a |ows the push-forward rulés): £f—T_ £f. By combining
fast orbital time scaley from the Viasov operata(2) can be  this push-forward transformation with the pull-back transfor-

=w/Qf<1 (where id,—w denotes a characteristic — L F defined as

frequency.t*® .
In the present paper, we focus our attention on the LF =T L(TF). (8)

asymptotic elimination of the gyromotion time scale leading his induced transformation rule for operators will be used
to the reduced guiding-center dynamics of charged particIeI . .
in the following section to transform the Vlasov operator

in nonuniform magnetic fields. Here, the reduced guiding- . o o
, . T _~ d/dt and the collision operatat appearing in the collisional
center coordinatesX , &, i, 6) include the guiding-center po kinetic equation(1).

sition X, the guiding-center kinetic energy, the guiding-
center magnetic momept, and the guiding-center gyroangle
0. Each coordinate is expressed as an asymptotic expansion

in powers of the dimensionless parametgy=p/Lg,*?*  C. Organization
wherep is the characteristic gyroradius of a charged particle
and Lg denotes the magnetic field nonuniformity length
scale.

we also define theull-back operatorl,

i.e., T, transforms a scalar fiel6 on the phase space with
coordinatesZ into a scalar fieldf on the phase space with
coordinatex: f(z)=T F(z)=F(72)=F(2).

Finally, we consider the transformation of a general op-
eratorL:f— Lf actinglocally on the particle distributiorf

The remainder of the paper is organized as follows. In
Sec. I, we investigate the fasttime dependence of the trans-
formed collisional kinetic equation and discover that, al-
though the fast time scale has been eliminated from the dis-
B. Lie-transform phase-space transformations sipationless (Vlasoy) part of the kinetic equation, the

The standard mathematical method used to asymptotdissipative(collisiona) part has retained fast time depen-
cally eliminate fast time scales is the Lie-transform method,denc_e as a result of collisions. This is not _too surprising after
which we briefly review here. In particular, we show the a_II since these phase—spac_:e transformations were never de-
transformation rules by which each element of the collisionafigned for that purpose. This means that the transformed col-
kinetic equation(1) (i.e., f, d/dt, andC) transform under a lision operator is not yet reduced in the sense that the fast-
near-identity transformation. angle-independergaveragedl part, denotedF), and the fast-

Using Lie-transform methodsthe process by which a angle-dependent part, denotéetF—(F), of thetransformed
fast time scale is removed from E@) involves a near- distribution functionF are still coupled by collisions. The
identity transformation on particle phase space, reduction of the transformed collision operator involves a

T:z—Z2(ze =Tz with Z(z:0)=z 4) closure scheme.yielding a reduce(_j collision operator acting

€ ' € ' ' on (F) alone. This closure scheme is based on an asymptotic
wheree <1 is a small parametégfor reduced guiding-center expansion based on a new expansion parametet/()
dynamics,e=¢g). In what follows, the new six-dimensional =p/\,<1 defined as the ratio of the characteristic collision
phase-space coordinatgs=(Zg;J, #) are divided into the frequencyv over the fast frequency) or the ratio of the
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gyroradiusp over the collisional mean-free-paith). For most CIFIZ,t) =T HC[TFN(Z,1), (12)
practical applications, however, we argue that only the low-
est term in thise, expansion is relevant. and omit mention of the field-particle species unless other-

The purpose of the present paper is, therefore, to derivise needed.
firstorder(eg=p/Lg) corrections of a reduced guiding-center ~ The transformed Vlasov operat@t0) is now explicitly
Fokker—PlanckFP) collision operator, which might be suit- Written in terms of the new phase-space coordinates
able for analytical and numerical study of collisional and(Zg;J,0) as
turbulent transport processes in nonuniform magnetized plas-

. : e 9 -9 dg -9

mas. In Sec. Ill, we derive the lowest-order term inareduced —<=—+Z%—=—"+§6—, (13
FP collision operator. Starting from a standard FP collision dt Jt gz* dt 96
operator(describing collisional drag and diffusion in mo-
mentum space we derive an expression for a reduced FP
collision operator in a reduce@+1) phase space with co-
ordinates(Zg,J). In particular, the reduced FP collision op-
erator describespatial drag and diffusion processes nor- {F,.G}(2) ETzl({TEF,TEG})(Z), (14)
mally described from a collisional fluid-moment approach.

As a specific example, we focus our attention in Sec. [VWe note that the transformed HamiltonibdiZg;J) and the
on the guiding-center phase-space transformation associaté@nsformed Poisson brackgt, are (by construction inde-
with the asymptotic elimination of the fast gyro motion time Pendent of the fast anglé, so that Hamilton’s equations
scale of a charged particle moving in a nonuniform magnetiZy(Zg;J) and 0= Q(Zg;J) — and, thus, the transformed
field. General expressions are obtained for the collisional FR/lasov operatod,/dt — are independent of the fast angle
drag and diffusion coefficients in guiding-center phase spac&yhile J=0 (to all orders ine).
For clarity of exposition, we also use an isotropic field-  The ¢ independence of the transformed Vlasov operator
particle model introduced in Sec. Il to investigate how(13) allows the separation of the transformed collisional ki-
magnetic-field nonuniformity influences these guiding-centehetic equation9) into two coupled kinetic equations: one for
FP coefficients. We also discuss possible extensions of oyne g-averageddistribution, denotedF), and one for the
work introduced by background nonuniform electric fleldsa dependendistribution, denoted = F - (F). The collisional

(which are outside the scope of the present waikd sum-
marize our findings in Sec. V. Finally, we present some techk:{nggc(z;quaﬂon foxF) is obtained byy averaging both sides

nical details about the guiding-center transformation for non-
uniform magnetic fields in the Appendix.

where the transformed Hamilton equatici'tté’sE {Z%,H}, are
defined in terms of the transformed Hamiltonitn=T_*h
and the transformed Poisson bracket

d ~
d—?<F> =(CLFD) = (CLPF ] +(CIFD), (15

Il TRANSEORMED COLLISIONAL KINETIC where we used the& indepgndence of the r(_aduced qusov
EQUATION operatordg/dt on the Ieft§|de of Eq(15), while the colli-
sional kinetic equation foF is obtained by subtracting Eq.
The transformation of the collisional kinetic equation (15) from Eq. (9),
(1), induced by the near-identity phase-space transformation

(4), yields a new collisional kinetic equation, (Q(jg ((j:it)F CIF]-(CIF]). (16)

d€ — — .
aF(Z’t) =CIFIZ. =2 Ceo[FiFI@, © " Note that the term(C[F]) in Eq. (15) does not vanish in

general and, thus, the collisional kinetic equatiohs) and

(16) are coupled through collisior{se., whenC=0, it can be

shown thatF=0 to all orders ine). Hence, Eq.(15) still

contains a dependence on the fast angléhrough thed

dependent parTE of the transformed distributioR.

d—EF(Z t) = —1<ET F)(Z ) (10) The ultimate goa_l in reduced coIIi_s;i_onaI ki_neti_c theory is
d to transform Eq(15) into a closedcollisional kinetic equa-

where F=T_'f is the transformed test-particle distribution

function obtained from the push-forward of the test-particle
distribution function f, the transformed Vlasov operator

d./dt is defined from Eq(8) as

t
while the transformed bilinear collision operator is defined asIon
_ d
Cleen[FiF1ZH) =THCTF TR DZY), (11 d—':<F>(ZR,t;J) =Crl(P)(Zr,1;I), (17

wheree’' = w/()' is the small parameter associated with the

field-particle species. We note that the bilinearity of the col \‘;vhe(;e thed resluczﬂl;) lcoII|S|_|c_>n ct));:e_rattcr)]rCR alllc;tg on the
lision operator(3) allows a separate treatment of the test- -independent par-) alone. 1o obtain this collision opera-

particle (f) and field-particle(f’) distributions and, for con- tor, we must solve the collisional kinetic equatic6) for F
venience of notation, we, henceforth, write the transformedn terms of(F) and substitute this functional solution into
collision operator(11) as (CE[F]). This is accomplished by expanding the transformed
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distribution functionF as a Fourier series in the fast orbital gime, we haveA>1 (i.e., \,>Lpg). In the latter two cases,

angle 6, the motion of a guiding-center particle explores a significant
=~ e = i portion of the magnetic field nonuniformity before it encoun-
F=(F)+X (Fe+Fe'), (18 ters a collision.
>0

whereﬁ}zﬁ_g, and defining the averaged collision operators
Kr 7 — /i, ik Ill. TRANSFORMED FOKKER-PLANCK COLLISION
cilg] = (e "c LoD, (19 I TRANSE
whereg is an arbitraryf-independent function an, €) are .
arbitrary integers. By substituting these expressions into Eqs. ' "€ collisional operato€ has so far been treated as an

(15) and(16), respectively, we obtain arbitrary bilinear collision operator. We now focus our atten-
tion on an important class of bilinear collision operators used
—<F> c [<F>]+EC [Fe] (20) in plasma physics: the FP collision operatgsge, for ex-
=0 ample, Refs. 15, 22, and 23The general form of the FP
collision operator is expressed as
dr
(.e QO+ d—) Fe=CJ(F)]+ EOCF[Fk] (21) Ced Fl(x,p) = - %[Ki(x,p)f(x,p)

The approximate solution of E@21) for each integef #0 .

is based on the small parameter= v/Q <1 (which is dif- -D(x, p) (x p) |, (24
ferent from e=w/()), where v is the characteristic colli-

sional dissipation rate. To first order &), and assuming that Wherez=(x,p) are phase-space coordinates for a test par-
CIY(F)]+#0 in Eq.(21), we, thus, find the functional solution ticle of massm and chargee (here,x denotes the particle

I~:€[<F)]:(i€Q)‘162[<F>], which when substituted into the position andp=mv its kinetic momentury the time depen-

second term on the right side of E@0) yields the first two dence is suppressed for simplicity of notation and the mo-
terms in the asymptotic expansion 16§ mentum representation is used to facilitate the analysis that

follows. The collision operatof24) describes morggentum-
_ o L o space scattering events in both unmagnetized pladsSraad

Cel(F)] = Col(F)] ~1 € goc [606’[“:)]} +0(ee,€)), magnetized plasm&§?* the three-component vectoK

=>'K[f'] describes collisional momentum drag while the

(22) three-by-three symmetric matrix=%'D[f’] describes colli-
where sional momentum diffusion; the coefficierk$f’'] and O f']
o _ Y are functionals of thdield-particle distribution functionf’.
ClR = CLRD =(TCTLRD (23 For small-angle-deflection Coulomb collisions in an un-
is the lowest-order term in the closed transformed collisioagnetized plasma involving test particle specesand
operator. field-particle speciesh,'* for example, the coefficients
The reduced collisional kinetic equatigh?), including ~ Kadlfp] and Do fy] are expressed in terms of Rosenbluth

the reduced collision operat(22), is obtained from the col- Potentials(Hap, Gap) as

lisional kinetic equation(9) as a result of two asymptotic 3 88X —x) IHa(2)
expansions in powers afande,. In most practical applica- Kap(2) = _<Fab_ f d°Z'fy(z') ) =

tions, however, the zeroth-order expressiaf) is sufficient Ip M vV Ip
and, thus, we, henceforth, focus on applications of this
lowest-order term in the development of reduced collisionab,,(z) =

i p(mil"abf dSz' f(z') S (x’ —x)|v—v’|)

kinetic theories. We note that the two small parametgrs 20p
and ¢, introduced above serve very different purposes: 1 PG,(2)
=pl/Lgis involved in the elimination of fast gyromotion time = Em (25)

scale from the Vlasov operator argl=v/Q=p/\, is in-
volved in the elimination of fast gyro motion time scale from where I'y,=47 eﬁeﬁ In A and d,-Dgp=(mp/my)K 4, Note

the collision operator. The ratio of these two dimensionlesshat magnetized=P collision operators can also be expressed
parameters introduces a new parameter eg/€,=\,/Lg in in terms of Rosenbluth potentiaﬁ%.24 However, the unmag-
the collisional kinetic theory of irreversible transport pro- netized FP collision operat@R4) can still be used to study
cesses in nonuniform magnetized plastfadccording to  collisional transport processes in magnetized plasmas if the
neoclassical collisional kinetic theofy,for example, the characteristic gyroradius is larger than the Debye length for
classicalcollisional regime is identified by the conditiadh  each plasma particle specig®., the Alfvén speed is sublu-
<1, i.e., the collisional mean-free-path is much shorter thaminal for each plasma particle spegieshich is well satis-

the magnetic nonuniformity length scale, so that magnetidied for electrons and ions in high-temperature tokamak plas-
nonuniformity can be ignored at the lowest ordeggninthe  mas.

neoclassicaregime, on the other hand, we haxe=1 (i.e., When the field-particle distribution is isotropic in mo-
\,=Lg), while in thecollisionless(long-mean-free-pajitre-  mentum space’ such that the Rosenbluth potentiddg,(z)
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=H,(X,p) andG,,(z2) =G,(x,p) depend only on the magni- B. Poisson-bracket formulation

tude of the particle momentum, the FP coefficients become First, we point out that the general FP collision operator

K ap= = VapP (269 (24) can be written as
and Ced fl(2) = - {X,[K'(9)f(2) - D' (2){x,f(2)}]}, (30)
pp pp in terms of thenoncanonicalPoisson brackef’
Dab: DHab_z + DJ_ab I = o (26b)
P P (=@ 292 0@ 99
where the collisional momentum-drag frequency g, iz = X ap ap IX
=—(1/p)H_(p), the diffusion coefficients parallel and per-
pendicular top, respectively, areD,,=(1/2)G;,(p) and + eB(x) .‘”(Z) % ’99(2)' (31)
D, ap=(1/2p)G.,(p). The isotropic field-particle model will ¢ ap ap

become useful later on when we investigate the effects of . .
s : . - . where f and g are two arbitrary phase-space functions and
magnetic-field nonuniformity on guiding-center collisions. 2 . ;
the magnetic fieldBB appears in Eq(31) becausep=mv is

not the canonical momentum.
Next, using the transformed Poisson brackbf), the
A. Standard transformation procedure transformed FP collision operator is obtained from Ekp)

The standard transformation procedure for the FP colli8S
sion operato(24) is expressed in terms of the operator trans-
formationCFp%CTFp,

1 9 JF
CreplFl=- Eﬁ[J(/C“F - DaﬁaZB

Cad F1(2) == {X(2),[KUZ)F(2)
>] -DU2){XU2),F@Z)} e (32

2 . ‘
@7 where the transformed FP coefficients m‘gZ)zTglK'(Z)

. ~andDY(2)=T.'DI(2), and X(Z)=T.*X(Z)=X represents
where 7 denotes the Jacobian of the general transformatioghe particle positiorx expressed as a function of the trans-

z=(x,p)—Z=Tz, the distribution. func_tith%T_lf de-  formed phase-space coordinasesX (Z), and X represents
notes the push forward of the particle distribution functfon nhe transformed spatial coordinate.

generated by the general transformatifnand the new FP We now point out that a general Poisson bracket in six-
coefficients in Eq(27) are defined as dimensional phase spa¢with coordinatesZ®) can be ex-

97 57 _ pressed in terms of a six-by-six antisymmetric Poisson ma-
IC“:T‘1<—iK'> —T‘l<—i)T‘1K', (28)  trix J*={z%,ZP}, and the Jacobian7 as a phase-space
p Ip divergence
9z2% . 9ZP IF _,0G 19 aF
DQBIT_l(_'D'J_'> F,Gl.= —J*—=-=-—| 7—J3G|,
ap'— ap {F.Cle 9z 9ZP Joz® jazﬁ ¢
IR AR VN Y . . .
=T — |(TDhHT —, (29) where the functiong and G are arbitrary functions on the
ap Ip transformed phase space, while the Jacobfaand the anti-

. symmetric Poisson matri¥®* satisfy the Liouville identities
where we have used standard properties of the push-forwar a(jJ’jB):O (for B=1, ...6. With this Poisson-bracket for-

-1.717-1 —(T17-1 -1
operatorT > T (f g)=(T“f)(T "g). Note that, because the mulation, we may rewrite the Fokker—Planck collision opera-

transformed FP collision operat¢27) is written in diver- . )
gence form, it is guaranteed to satisfy the particle conservat—o (32 in the same phase-space divergence form agy,

tion property. 14 IF
Although the standard transformation proced(2®) is CedFl(2)=-— a{j(lCi‘F —D?B—ﬁﬂ, (33
straightforward to apply for finite transformatidﬁs(e.g., Joz Iz
transformation from Cartesian to cylindrical momentum co-
ordinate$, the explicit calculation of the transformation-
matrix componentd _}(dZ%/p') can be difficult to imple- Ke=K, 9,X =K, -A® (34)
ment in practice for near-identity transformations on six- ¢ e T c e

dimensional phase space, such as those contemplated in fjfile the phase-space collisional diffusion tensor is defined
present work. The difficulty resides in the fact that the termsyg

T_X9z%/9p') in Egs. (28) and (29) involve a double

asymptotic expansion in powers ef ' To bypass this dif- DZB: -39, X - Do 9, X éjzﬁ =A%.D,- Af, (35)
ficulty, we introduce a new formulation of the FP collision )

operator(24) based on the use of the noncanonical Poissomvhich is also symmetric sind®! is symmetric. In Eqs(34)
bracket{,} used in describing single-particle Hamiltonian dy- and (35), we have introduced the vector-valued components
namics. A? defined as

where the phase-space collisional drag vector is defined as
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N . wpdXe The Jacobian J=mB/[v)| for the guiding-center
A ={X,2%=-J Pk (36)  transformatiof’ is defined in terms of the guiding-center

. ) phase-space functioBﬁ(X,E,,u)=tA)-B* derived from the
which offer computational advantages over the standard

transformation approacdtdescribed abovesince asymptotic generalized wm =B+e(cp/e)V xb, where

expressions for the antisymmetric Poisson matd$® [o1]=[py|/m= y(2/m)(€- ). Next, the guiding-center Pois-
and X, are readily available for the guiding-cerf&fand ~ S°" bracket of two arbitrary functiosandG of (X, £, ., 6)

bounce-centé? near-identity phase-space transformations. IS
. I_n the following section, we de.rl\./e expressions for the alse/oc JG JE JE\ 3G

guiding-center Fokker—Planck collision operator based on {F,G}y=—=| —| —+B— |- | —+B—<|—

the general phase-space divergence f¢83), with coeffi- BLdO\dw —d& du 9E) IO

cients given by Eqs:34) and (35). .. 0G JF_,
+Vge | VF—-—V'G
aE &
IV. REDUCED GUIDING-CENTER FOKKER-PLANCK 6
C * *
OPERATOR - oF VEXVG, (39
|

As an application of the Poisson-bracket formalism pre-

sented in Sec. Il B, we consider the transformation of AyvhereV’ is a gradient operator defined in the Appenfiige

general FE cgllision operator under the guiding—center,Eq_(A4)] and the gyroaveraged guiding-center velocity is
transformatiorf’ z=(x,p)—2Z=(X,E; u,0), where X de-

notes the guiding-center positiod, denotes the guiding- . b A R

center kinetic energy(E:pf/2m+ uB), u denotes the Vge=vb+ —= X (uVB+ mvfb - Vhb), (40)
guiding-center magnetic moment, afdenotes the guiding- mqy,

center gyroangle. The choice of the actual velocity-space . . - N

guiding-center coordinates used in the guiding-center FP colvith € =eB,/(mc)=Q+vb-V Xb. Finally, the particle mo-
lision operator can vary depending on its applications. HereMentump (X, &, u, 0)=T_'p is written in guiding-center co-
we use thé&, u) coordinates because of the simplicity of the ordinates as

derived guiding-center FP collision operator. Future work

wil] ponsider replgcing the magnetic momepnt with the p.= deXe - m{vgc+ (Qi Ve V*>p5} ] (41)
guiding-center’s pitch anglé=arcco$p,/p). dt d

_ o An explicit expression fop, is given in the Appendi{see
A. Nonuniform magnetic field Eq. (A6)]; here, we simply note that, satisfies the follow-

In the collisionless long-mean-free-path regime N9 Properties:
=egl/€,=\,/Lg>1 (where the collisional mean-free-paxh

2 2 _
is much longer than the magnetic nonuniformity length scale pd*=lpl*=2me (429
Lg), the guiding-center motion of a charged particle samples d
a significant portion of the magnetic-field nonuniformity be- an
fore it encounters a collision and, thus, magnetic-field non- (Pd=mvg, (42b)

uniformity becomes important when describing small-angle
collisions.

According to the guiding-center transformatiSit: the
particle position

X=X+p. =X, (37)

up to first order ine.

B. Guiding-center Fokker—Planck collision operator

is expressed in terms of the guiding-center positiorand We now proceed with obtaining general expressions for
the gyroradius vectop, (whose expression includes correc- the phase-space collisional drag vectdd) and the phase-
tions due to magnetic-field nonuniformjtythe dimension-  gpace collisional diffusion tensaBs) associated with the
Ie_ss parameted= €8 represents the m.agnetic-field nonunifor- guiding-center transformatiofx,p) — (X, &, u, 6). First, us-
mity. The expression for the gyroradius vectop to ordere) - ing the definition(36) for AZ; and the guiding-center Poisson
p(Z)=po- e(G;( +1G, - dPo) . (38)  bracket(39), the guiding-center vector-valued components of
o _ _ Ag={Xc, 2%y are
is given in terms of the components of the first- and second-
order generating vector fieldS7,G5) for the guiding-center | .
transformatiof®?! and contains the lowest-order gyroradius ~ Agc=~ e_a*bjé’kxe_ Voc g (43)
vector pOZ—G)l( as well as the first-order correctiop,
:—Gg(—%Gl-d po; an explicit expression for the gyroradius
first-order correctiorp, is not needed in this section and is £ _ _ Pe
given in the Appendiysee Eq(A5)]. Age™ Voot 1Peflge™ " (44

m
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Qap | 2. Guiding-center collisional diffusion tensor
b= ——F (45
®“ Bao The gyroangle-averaged spatial components of the

guiding-center diffusion tensor are

and we have ignored the component veﬁggsince it is not

needed in evaluating the lowest-order guiding-center

Fokker—Planck collision operatg23). <D§cx> = mo mQ
With these component vector@ greek-letter index, I I

henceforth, excludes the gyroangle compopehe guiding-  where higher-order terms are omitted since spatial diffusion

center phase-space collisional drag vector and the guidingavolves second-order spatial gradients already. The

center phase-space collisional diffusion tensor have the folgyroangle-averaged energy and magnetic-moment diffusion

lowing guiding-center phase-space components: coefficients are
e =K. -{X,Z" 4
o= K e (X Zg0 wea e :< Pe Ds_p_f>’ .
m m
and
DB = — {7 X Yo Do {X o 2P} 4. 46h Qadp.
o= ~{Z" X oo+ Do (XaZlge 60 o <E_p _Dé_p_e>, -
The lowest-order guiding-center Fokker—Planck collision op- 70 m
erator is, thus, expressed in terms of the gyroangle-averaged Q9 Y
guiding-center distributiodF) as (D =P p TP (54
< > Bao ° Bao
F
Cycrd(F)] = jﬁza[»7<<Kac><F> (Dg¥ &Zﬁ )] and the gyroangle-averaged mixed-component spatial diffu-
sion coefficients are
(47) .
. . . cb Pe
where expressmns for the guiding-center FP coefficients <Dgc> o DE'E : (59)
(Kgo and(Dg ) are given with terms up to ordeg. Note B'
that the gmdmg -center Fokker—Planck collision operator ~
now contains spatial derivatives and, therefore, Bd) de- < >_ D _9‘9”6 (56)
scribes spatial collisional drag and spatial collisional diffu- 3| ' Bdb

sion. Once again we note that the compone(i$)—(54) of the

guiding-center phase-space collisional diffusion tensor are
nonvanishing in the absence of magnetic nonuniformity and,
1. Guiding-center collisional drag vector thus, magnetic nonuniformity only adds small corrections to
these components. We expect the spatial compon@®s
and (56) of the guiding-center phase-space collisional diffu-
sion tensor, on the other hand, to vanish in the absence of
magnetic nonuniformity.

The gyroangle-averaged spatial components of the
guiding-center collisional drag vector needed for the lowest-
order guiding-center FP collision operai@3) are

(Kgo) =

! C. Isotropic field-particle model

where the omitted terms are of second orderein The
gyroangle-averaged energy and magnetic-moment compo
nents, on the other hand, are

To obtain a specific expression for a guiding-center FP
collision operator(47) and investigate how a nonuniform
magnetic field affects the form of the FP collision operator,
Kgc> _ <K _p_5> (49) we now consider the case of an isotropic field-partithe)

' distribution[see Eq.26)], for which the transformed colli-
sional drag vector and the collisional diffusion tensor are

<K59=<KE-%(;—’;E>. (50) K=TH(=vp)=-rp. (57)
and

We note that the component49) and (50) of the guiding-

center phase-space collisional drag vector are nonvanishing DE=T;1 D, I +(D,- DL)%

in the absence of magnetic nonuniformity and, thus, mag-

netic nonuniformity adds only small first-order corrections to PP,

these components. We expect the spatial comporid8}f =D, d + (D~ DLE)M, (58)

the guiding-center phase-space collisional drag vector, on the

other hand, to vanish in the absence of magnetic nonunifowherev,, D,., andD , . are calculated from Rosenbluth po-
mity as will be demonstrated when we apply the isotropic-tentials and are assumed to depend only on the guiding-
field-particle mode(26) to Eq. (48). center energy (to lowest order in spatial nonuniformityor
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simplicity of presentation. From Eq&7), (58), and(42), we
obtain the IFP identities

K¢ pe=—v2mé (599
and

Pe- De "Pe=Pe- (DHepe) = Dl\ezrngy (59b)
and the gyroangle-averaged expressions

(Ko=- VMV,

<De ' p5> = ngvgc,

bX(Dy)Xb==(D,,+mD, B, (60)

wherel | =I —bb and we introduced the convenient notations

Dje
De=— 61
£= (618
and
Dyc-D,.
DM:M<2—L). (61b)

We now substitute Eqg57), (58), (60), and(61) to obtain

Alain J. Brizard

Die
(Dger=(1 —eB)\g(QZM(ZDM+ mB)’ (66)
where Agcz(vH/Q)B-V X b denotes the guiding-center vor-

ticity parameter, and

b

(DY) = eBD#Q—‘T X Ve,
where gyroangle averages in Eg64)—67) were computed
using formulas found in the Appendix[see Egs.
(A7)«A10)]. As was indicated above, the guiding-center FP
spatial drag and diffusion coefficieni®4) and(67) vanish in
the limit of a uniform magnetic fieldi.e., eg=0), while the
guiding-center FP velocity-space drag and diffusion coeffi-
cients (65) and (66) exhibit first-order corrections due to
magnetic-field nonuniformity.

(67)

D. Guiding-center ordering and beyond
1. Guiding-center ordering

In the standard guiding-center ordering, whege<1,
the first-order corrections in the IFP Fokker—Planck coeffi-
cients(65) and(66) are indeed quite small and can, thus, be
neglected. The nonvanishing contributiaiéeh) and(67) as-
sociated with spatial drag and diffusion, on the other hand,
yield terms of order comparable to the IFP spatial diffusion

explicit expressions for the guiding-center FP coefficientsterm(62) if magnetic and plasma nonuniformity lengthscales

(48)—«56).

First, using the gyroangle-averaged expressiondgr
the guiding-center FP spatial diffusion tengbf) becomes
(to lowest order ineg)

B D
XX\ — Le
(D)= mQZ(DM+—mB>IL, (62

which is identical to the guiding-center spatial diffusion co-

efficient derived by Xu and RosenbluthUsing the identi-
ties (59), we also easily find, from Eq$49) and (52), the
following guiding-center FP coefficients:

K -
(ng;>>> - ( DV;)Z‘S’ (63
gc

are comparabléi.e., p|V  In(F)| ~ ez) as might be expected
in compact high-temperature tokamak plasmas.

2. Background electric field

We now discuss how background electric fields might be
included in the IFP mod€62)—(67), with separate orderings
ez and e; associated with the backgroudx B velocity and
its derivatives:* respectively.

First, the termb X vy in the IFP spatial component§4)
and (67) is replaced withb X (egVyc+€gVg), Where ez de-
notes the ratio of th& X B velocity to the characteristic ther-
mal speed(which is small in the core region of tokamak
plasma§1 but is larger in the edge region of tokamak plas-
mas with sheared flo. Next, the term\y. in the velocity-

which are unaffected by magnetic-field nonuniformity as aspace componentgs5) and (66) is replaced with g\ g¢

result of the fact that the guiding-center and particle kinetic,

energies are equal to each other up to first ordesgifisee
Eq. (423)].

Next, using the gyroangle-averaged expressi60y the
guiding-center FP spatial drag coefficietd8) and the
guiding-center FP off-diagonal energy coefficigbb) be-
come

(25)-l5)5
o)~ ®\p.)of ~ Ve

C

(64)

For the remaining guiding-center FP coefficiefEss. (50),
(53), (54), and(56)], we find

(K& ~ Ve
(<D,¢g£;>>> = (2 - éB)\gc)(D: ),u,

g

(65)

€(b/Q) -V X vg, whereec=p/Lg denotes the ratio of the
characteristic gyroradius to the sheared-flow length scale.
Here, the second term describes the orbit-squeezing effect of
edge electric field§! which might lead to important modifi-
cations of collisional transport theof$:2¢ Future work will
investigate the role played by background electric fields,
which are relevant to the numerical gyrokinetic simulations
of edge plasma®

V. SUMMARY

In summary, we have derived a general reduced Fokker—
Planck kinetic equation by Lie-transform methods. The col-
lisional kinetic equatior{17) was obtained as a result of two
independent asymptotic expansions: the first expan(siih
small parametee=w/()) was associated with the elimina-
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tion of the fast time scale from the Vlasov operator; while
the second expansiofwith small parameteg,=v/()) was

associated with the elimination of the fast time scale from

the transformed collision operator.

As an application of the dynamical reduction formalism 4
for bilinear collision operators, we derived a general guiding-
center Fokker—Planck collision operatct7), with coeffi-
cients given in compact form by Eq&l8)—(56). In order to
show explicitly how magnetic-field nonuniformity affects the

form of the guiding-center FP collision operator, we also

made use of the simple isotropic-field-particle mo¢2®)

and obtained explicit expressions for the guiding-center FP

coefficients(62)—(67). In this simplified model, the effects of
magnetic-field nonuniformity are
gyroangle-averaged guiding-center velocity. and the
guiding-center vorticity parametec.

Future work will consider applications of the formalism

leading to the reduced guiding-center Fokker—Planck colli-

sion operator(47) and the inclusion of effects associated
with background sheardd X B velocities.
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V=V +[R+(E-V xB)B]i
2 060

and the gyroangle dependent dyadic matrices are defined as
:—-(pJ_ + J_p) dayl 96.
Using expressions faB{ and Gy, the first-order correc-
tion p, to the gyroradius vectgp, is given as

(A4)

p1=—apo X b= Bpo— b
where the coefficients, B, andy are defined as

(A5)

2
Yl My N
a=— Vb+— Vin —b-Vb],
0% P 5 ( " 2uB )
1 mv? ~ -
=po-|ZVINB+—=b-V )
B=po (2 n 2,uBb b

U ~ ~ ~
+—S”)(b-V X b-a:Vb),

(5

700
a6

U

=2
Q

uB
b-Vb b-VInB+a:Vb
> mQ( : % )

This work was supported by the U.S. Department of En-Using Eq.(A5), the particle kinetic momentuii 1) can now
ergy under Contract No. DE-AC03-76SF00098 and the Nabe expressed as

tional Science Foundation under Grant No. DMS-0317339.

APPENDIX: FIRST-ORDER GUIDING-CENTER
CORRECTIONS

The guiding-center transformatiofx,p)— (X,&, u, 6)
was originally derived by Littlejoh?? by Lie-transform
methods in the form of asymptotic expansioZ§.=Z;
+€Gf+...,
ing vector field are

mc 2u

GY=-po=—— p(0;€X), Al
1 Po e mB(eX)p( eX) (A1)
Mo~ _ -

G”:po-(MV|nB+?|b-Vb)
—,%(al:vmﬁ- VvV xb), (A2)
G/=- R+— VinB+2a: Vb
1 Po- 90 0
+ﬂ(6 vb-po) (A3)
2 uB Po),

and GE 0. Here, we use the rotating unit vectors
(b P):p= bx 1=1cos - Zsm 0, defined in terms of the
fixed (Iocal) unit vectors x2=b, the vector field R

=V1-2denotes Littlejohn’s gyro-gauge vector fidfwhich
is used to define the gradient operator

where the components of the first-order generat-

b
Pe= p+6[5><(,U«VB+mvb Vh)
—m()(ry—y+ﬂf)-V6-po>6
a0 Q
da vy -~ )ﬁpo
-mQ{B+—-—-b-V Xb
(B a0 2Q a6
IB_ v p )
+mQla-—-—"b-VInB A
(a 26 20° YINBJp|. (A6)

where «, B, and y are defined above. It is now a simple
exercise using the formulas presented here to show that Eq.
(A6) satisfies property42a and (42b). Finally, the gy-
roangle averages used in Sec. IMEgs. (65—67)] make

use of the following expressions:

Q Jp. vp .

—ZEe) oo _Jh v xb, A7
(b 220 1)
( 2‘?—”6>2 —4(1—”—6 VXB) (A8)

P Ba0) /=" :

Qap.|2\ 2 R R
‘— Pe _—“(1—ﬂb-v><b>, (A9)

B oo mB QO

Qﬁpe "
<<pe'Eﬁa>p>:2pb+(ngJ¢ (A10)
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