
A guiding-center Fokker–Planck collision operator for nonuniform
magnetic fields

Alain J. Brizard
Department of Chemistry and Physics, Saint Michael’s College, Colchester, Vermont 05439

(Received 11 May 2004; accepted 15 June 2004; published 20 August 2004)

A formulation for collisional kinetic theory is presented based on the use of Lie-transform methods
to eliminate fast orbital time scales from a general bilinear collision operator. As an application of
this formalism, a general guiding-center bilinear Fokker–Planck(FP) collision operator is derived
following the elimination of the fast gyromotion time scale of a charged particle moving in a
nonuniform magnetic field. It is expected that classical transport processes in a strongly magnetized
nonuniform plasma can, thus, be described in terms of this reduced guiding-center FP kinetic theory.
The present paper introduces the reduced-collision formalism only, while its applications are left to
future work. ©2004 American Institute of Physics. [DOI: 10.1063/1.1780532]

I. INTRODUCTION

Lie-transform perturbation methods are normally associ-
ated with the asymptotic elimination of fast time scales from
single-particle Hamilton equations.1,2 In the present paper,
the general Lie-transform rules for the transformation of an
arbitrary bilinear collision operator are presented.

As a first step, Lie-transform methods are used to as-
ymptotically eliminate a fast orbital time scale from the col-
lisionless(Vlasov) evolution operator of a collisional kinetic
equation. This dynamical reduction is performed through a
phase-space coordinate transformation, from which colli-
sionless reduced Vlasov kinetic theories are derived(e.g.,
gyrokinetic Vlasov theory3,4). As a result of this coordinate
transformation, the collision operator is transformed into a
new collision operator in which the fast time-scale depen-
dence is still present; this feature is common to all collisional
theories based on the use reduced guiding-center
coordinates.5–7 To eliminate this residual fast-time-scale de-
pendence, we proceed with a second step involving a fast-
angle averaging procedure and a closure scheme based on a
time-scale ordering involving the characteristic collisional
time scale. Areducedcollisional kinetic equation is, there-
fore, obtained in whichthe fast-angle-averaged distribution
evolves in a reduced phase space. Note that fast-angle aver-
aging is required only in the presence of collisions since the
first step involves areversiblephase-space coordinate trans-
formation that requires no averaging.

The present approach is to be contrasted with the tradi-
tional multiple time-scale approach,8 whereby the collisional
kinetic equation in particle phase space is expanded in pow-
ers of a small parameter«, with the particle distribution func-
tion expanded asf =on=0 enfn. In general, the zeroth-order
componentf0 is independent of the fast time scale and the
fast-time-scale dependence offn involves contributions from
collisionless(Hamiltonian) dynamics and collisional dynam-
ics, which introduces several layers of tedious algebra before
a reduced collisional kinetic equation is derived,9,10 with a
linearizedcollision operator.

By using Lie-transform methods, we obtain simpler and
more compact expressions for transformed guiding-center

Fokker–Planck(FP) collision operators(for uniform and
nonuniform magnetic fields) when compared to those ob-
tained by the standard approach for uniform magnetic
fields.6,7 The present approach is expected to be appropriate
for applications in collisional gyrokinetic theory and gyroki-
netic particle simulations.11,12

A. Brief introduction to collisional plasma kinetic
theory

We begin with a brief introduction of collisional plasma
kinetic theory(see Refs. 13–15, for example). The study of
irreversible transport processes in nonuniform plasmas is
based on solutions of a collisional plasma kinetic equation

df

dt
sz,td = Cffgsz,td, s1d

where f is the test-particle distribution function andz are
coordinates in the six-dimensional single-particle phase
space. The Vlasov operator

d

dt
;

]

] t
+ żasz,td

]

] za s2d

characterizes thedissipationlesstime evolution of f, where
the Hamiltonian particle orbitzst ;z0d is the solution of the
Hamilton equationsżasz,td;hza ,hsz,tdj with the initial con-
dition z0; here,h and h,j are the single-particle Hamiltonian
and Poisson bracket, respectively.(Summation over repeated
indices is implied throughout the paper; greek indices take
values from 1 to 6, while latin indices take values from 1 to
3.)

In the absence of collisionssC;0d, Eq. (1) is the Vlasov
equation:16 dfsz,td /dt=0, whose solutionfsz,td is constant
along a Hamiltonian particle orbit. The collision operator

Cffg ; o Cff ; f8g s3d

in Eq. (1) characterizes thedissipative (irreversible) time
evolution of f, where thebilinear collision operatorCff ; f8g
describes binary collisions between test particles andfield
particles (with distribution f8); the summation is over all
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field-particle species(and includes like-particle collisions).
Solutions of the collisional kinetic equation(1) are quite

difficult to obtain in general and various approximation
schemes must be adopted in order to arrive at useful solu-
tions. One such approximation scheme involves removing
fast orbital time scales associated with Hamiltonian particle
orbits in six-dimensional phase space.5,17 Here, the motion of
magnetically confined charged particles exhibits three dis-
tinct orbital time scalesstg!tb!tdd: (1) a fastgyration time
scaletg associated with the gyromotion of charged particles
about a magnetic field line;(2) an intermediatebouncetime
scale tb associated with the periodic parallel motion of
charged particle along a magnetic field line; and(3) a slow
drift time scaletd associated with the perpendicular motion
of charged particles acrossnonuniformmagnetic field lines.

After choosing aslow time scale of interest(labeledt),
we identify all fast time scalestk which satisfy the condition
tk!t. For example, if we are interested in plasma dynamics
on the bounce time scalest,tbd then the gyromotion time
scale is considered faststg!td and it can be asymptotically
removed. For each such fast orbital time scaletk, a pair of
action-angle variablessJk,ukd is assigned:uk is the fast-angle

variable (with u̇k;Vk denoting the fast orbital frequency)
and its canonically conjugate actionJk is an adiabatic invari-
ant on a time scale longer thantk; rduk/Vk (i.e., the fast-

angle average ofJ̇k is zero). The asymptotic elimination of a
fast orbital time scaletk from the Vlasov operator(2) can be
carried out to arbitrary order in the small parameter«k

;v /Vk!1 (where i ]t→v denotes a characteristic
frequency).1,18

In the present paper, we focus our attention on the
asymptotic elimination of the gyromotion time scale leading
to the reduced guiding-center dynamics of charged particles
in nonuniform magnetic fields. Here, the reduced guiding-
center coordinatessX ,E ,m ,ud include the guiding-center po-
sition X, the guiding-center kinetic energyE, the guiding-
center magnetic momentm, and the guiding-center gyroangle
u. Each coordinate is expressed as an asymptotic expansion
in powers of the dimensionless parameter«B=r /LB,19–21

wherer is the characteristic gyroradius of a charged particle
and LB denotes the magnetic field nonuniformity length
scale.

B. Lie-transform phase-space transformations

The standard mathematical method used to asymptoti-
cally eliminate fast time scales is the Lie-transform method,
which we briefly review here. In particular, we show the
transformation rules by which each element of the collisional
kinetic equation(1) (i.e., f, d/dt, andC) transform under a
near-identity transformation.

Using Lie-transform methods,1 the process by which a
fast time scale is removed from Eq.(2) involves a near-
identity transformation on particle phase space,

Te:z → Zsz;ed ; Tez with Zsz;0d = z, s4d

where«!1 is a small parameter(for reduced guiding-center
dynamics,e=eB). In what follows, the new six-dimensional
phase-space coordinatesZ ;sZR;J,ud are divided into the

reducedphase-space coordinatesZR (the reduced particle dy-
namics takes place in afour-dimensional space) and the fast
canonical action-angle pairsJ,ud.

Next, using the transformation(4), we define thepush-
forward operator on scalar fields1 induced by the near-
identity transformation(4),

Te
−1:f → F ; Te

−1f , s5d

i.e., Te
−1 transforms a scalar fieldf on the phase space with

coordinatesz into a scalar fieldF on the phase space with
coordinates Z :FsZd=Te

−1fsZd= fsTe
−1Zd= fszd. Since the

transformation(4) is invertible, i.e., there exists an inverse
near-identity transformation

Te
−1:Z → zsZ ;ed ; Te

−1Z with zsZ ;0d = Z , s6d

we also define thepull-backoperator,1

Te:F → f ; TeF, s7d

i.e., Te transforms a scalar fieldF on the phase space with
coordinatesZ into a scalar fieldf on the phase space with
coordinatesz: fszd=TeFszd=FsTezd=FsZd.

Finally, we consider the transformation of a general op-
eratorL : f →Lf acting locally on the particle distributionf
such thatLf is also a scalar field on particle phase space.
Hence, the induced transformation of the scalar fieldLf fol-
lows the push-forward rule(5): Lf →Te

−1Lf. By combining
this push-forward transformation with the pull-back transfor-
mation f =TeF, we construct a new local operatorLe :F
→LeF defined as

LeF ; Te
−1LsTeFd. s8d

This induced transformation rule for operators will be used
in the following section to transform the Vlasov operator
d/dt and the collision operatorC appearing in the collisional
kinetic equation(1).

C. Organization

The remainder of the paper is organized as follows. In
Sec. II, we investigate the fasttime dependence of the trans-
formed collisional kinetic equation and discover that, al-
though the fast time scale has been eliminated from the dis-
sipationless (Vlasov) part of the kinetic equation, the
dissipative (collisional) part has retained fast time depen-
dence as a result of collisions. This is not too surprising after
all since these phase-space transformations were never de-
signed for that purpose. This means that the transformed col-
lision operator is not yet reduced in the sense that the fast-
angle-independent(averaged) part, denotedkFl, and the fast-

angle-dependent part, denotedF̃=F−kFl, of thetransformed
distribution functionF are still coupled by collisions. The
reduction of the transformed collision operator involves a
closure scheme yielding a reduced collision operator acting
on kFl alone. This closure scheme is based on an asymptotic
expansion based on a new expansion parameteren=n /V
=r /ln!1 defined as the ratio of the characteristic collision
frequencyn over the fast frequencyV or the ratio of the
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gyroradiusr over the collisional mean-free-pathln. For most
practical applications, however, we argue that only the low-
est term in thisen expansion is relevant.

The purpose of the present paper is, therefore, to derive
firstorders«B=r /LBd corrections of a reduced guiding-center
Fokker–Planck(FP) collision operator, which might be suit-
able for analytical and numerical study of collisional and
turbulent transport processes in nonuniform magnetized plas-
mas. In Sec. III, we derive the lowest-order term in a reduced
FP collision operator. Starting from a standard FP collision
operator(describing collisional drag and diffusion in mo-
mentum space), we derive an expression for a reduced FP
collision operator in a reduced(411) phase space with co-
ordinatessZR,Jd. In particular, the reduced FP collision op-
erator describesspatial drag and diffusion processes nor-
mally described from a collisional fluid-moment approach.

As a specific example, we focus our attention in Sec. IV
on the guiding-center phase-space transformation associated
with the asymptotic elimination of the fast gyro motion time
scale of a charged particle moving in a nonuniform magnetic
field. General expressions are obtained for the collisional FP
drag and diffusion coefficients in guiding-center phase space.
For clarity of exposition, we also use an isotropic field-
particle model introduced in Sec. II to investigate how
magnetic-field nonuniformity influences these guiding-center
FP coefficients. We also discuss possible extensions of our
work introduced by background nonuniform electric fields
(which are outside the scope of the present work) and sum-
marize our findings in Sec. V. Finally, we present some tech-
nical details about the guiding-center transformation for non-
uniform magnetic fields in the Appendix.

II. TRANSFORMED COLLISIONAL KINETIC
EQUATION

The transformation of the collisional kinetic equation
(1), induced by the near-identity phase-space transformation
(4), yields a new collisional kinetic equation,

de

dt
FsZ,td = CefFgsZ,td = o Cse,e8dfF;F8gsZ,td, s9d

where F;Te
−1f is the transformed test-particle distribution

function obtained from the push-forward of the test-particle
distribution function f, the transformed Vlasov operator
de /dt is defined from Eq.(8) as

de

dt
FsZ,td ; Te

−1S d

dt
TeFDsZ,td, s10d

while the transformed bilinear collision operator is defined as

Cse,e8dfF;F8gsZ,td ; Te
−1sCfTeF;Te8F8gdsZ,td, s11d

wheree8;v /V8 is the small parameter associated with the
field-particle species. We note that the bilinearity of the col-
lision operator(3) allows a separate treatment of the test-
particle sfd and field-particlesf8d distributions and, for con-
venience of notation, we, henceforth, write the transformed
collision operator(11) as

CefFgsZ,td ; Te
−1sCfTeFgdsZ,td, s12d

and omit mention of the field-particle species unless other-
wise needed.

The transformed Vlasov operator(10) is now explicitly
written in terms of the new phase-space coordinates
sZR;J,ud as

de

dt
=

]

] t
+ Że

a ]

] Za =
dR

dt
+ u̇

]

] u
, s13d

where the transformed Hamilton equationsŻe
a;hZa ,Hje are

defined in terms of the transformed HamiltonianH;Te
−1h

and the transformed Poisson bracket

hF,GjesZd ; Te
−1shTeF,TeGjdsZd. s14d

We note that the transformed HamiltonianHsZR;Jd and the
transformed Poisson bracketh,je are (by construction) inde-
pendent of the fast angleu, so that Hamilton’s equations

ŻRsZR;Jd and u̇=VsZR;Jd — and, thus, the transformed
Vlasov operatorde /dt — are independent of the fast angleu

while J̇;0 (to all orders ine).
The u independence of the transformed Vlasov operator

(13) allows the separation of the transformed collisional ki-
netic equation(9) into two coupled kinetic equations: one for
the u-averageddistribution, denotedkFl, and one for the

u-dependentdistribution, denotedF̃;F−kFl. The collisional
kinetic equation forkFl is obtained byu averaging both sides
of Eq. (9),

dR

dt
kFl = kCefFgl ; kCefkFlgl + kCefF̃gl, s15d

where we used theu independence of the reduced Vlasov
operatordR/dt on the left side of Eq.(15), while the colli-

sional kinetic equation forF̃ is obtained by subtracting Eq.
(15) from Eq. (9),

SV
]

] u
+

dR

dt
DF̃ = CefFg − kCefFgl. s16d

Note that the termkCefF̃gl in Eq. (15) does not vanish in
general and, thus, the collisional kinetic equations(15) and
(16) are coupled through collisions(i.e., whenC=0, it can be

shown thatF̃=0 to all orders ine). Hence, Eq.(15) still
contains a dependence on the fast angleu through theu

dependent partF̃ of the transformed distributionF.
The ultimate goal in reduced collisional kinetic theory is

to transform Eq.(15) into a closedcollisional kinetic equa-
tion:

dR

dt
kFlsZR,t;Jd ; CRfkFlgsZR,t;Jd, s17d

where the reducedsRd collision operatorCR acts on the
u-independent partkFl alone. To obtain this collision opera-

tor, we must solve the collisional kinetic equation(16) for F̃
in terms of kFl and substitute this functional solution into

kCefF̃gl. This is accomplished by expanding the transformed
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distribution functionF as a Fourier series in the fast orbital
angleu,

F ; kFl + o
,.0

sF̃,e
i,u + F̃,

*e−i,ud, s18d

whereF̃,
* ; F̃−,, and defining the averaged collision operators

C,
kfgg ; ke−i,uCefgeikugl, s19d

whereg is an arbitraryu-independent function andsk,,d are
arbitrary integers. By substituting these expressions into Eqs.
(15) and (16), respectively, we obtain

dR

dt
kFl = C0

0fkFlg + o
,Þ0

C0
,fF̃,g, s20d

Si, V +
dR

dt
DF̃, = C,

0fkFlg + o
kÞ0

C,
kfF̃kg. s21d

The approximate solution of Eq.(21) for each integer,Þ0
is based on the small parameteren;n /V!1 (which is dif-
ferent from e;v /V), where n is the characteristic colli-
sional dissipation rate. To first order inen, and assuming that
C,

0fkFlgÞ0 in Eq.(21), we, thus, find the functional solution

F̃,fkFlg=si,Vd−1C,
0fkFlg, which when substituted into the

second term on the right side of Eq.(20) yields the first two
terms in the asymptotic expansion forCR,

CRfkFlg = C0
0fkFlg − i eno

,Þ0
C0

,F 1

,V
C,

0fkFlgG + Oseen,en
2d,

s22d

where

C0
0fkFlg ; kCefkFlgl = kTe

−1CfTekFlgl s23d

is the lowest-order term in the closed transformed collision
operator.

The reduced collisional kinetic equation(17), including
the reduced collision operator(22), is obtained from the col-
lisional kinetic equation(9) as a result of two asymptotic
expansions in powers ofe anden. In most practical applica-
tions, however, the zeroth-order expression(23) is sufficient
and, thus, we, henceforth, focus on applications of this
lowest-order term in the development of reduced collisional
kinetic theories. We note that the two small parameterseB

and en introduced above serve very different purposes:eB

=r /LB is involved in the elimination of fast gyromotion time
scale from the Vlasov operator anden=n /V=r /ln is in-
volved in the elimination of fast gyro motion time scale from
the collision operator. The ratio of these two dimensionless
parameters introduces a new parameterD;eB/en=ln /LB in
the collisional kinetic theory of irreversible transport pro-
cesses in nonuniform magnetized plasmas.14 According to
neoclassical collisional kinetic theory,14 for example, the
classicalcollisional regime is identified by the conditionD
!1, i.e., the collisional mean-free-path is much shorter than
the magnetic nonuniformity length scale, so that magnetic
nonuniformity can be ignored at the lowest order ineB. In the
neoclassicalregime, on the other hand, we haveDù1 (i.e.,
lnùLB), while in thecollisionless(long-mean-free-path) re-

gime, we haveD@1 (i.e., ln@LB). In the latter two cases,
the motion of a guiding-center particle explores a significant
portion of the magnetic field nonuniformity before it encoun-
ters a collision.

III. TRANSFORMED FOKKER–PLANCK COLLISION
OPERATOR

The collisional operatorC has so far been treated as an
arbitrary bilinear collision operator. We now focus our atten-
tion on an important class of bilinear collision operators used
in plasma physics: the FP collision operators(see, for ex-
ample, Refs. 15, 22, and 23). The general form of the FP
collision operator is expressed as

CFPffgsx,pd ; −
]

] piFKisx,pdfsx,pd

− Dijsx,pd
] f

] pj sx,pdG , s24d

wherez;sx ,pd are phase-space coordinates for a test par-
ticle of massm and chargee (here,x denotes the particle
position andp=mv its kinetic momentum); the time depen-
dence is suppressed for simplicity of notation and the mo-
mentum representation is used to facilitate the analysis that
follows. The collision operator(24) describes momentum-
space scattering events in both unmagnetized plasmas22 and
magnetized plasmas:23,24 the three-component vectorK
=S8K ff8g describes collisional momentum drag while the
three-by-three symmetric matrixD=S8Dff8g describes colli-
sional momentum diffusion; the coefficientsK ff8g and Dff8g
are functionals of thefield-particledistribution functionf8.

For small-angle-deflection Coulomb collisions in an un-
magnetized plasma involving test particle speciesa and
field-particle speciesb,14 for example, the coefficients
K abffbg and Dabffbg are expressed in terms of Rosenbluth
potentialssHab,Gabd as

K abszd =
]

] p
SGab

ma

mb
E d6z8fbsz8d

d3sx8 − xd
uv − v8u

D ;
] Habszd

] p
,

Dabszd =
1

2

]2

] p ] p
Sma

2GabE d6z8fbsz8dd3sx8 − xduv − v8uD
;

1

2

]2Gabszd
] p ] p

, s25d

where Gab=4p ea
2eb

2 ln L and ]p ·Dab=smb/madK ab. Note
thatmagnetizedFP collision operators can also be expressed
in terms of Rosenbluth potentials.23,24 However, the unmag-
netized FP collision operator(24) can still be used to study
collisional transport processes in magnetized plasmas if the
characteristic gyroradius is larger than the Debye length for
each plasma particle species(i.e., the Alfvén speed is sublu-
minal for each plasma particle species), which is well satis-
fied for electrons and ions in high-temperature tokamak plas-
mas.

When the field-particle distribution is isotropic in mo-
mentum space,15 such that the Rosenbluth potentialsHabszd
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=Habsx ,pd andGabszd=Gabsx ,pd depend only on the magni-
tude of the particle momentum, the FP coefficients become

K ab = − nabp s26ad

and

Dab = Diab
pp

p2 + D'abSI −
pp

p2 D , s26bd

where the collisional momentum-drag frequency isnab

=−s1/pdHab8 spd, the diffusion coefficients parallel and per-
pendicular to p, respectively, areDiab=s1/2dGab9 spd and
D'ab=s1/2pdGab8 spd. The isotropic field-particle model will
become useful later on when we investigate the effects of
magnetic-field nonuniformity on guiding-center collisions.

A. Standard transformation procedure

The standard transformation procedure for the FP colli-
sion operator(24) is expressed in terms of the operator trans-
formationCFP→CTFP,

CTFPfFg ; −
1

J
]

] ZaFJSKaF − Dab ] F

] ZbDG , s27d

whereJ denotes the Jacobian of the general transformation
z=sx ,pd→Z =T z, the distribution functionF;T−1f de-
notes the push forward of the particle distribution functionf
generated by the general transformationT, and the new FP
coefficients in Eq.(27) are defined as

Ka = T−1S ] Za

] pi KiD = T−1S ] Za

] pi DT−1Ki , s28d

Dab = T−1S ] Za

] pi Dij ] Zb

] pj D
= T−1S ] Za

] pi DsT−1Di jdT−1S ] Zb

] pj D , s29d

where we have used standard properties of the push-forward
operatorT−1:T−1sf gd=sT−1fdsT−1gd. Note that, because the
transformed FP collision operator(27) is written in diver-
gence form, it is guaranteed to satisfy the particle conserva-
tion property.

Although the standard transformation procedure(27) is
straightforward to apply for finite transformations17 (e.g.,
transformation from Cartesian to cylindrical momentum co-
ordinates), the explicit calculation of the transformation-
matrix componentsTe

−1s]Ze
a /]pid can be difficult to imple-

ment in practice for near-identity transformations on six-
dimensional phase space, such as those contemplated in the
present work. The difficulty resides in the fact that the terms
Te

−1s]Ze
a /]pid in Eqs. (28) and (29) involve a double

asymptotic expansion in powers ofe.5–7 To bypass this dif-
ficulty, we introduce a new formulation of the FP collision
operator(24) based on the use of the noncanonical Poisson
bracketh,j used in describing single-particle Hamiltonian dy-
namics.

B. Poisson-bracket formulation

First, we point out that the general FP collision operator
(24) can be written as

CFPffgszd ; − hxi,fKiszdfszd − Dijszdhxj, fszdjgj, s30d

in terms of thenoncanonicalPoisson bracket:19

hf,gjszd =
] fszd
] x

·
] gszd
] p

−
] fszd
] p

·
] gszd

] x

+
eBsxd

c
·
] fszd
] p

3
] gszd
] p

, s31d

where f and g are two arbitrary phase-space functions and
the magnetic fieldB appears in Eq.(31) becausep=mv is
not the canonical momentum.

Next, using the transformed Poisson bracket(14), the
transformed FP collision operator is obtained from Eq.(12)
as

CeFPfFgsZd = − hXe
i sZd,fKe

i sZdFsZd

− De
i jsZdhXe

j sZd,FsZdjegje, s32d

where the transformed FP coefficients areKe
i sZd=Te

−1KisZd
and De

i jsZd=Te
−1DijsZd, and Xe

i sZd=Te
−1xisZd;xi represents

the particle positionx expressed as a function of the trans-
formed phase-space coordinatesx=XesZd, andX represents
the transformed spatial coordinate.

We now point out that a general Poisson bracket in six-
dimensional phase space(with coordinatesZa) can be ex-
pressed in terms of a six-by-six antisymmetric Poisson ma-
trix Je

ab=hZa ,Zbje and the JacobianJ as a phase-space
divergence

hF,Gje =
] F

] ZaJe
ab ] G

] Zb ; −
1

J
]

] ZaSJ ] F

] Zb
Je

abGD ,

where the functionsF and G are arbitrary functions on the
transformed phase space, while the JacobianJ and the anti-
symmetric Poisson matrixJe

ab satisfy the Liouville identities
]asJ Je

abd=0 (for b=1, . . .6). With this Poisson-bracket for-
mulation, we may rewrite the Fokker–Planck collision opera-
tor (32) in the same phase-space divergence form as Eq.(27),

CeFPfFgsZd ; −
1

J
]

] ZaFJSKe
aF − De

ab ] F

] ZbDG , s33d

where the phase-space collisional drag vector is defined as

Ke
a = K e · ]sXeJe

sa ; K e · De
a, s34d

while the phase-space collisional diffusion tensor is defined
as

De
ab = − Je

am]mXe · De · ]nXeJe
nb ; De

a · De · De
b, s35d

which is also symmetric sinceDe
i j is symmetric. In Eqs.(34)

and (35), we have introduced the vector-valued components
De

a defined as
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De
a = hXe,Z

aje = − Jab] Xe

] Zb , s36d

which offer computational advantages over the standard
transformation approach(described above) since asymptotic
expressions for the antisymmetric Poisson matrixJe

ab

and Xe are readily available for the guiding-center20,21 and
bounce-center25 near-identity phase-space transformations.

In the following section, we derive expressions for the
guiding-center Fokker–Planck collision operator based on
the general phase-space divergence form(33), with coeffi-
cients given by Eqs.(34) and (35).

IV. REDUCED GUIDING-CENTER FOKKER–PLANCK
OPERATOR

As an application of the Poisson-bracket formalism pre-
sented in Sec. III B, we consider the transformation of a
general FP collision operator under the guiding-center
transformation:20 z=sx ,pd→Z =sX ,E ;m ,ud, where X de-
notes the guiding-center position,E denotes the guiding-
center kinetic energysE=pi

2/2m+mBd, m denotes the
guiding-center magnetic moment, andu denotes the guiding-
center gyroangle. The choice of the actual velocity-space
guiding-center coordinates used in the guiding-center FP col-
lision operator can vary depending on its applications. Here,
we use thesE ,md coordinates because of the simplicity of the
derived guiding-center FP collision operator. Future work
will consider replacing the magnetic momentm with the
guiding-center’s pitch anglej=arccosspi /pd.

A. Nonuniform magnetic field

In the collisionless long-mean-free-path regimeD
=eB/en=ln /LB@1 (where the collisional mean-free-pathln

is much longer than the magnetic nonuniformity length scale
LB), the guiding-center motion of a charged particle samples
a significant portion of the magnetic-field nonuniformity be-
fore it encounters a collision and, thus, magnetic-field non-
uniformity becomes important when describing small-angle
collisions.

According to the guiding-center transformation,20,21 the
particle position

x = X + re ; Xe s37d

is expressed in terms of the guiding-center positionX and
the gyroradius vectorre (whose expression includes correc-
tions due to magnetic-field nonuniformity); the dimension-
less parametere=eB represents the magnetic-field nonunifor-
mity. The expression for the gyroradius vector(up to ordere)

resZd = r0 − esG2
X + 1

2G1 ·dr0d + ¯ s38d

is given in terms of the components of the first- and second-
order generating vector fieldssG1

a ,G2
ad for the guiding-center

transformation20,21 and contains the lowest-order gyroradius
vector r0=−G1

X as well as the first-order correctionr1

=−G2
X − 1

2G1·d r0; an explicit expression for the gyroradius
first-order correctionr1 is not needed in this section and is
given in the Appendix[see Eq.(A5)].

The Jacobian J=mBi
* / uviu for the guiding-center

transformation20 is defined in terms of the guiding-center

phase-space functionBi
*sX ,E ,md= b̂ ·B* derived from the

generalized magnetic fieldB* =B+escpi /ed= 3 b̂, where
uviu= upiu /m=Îs2/mdsE−mBd. Next, the guiding-center Pois-
son bracket of two arbitrary functionsF andG of sX ,E ,m ,ud
is

hF,Gjgc =
V

BF ] F

] u
S ] G

] m
+ B

] G

] E D − S ] F

] m
+ B

] F

] ED ] G

] u
G

+ vgc ·S=*F
] G

] E −
] F

] E =*GD
−

cb̂

eBi
* · =*F 3 =*G, s39d

where=* is a gradient operator defined in the Appendix[see
Eq. (A4)] and the gyroaveraged guiding-center velocity is

vgc = vib̂ +
b̂

mVi
* 3 sm = B + mvi

2b̂ · = b̂d, s40d

with Vi
* =eBi

* / smcd=V+vib̂ ·= 3 b̂. Finally, the particle mo-
mentumpesX ,E ,m ,ud=Te

−1p is written in guiding-center co-
ordinates as

pe = m
deXe

dt
= mFvgc + SV

]

] u
+ vgc · =*DreG . s41d

An explicit expression forpe is given in the Appendix[see
Eq. (A6)]; here, we simply note thatpe satisfies the follow-
ing properties:

upeu2 = upu2 = 2m E s42ad

and

kpel = m vgc, s42bd

up to first order ine.

B. Guiding-center Fokker–Planck collision operator

We now proceed with obtaining general expressions for
the phase-space collisional drag vector(34) and the phase-
space collisional diffusion tensor(35) associated with the
guiding-center transformationsx ,pd→ sX ,E ,m ,ud. First, us-
ing the definition(36) for Dgc

a and the guiding-center Poisson
bracket(39), the guiding-center vector-valued components of
Dgc

a =hXe ,Zajgc are

Dgc
i = −

c ei jk

eBi
* bj]k

*Xe − vgc
i ] re

] E , s43d

Dgc
E = vgc + hre,Ejgc =

pe

m
, s44d
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Dgc
m =

V

B

] re

] u
, s45d

and we have ignored the component vectorDgc
u since it is not

needed in evaluating the lowest-order guiding-center
Fokker–Planck collision operator(23).

With these component vectors(a greek-letter index,
henceforth, excludes the gyroangle component), the guiding-
center phase-space collisional drag vector and the guiding-
center phase-space collisional diffusion tensor have the fol-
lowing guiding-center phase-space components:

Kgc
a = K e · hXe,Z

ajgc s46ad

and

Dgc
ab = − hZa,Xejgc · De · hXe,Z

bjgc. s46bd

The lowest-order guiding-center Fokker–Planck collision op-
erator is, thus, expressed in terms of the gyroangle-averaged
guiding-center distributionkFl as

CgcFPfkFlg = −
1

J
]

] ZaFJSkKgc
a lkFl − kDgc

abl
] kFl
] Zb DG ,

s47d

where expressions for the guiding-center FP coefficients
kKgc

a l and kDgc
abl are given with terms up to ordereB. Note

that the guiding-center Fokker–Planck collision operator
now contains spatial derivatives and, therefore, Eq.(47) de-
scribes spatial collisional drag and spatial collisional diffu-
sion.

1. Guiding-center collisional drag vector

The gyroangle-averaged spatial components of the
guiding-center collisional drag vector needed for the lowest-
order guiding-center FP collision operator(23) are

kKgc
X l = kK el 3

b̂

mVi
* + ¯ , s48d

where the omitted terms are of second order ineB. The
gyroangle-averaged energy and magnetic-moment compo-
nents, on the other hand, are

kKgc
E l =KK e ·

pe

m
L , s49d

kKgc
m l =KK e ·

V

B

] re

] u
L . s50d

We note that the components(49) and (50) of the guiding-
center phase-space collisional drag vector are nonvanishing
in the absence of magnetic nonuniformity and, thus, mag-
netic nonuniformity adds only small first-order corrections to
these components. We expect the spatial components(48) of
the guiding-center phase-space collisional drag vector, on the
other hand, to vanish in the absence of magnetic nonunifor-
mity as will be demonstrated when we apply the isotropic-
field-particle model(26) to Eq. (48).

2. Guiding-center collisional diffusion tensor

The gyroangle-averaged spatial components of the
guiding-center diffusion tensor are

kDgc
XXl = −

b̂

mVi
* 3 kDel 3

b̂

mVi
* + ¯ , s51d

where higher-order terms are omitted since spatial diffusion
involves second-order spatial gradients already. The
gyroangle-averaged energy and magnetic-moment diffusion
coefficients are

kDgc
EEl =Kpe

m
·De ·

pe

m
L , s52d

kDgc
mEl =KV

B

] re

] u
·De ·

pe

m
L , s53d

kDgc
mml =KV

B

] re

] u
·De ·

V

B

] re

] u
L , s54d

and the gyroangle-averaged mixed-component spatial diffu-
sion coefficients are

kDgc
XEl =

cb̂

eBi
* 3 KDe ·

pe

m
L , s55d

kDgc
Xml =

cb̂

eBi
* 3 KDe ·

V

B

] re

] u
L . s56d

Once again we note that the components(51)–(54) of the
guiding-center phase-space collisional diffusion tensor are
nonvanishing in the absence of magnetic nonuniformity and,
thus, magnetic nonuniformity only adds small corrections to
these components. We expect the spatial components(55)
and (56) of the guiding-center phase-space collisional diffu-
sion tensor, on the other hand, to vanish in the absence of
magnetic nonuniformity.

C. Isotropic field-particle model

To obtain a specific expression for a guiding-center FP
collision operator(47) and investigate how a nonuniform
magnetic field affects the form of the FP collision operator,
we now consider the case of an isotropic field-particle(IFP)
distribution [see Eq.(26)], for which the transformed colli-
sional drag vector and the collisional diffusion tensor are

K e = Te
−1s− n pd = − nepe, s57d

and

De = Te
−1FD'I + sDi − D'd

pp

p2 G
= D'eI + sDie − D'ed

pepe

2m E , s58d

wherene, Die, andD'e are calculated from Rosenbluth po-
tentials and are assumed to depend only on the guiding-
center energyE (to lowest order in spatial nonuniformity) for
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simplicity of presentation. From Eqs.(57), (58), and(42), we
obtain the IFP identities

K e ·pe = − ne2mE s59ad

and

pe ·De ·pe = pe · sDieped = Die2mE, s59bd

and the gyroangle-averaged expressions

kK el = − nemvgc,

kDe ·pel = DEmvgc,

b̂ 3 kDel 3 b̂ = − sD'e + mDm BdI ', s60d

whereI '= I − b̂b̂ and we introduced the convenient notations

DE ;
Die

m
s61ad

and

Dm = mSDie − D'e

2mE D . s61bd

We now substitute Eqs.(57), (58), (60), and (61) to obtain
explicit expressions for the guiding-center FP coefficients
(48)–(56).

First, using the gyroangle-averaged expression forDe,
the guiding-center FP spatial diffusion tensor(51) becomes
(to lowest order ineB)

kDgc
XXl =

B

mV2SDm +
D'e

mB
DI ', s62d

which is identical to the guiding-center spatial diffusion co-
efficient derived by Xu and Rosenbluth.11 Using the identi-
ties (59), we also easily find, from Eqs.(49) and (52), the
following guiding-center FP coefficients:

SkKgc
E l

kDgc
EEl

D = S− ne

DE
D2E, s63d

which are unaffected by magnetic-field nonuniformity as a
result of the fact that the guiding-center and particle kinetic
energies are equal to each other up to first order ineB [see
Eq. (42a)].

Next, using the gyroangle-averaged expressions(60), the
guiding-center FP spatial drag coefficient(48) and the
guiding-center FP off-diagonal energy coefficient(55) be-
come

S kKgc
X l

kDgc
XEl

D = eBS ne

DE
D b̂

Vi
* 3 vgc. s64d

For the remaining guiding-center FP coefficients[Eqs.(50),
(53), (54), and(56)], we find

S kKgc
m l

kDgc
mEl

D = s2 − eBlgcdS− ne

DE
Dm, s65d

kDgc
mml = s1 − eBlgcd2mS2Dm +

D'e

mB
D , s66d

where lgc=svi /Vdb̂ ·= 3 b̂ denotes the guiding-center vor-
ticity parameter, and

kDgc
Xml = eBDm

b̂

Vi
* 3 vgc, s67d

where gyroangle averages in Eqs.(64)–(67) were computed
using formulas found in the Appendix[see Eqs.
(A7)–(A10)]. As was indicated above, the guiding-center FP
spatial drag and diffusion coefficients(64) and(67) vanish in
the limit of a uniform magnetic field(i.e., eB=0), while the
guiding-center FP velocity-space drag and diffusion coeffi-
cients (65) and (66) exhibit first-order corrections due to
magnetic-field nonuniformity.

D. Guiding-center ordering and beyond

1. Guiding-center ordering

In the standard guiding-center ordering, whereeB!1,
the first-order corrections in the IFP Fokker–Planck coeffi-
cients(65) and(66) are indeed quite small and can, thus, be
neglected. The nonvanishing contributions(64) and (67) as-
sociated with spatial drag and diffusion, on the other hand,
yield terms of order comparable to the IFP spatial diffusion
term (62) if magnetic and plasma nonuniformity lengthscales
are comparable(i.e., ru='lnkFlu,eB) as might be expected
in compact high-temperature tokamak plasmas.

2. Background electric field

We now discuss how background electric fields might be
included in the IFP model(62)–(67), with separate orderings
eE andeE8 associated with the backgroundE3B velocity and
its derivatives,21,26 respectively.

First, the termb̂3vgc in the IFP spatial components(64)
and (67) is replaced withb̂3 seBvgc+eEvEd, where eE de-
notes the ratio of theE3B velocity to the characteristic ther-
mal speed(which is small in the core region of tokamak
plasmas21 but is larger in the edge region of tokamak plas-
mas with sheared flows26). Next, the termlgc in the velocity-
space components(65) and (66) is replaced witheBlgc

+eE8sb̂ /Vd ·= 3vE, whereeE8 =r /LE denotes the ratio of the
characteristic gyroradius to the sheared-flow length scale.
Here, the second term describes the orbit-squeezing effect of
edge electric fields,27 which might lead to important modifi-
cations of collisional transport theory.26–28 Future work will
investigate the role played by background electric fields,
which are relevant to the numerical gyrokinetic simulations
of edge plasmas.29

V. SUMMARY

In summary, we have derived a general reduced Fokker–
Planck kinetic equation by Lie-transform methods. The col-
lisional kinetic equation(17) was obtained as a result of two
independent asymptotic expansions: the first expansion(with
small parametere=v /V) was associated with the elimina-
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tion of the fast time scale from the Vlasov operator; while
the second expansion(with small parameteren=n /V) was
associated with the elimination of the fast time scale from
the transformed collision operator.

As an application of the dynamical reduction formalism
for bilinear collision operators, we derived a general guiding-
center Fokker–Planck collision operator(47), with coeffi-
cients given in compact form by Eqs.(48)–(56). In order to
show explicitly how magnetic-field nonuniformity affects the
form of the guiding-center FP collision operator, we also
made use of the simple isotropic-field-particle model(26)
and obtained explicit expressions for the guiding-center FP
coefficients(62)–(67). In this simplified model, the effects of
magnetic-field nonuniformity are represented by the
gyroangle-averaged guiding-center velocityvgc and the
guiding-center vorticity parameterlgc.

Future work will consider applications of the formalism
leading to the reduced guiding-center Fokker–Planck colli-
sion operator(47) and the inclusion of effects associated
with background shearedE3B velocities.
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APPENDIX: FIRST-ORDER GUIDING-CENTER
CORRECTIONS

The guiding-center transformationsx ,pd→ sX ,E ,m ,ud
was originally derived by Littlejohn20 by Lie-transform
methods in the form of asymptotic expansionsZgc

a =Z0
a

+eG1
a+¯, where the components of the first-order generat-

ing vector field are

G1
X = − r0 = −

mc

e
Î 2m

mBseXd
r̂su;eXd, sA1d

G1
m = r0 ·Sm = ln B +

mvi
2

B
b̂ · = b̂D

− m
vi

V
sa1: = b̂ + b̂ · = 3 b̂d, sA2d

G1
u = − r0 ·R +

] r0

] u
· = ln B +

vi

V
a2: = b̂

+
mvi

2

2 mB
sb̂ · = b̂ · r0d, sA3d

and G1
E;0. Here, we use the rotating unit vectors

sb̂ ,'̂ ,r̂d : r̂= b̂3'̂=1̂cosu−2̂sin u, defined in terms of the

fixed (local) unit vectors 1ˆ 3 2̂= b̂, the vector field R
= = 1̂· 2̂ denotes Littlejohn’s gyro-gauge vector field,20 which
is used to define the gradient operator

=* ; = + FR + S b̂

2
· = 3 b̂Db̂G ]

] u
, sA4d

and the gyroangle-dependent dyadic matrices are defined as

a1=−1
2sr̂'̂+'̂r̂d=]a2/]u.

Using expressions forG1
a andG2

X, the first-order correc-
tion r1 to the gyroradius vectorre is given as

r1 = − ar0 3 b̂ − br0 − gb̂, sA5d

where the coefficientsa, b, andg are defined as

a =
vi

V
a2: = b̂ +

] r0

] u
·S= ln B +

mvi
2

2mB
b̂ · = b̂D ,

b = r0 ·S1

2
= ln B +

mvi
2

2 mB
b̂ · = b̂D

+
vi

2V
sb̂ · = 3 b̂ − a1: = b̂d,

g = 2
] r0

] u
·Svi

V
b̂ · = b̂D −

mB

mV2S1

2
b̂ · = ln B + a2: = b̂D .

Using Eq.(A5), the particle kinetic momentum(41) can now
be expressed as

pe = p + eF b̂

V
3 sm = B + mvi

2b̂ · = b̂d

− mVS ] g

] u
+

vi

V
b̂ · = b̂ · r0Db̂

− mVSb +
] a

] u
−

vi

2 V
b̂ · = 3 b̂D ] r0

] u

+ mVSa −
] b

] u
−

vi

2 V
b̂ · = ln BDr0G , sA6d

where a, b, and g are defined above. It is now a simple
exercise using the formulas presented here to show that Eq.
(A6) satisfies property(42a) and (42b). Finally, the gy-
roangle averages used in Sec. IV C[Eqs. (65)–(67)] make
use of the following expressions:

Kpe ·
V

mB

] re

] u
L = 2 −

vi

V
b̂ · = 3 b̂, sA7d

KSpe ·
V

mB

] re

] u
D2L = 4S1 −

vi

V
b̂ · = 3 b̂D , sA8d

KUV

B

] re

] u
U2L =

2m

mB
S1 −

vi

V
b̂ · = 3 b̂D , sA9d

KSpe ·
V

mB

] re

] u
DpeL = 2pib̂ + sm vgcd'. sA10d
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