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Nonlinear bounce-gyrocenter Hamiltonian dynamics in general magnetic
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Nonlinear bounce-gyrocenter Hamilton equations for full electromagnetic field fluctuations in
general magnetic geometry are derived by the phase-space Lagrangian Lie-perturbation method.
These reduced dynamical equations can be used to follow the orbits of magnetically trapped charged
particles in the presence of low-frequency electromagnetic fluctuations in magnetic-field geometries
suitable for applications in fusion and space plasma physics.20@0 American Institute of
Physics[S1070-664X00)01308-3

I. INTRODUCTION than the bounce period.e., when the particle has executed
The magnetic confinement of charged particles impliesmany bounce cygles during tim, the fast bou.nce,: anglg

. ) o can be asymptotically removed from the particle’s orbital
the existence of orbits enclosed within a compact volume in

o : . dynamics and a corresponding adiabatic invarigém longi-
space, which in turn generically allows the existence of thre‘?udinal or bounce actiod) can be constructed. The resulting
orbital frequencies. The first of these orbital frequencies ’

called the gyrofrequencydenotedw,), exists even in uni- bounce-averaged guiding-centdynamics takes place in a

form (unconfining magnetic fields and describes the gyra_reduced two-dimensional phase space with spatial coordi-

1,2 H P —
tion of a charged particle about a single magnetic field Iine.nates f*.y7), where each coordinatg® (with a=1 or 2

; satisfies the conditio-Vy?=0; the coordinatesyt,y?
The second orbital frequency, called the bounce frequencgre known as magnetic %/eld linabels Bounce-a&er);g)ed
(denotedwy,), requires longitudinal confinement along mag-

netic field lines(due to nonuniformity parallel to the field guiding-center dynamics in static magnetic fields has also

lines) and describes oscillations in the parallel component Ofseeeenssehcovilbrl] to possess a canonical Hamiltonian stricture
the particle’s velocity, which vanishes at turning points along n thé p.resent paper we are interested in constructing
the trappedparticle orbit. Although certain magnetic geom- . . : . ;
etries(e.g., axisymmetric tokamak geomefrallow for the nonlinear Hamilton equations for charge_d pamcle_s n the
existence of confined, untrappéat circulating charged par- presence_of low-frequency electromagnetic fluctuations with
. ) e - . characteristic mode frequeneay=2=/7 such that

ticles whose parallel velocity exhibit oscillatory behavior

about a nonvanishing value, we focus our attention only on
trapped-particle orbits in the present work. The third orbital

frequency, called the drift-precession frequen@enoted je., the characteristic time scale is much longer than the
wq), describes the periodic drift motion across magnetic fieldgyration and bounce orbital time scales. This time-scale or-
lines(e.g., due to magnetic curvatyrén general, these three dering thus allows the removal of the fast gyration and
orbital frequencies are widely separatéal a single particle  hounce angles, i.e., the reduced dynamics preserves the in-
specieg with o> wp>wy. variance of the magnetic momeatand the bounce actioh
When the characteristic time scale of inter@snotedr) In deriving these reduced equations, we introduce two
is much longer than the gyroperigde., when the particle different orderings represented by the small dimensionless
has executed many gyration cycles during timethe fast  parameters, ande,, . The first small parameter§) repre-
gyration angle can be asymptotically removed from the parsents the ratio of the fast bounce-motion time scale to the
ticle’s orbital dynamics and a corresponding adiabatic invarisjow drift-motion time scale in a nonuniform background
ant (the magnetic momen) can be constructetiThe re-  magnetic field(i.e., wy<w;,). The second small parameter
sulting guiding-centerdynamics takes place in a reduced (¢, ) represents the ratio of the fast bounce-time scale to the
four-dimensional phase space with noncanonical coordinatesiow characteristic time scale associated with electromag-
(X,p)), whereX denotes the particle’s guiding-center posi- netic field perturbationdi.e., ®<wy,). Such perturbation
tion andp, denotes its parallel kinetic momentum. Guiding- fields, whose amplitudes are represented by the dimension-
center dynamics has been shown to possess a nofess ordering parameter;, have characteristic frequenay
canonical Hamiltonian structufe’ i.e., X={X, Hydgc @nd  and characteristic parallel and perpendicular wave numbers
Pi=1p;, Hgdgc @re expressed in terms of a guiding-centerk; andk, , respectively, with respect to the background mag-
Hamiltonian functionH 4. and a noncanonical guiding-center netic field. The reduced Hamilton equations derived here
Poisson bracke }4.; here and throughout the paper, a dotcontain terms up to ordea%.
denotes a time derivative. In the present paper, we ignore finite-Larmor-radius ef-
When the characteristic time scatés also much longer fects associated with the electromagnetic field perturbations

wg, 0<E<og, (D)
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(i.e., we take the limit of small gyroradiuk? p><1), and we  Il. MAGNETIC FIELD GEOMETRY

refrain from ordering the perpendicular and parallel wave This section focuses on the general representation of
numbers, since/k, may not be small. Next, we ignore  yagnetic fields in terms of Euler and Clebsch potentials and
relativistic effects even if these effects might be relevant forit,oduces the definition of magnetic geometries in terms of
certain class of trapped particles; nonlinear relativistic gyromagnetic coordinates. After having read this section, the
kinetic equations have recently been derifeaind future reader may consult the Appendix for explicit examples of
work will undoubtedly focus on the derivation of nonlinear magnetic geometries suitable for applications in fusion and
relativistic bounce dynamics. We also ignore any backspace plasma physics.

ground static electric fields, i.e., any electric field is auto-

. . L A. Magnetic field representations
matically viewed as the result of electromagnetic field fluc-

tuations. In general, a magnetic field is divergenceless and can be
We adopt a two-step transformation scheme. First, th&Vritten (at least locally as
bounce-angle dependence due to the backgroistatio B=V¢XVy, 2

tmhzgl:;jlr?cz?!a?/saase):jmplj?dt:f\al]é/emgit;iggrng;ozélﬂ of whereé and ¢ are called Euler potentiafsAccording to(2),
ged g 9 ' each magnetic field line is labeled lyand ¢ (sinceB-V s

the process, a bounce.-actlon a@apauc invariant is CON=)—B.V¢), and the magnetic vector potential (with B
structed as an asymptotic expansion in powersofNext,  _yx A) can be written as

low-frequency electromagnetic field fluctuations are intro-

duced into the unperturbed bgc phase-space Lagrangian. A= 3(éVy—yVE+Va, ()
These perturbations reintroduce bounce-angle dependence\m]ere the gauge functioa (which may be multivaluexis
the bgc phase-space Lagrangian and thus the bgc boungg,ged in the definition of magnetic helicit-B=B-V a.
action is no longer invariant. To construct a new bouncesgince the gauge ter« does not play a role in what fol-

action invariant, we proceed with the bounce-averaged gyropws|[see the discussion following2)], however, we hence-
center (bgy) phase-space transformation which asymptoti-forth omit it.

cally eliminates the bounce-angle dependence introduced by Another useful representation for the magnetic field is
the field perturbations. In this process, a new bgy bouncethe covarian{Clebsch representation
action adiabatic invariant is constructed as an asymptotic ex-
pansion in powers o€ . B=>, \, Vx', (4)
The remainder of this paper is organized as follows. In !
Sec. I, we present the mathematical foundations for the conwhere (;,x') are Clebsch potentidlghere the index goes
struction of general magnetic geometries. The notation introfrom 1 to 3; note that these potentials must still satisfy the
duced in this section will be used throughout the paper. Ircondition V-B=0. The Clebsch representation is useful
Sec. Ill, the Hamiltonian theory of bounce-guiding-centerwhen an explicit expression foW XB=X; VA;XVx' is
motion in static magnetic geometry is presented; only result§nown. For example, iV XB=0, then the magnetic fielB
are presented and the reader is refered to the original work &@n Simply be written aB=V y.
Littlejohn® for further details. Magnetic coordinates intro-
duced in Sec. Il are used here to describe the unperturbd?} Magnetic coordinates and magnetic geometry
bounce and drift motions. 1. Magnetic coordinates
In Sec. IV, electromagnetic field perturbations are intro-
duced and shown to degtroy the a{diabatic'invariance of thl%troduction of the magneticcoordinates W'=(£,.s),
unperturbed pounce action by re-lntrodu.m_ng bounce-angl_gvhere§ and ¢ are the Euler potentials fd and's is the
dependence in the perturbed bounce gq|d|ng—center H"?‘m'kpatial coordinate along a magnetic field line:
tonian system. Here, the electromagnetic field fluctuations

The magnetic field representatio(® and(4) allow the

are represented by the perturbed scalar poteéithalthe par- % —p= E )
allel component of the perturbed vector potenéd,, and S B
the parallel component of the perturbed magnetic fizig . Using the notatiory= (£,) for coordinates in the space of

The phase-space Lagrangian Lie-perturbation méttied field-line labels(i.e., each magnetic field line is represented
used to remove this new bounce-angle dependence and cogs a point iny space, the magnetic field2) and the magnetic
struct new bounce-gyrocenter coordinates. In particular, thgector potential3) can also be written as

new bounce-gyrocenter action is preserved by the perturbed . A b L .

bounce-averaged Hamiltonian dynamics. Section V summa- B= 27ab VY"XVY", A= 37apy" VY", (6)
rizes our work and discqsses possible applica_ltions in fusioyhere 7ap IS antisymmetric in its indiceswith 7y,=+1

and space plasma physics. Last, the Appendix presents twe — 5,).

important magnetic geometries: the axisymmetric tokamak To define a magnetic geometry, we require the complete
geometry(for fusion plasma applicationsind the distorted sets of contravariant basis vecto®X(J¥') and covariant
dipole geometry(for space plasma applications basis vectorsY¥'). Since the vector¥ y? are given in(6)
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andgX/gs is given by(5), we only need expressions f¥rs

Alain J. Brizard

The componentg!=aX/g¥'-VWi= g of the mixed metric

and dX/dy?. In deriving these expressions, we use the ortensor are given by the orthogonality relatiais.

thogonality relations

Vq;i.&_x,zgi 7)
gyl 90

between the contravariant and covariant basis vectors. Usinghile

these relations, we obtain the following expression Ve

Vs=b—>, R.VYy? (8a)
a

where

Ro=p X o5 N 8b

TP B o

while we find for 9X/agy?:

oX . B

T}/aERab+§b: nabvbe¥. 9

It is now quite simple to check that the sef€y?,Vs) and
(0X19y?,0X/ds) satisfy the orthogonality relation§).

Next, we construct the parallel gradient operatyr
=h-V=0/ds and the perpendicular gradient opera¥or=
— bX(bXV), which only hasy® components:

axX J 17
ay VT gys Rags T e

Hence the gradient operator can be expresse® = g,
+Vy?49,,. Last, the Jacobian for the transformatidh

—>(§,lﬂ,5) is

X X aX=B‘1=V XV -Vs)~1 10
T =(VEXVy-Vs)™7, (10

Last, by definition, we have

V=g axX axX j

=9y W=9ijv‘1’,

V-A=Bg;(B"*Al), where A'=A.V¥' and
(VXA)'=€*Ba,A,, where Ai=A-9X/a¥'. We note that

the determinant of the two-contravariant metric tengbris

equal toB?, the determinant of the two-covariant metric ten-
sor g;; is equal toB~2, and thatg''g;=5,. The metric
tensors defined here can then be used to define the magnetic
geometry(e.g., we can construct Christoffel symbols, gtc.

IIl. UNPERTURBED BOUNCE-GUIDING-CENTER
MOTION

In this section, we consider the motion of charged par-

ticles in a static nonuniform magnetic fieB,=Byb, (the
subscript 0 is used here to distinguish the unperturbed back-
ground magnetic field from the fluctuating magnetic field
&B). To lowest order inp/Lg (wherelLg is the background
magnetic-field length scalethe unperturbed guiding-center
phase-space Lagrangian for guiding-center particésass
m and charge) is*
~ I pgdx+p,b -dx—( B +p—‘%

Yo=; "o PiPo MBot 50
where X,p, ;) are the guiding-center reduced phase-space
coordinates:X=(y,s) gives the guiding-center position in
magnetic-coordinate spacg,=mv, is the parallel guiding-
center momentum, and is the guiding-center magnetic mo-
ment(an exact dynamical invariant in guiding-center Hamil-

dt, (12

so thatd®X=B "1 d2y dsis the infinitesimal volume element tonian theory. From(3) and(7), we find

in magnetic coordinates.

2. Magnetic geometry

Ay dX=(1/2) 7,y dy’+de,

where the last term comes from the gauge t&fmin A,.
Since the phase-space Lagrang(a8) is only defined up to

A magneticgeometryis defined in terms of the magnetic an exact derivative, however, we can omit the gauge thm

coordinates ¢,¢,s) and the contravariant and covariant ba-

sis vectors ¢X/g¥') and V'),
covariant-basis vectors yield the following componegts
=VW¥'.V¥! for the two-contravariant metric tensor:

gabEVya'Vyb,
gasE Vya~Vs= _ gab72b ,
g%%=|Vs|?=1+R,g%"R,,

(11a

where summation over repeated indices is henceforth as-

sumed, the identitﬁ-VyaEO was used, an@Ba) was used

for Vs. The contravariant-basis vectors yield the following

componentsg;;=dX/aV'-9X/gW¥! for the two-covariant
metric tensor:
Jab= &X/O”ya'&X/ayb: RaRp— B2 77.':1cg(:d77db )
Jas= X/ 9y2-0X1Is=R,, (11b

gs=|0X/ds|?>=1.

in Ag-dX. Using (8a), we also findbg-dX=ds+R,dy?

respectively. The  The ynperturbed guiding-center phase-space Lagrafgn

can therefore be written as

q
Yo= (Fed Napy?+ pIIRb) dy°+p,ds

dt

P
\
—(MBO(Y,S)‘*‘ >m

where e4<<1 is introduced as an ordering parameter repre-
senting the ratio of the fast bounce time scale to the slow
drift time scale[see the discussion followind.5)].

From the phase-space Lagrangidl), expressed ag
=L ,dt, the Euler—Lagrange equations associated with the
guiding-center Lagrangiah,=F,y°+ p,5—H, lead to the
following dynamical equations: the components for the
guiding-center drift velocity are
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: c/q 1
ya= —ed(m) 72°(wd, ,Bo+ mvf(?”Rb), (149 J(EO,,UAY)EZ § py(S,Eq,u;y)ds

where 7= =~ 7., and A=(cp,/qBg)be-VXby

1 (s
=(cp,/q) 7?9, yR4; the guiding-center parallel velocity :;Lo V2m[Eq— uBo(siy)]ds, (163

ton i
equation 1s where §p,s;) are the turning points where; vanishes,
v =5+RLY?%, (14b  while for the bounce anglé, we find
and the acceleration of the guiding-center parallel velocity is s ds’
. a é(s,Eo,u:y)Ewiwa ,
0=~ (u/m)dBo+ (vdyRa)y*. (149 o [2 ,
: . —[Eo—uBo(s";y)]
We note that the dynamical equatiofigld—(14c) conserve m
the particle energf,=p2/2m+ uB, exactly, i.e., (16b
dE where {(s=sg)=m for both branches. The bounce fre-
d_O: V310, 4Bo+Mu2d Ra) =0, (140  9uencyey, is defined from(16a as
! -1 ds| 1!
where we usedl4a and the antisymmetry 0#?°. Note also wp(Y; EO”“)E((?_EO) =2m é U—) : (169
thatv# S since the spatial coordinateg, §) are nonorthogo- . _
nal (i.e., g;;#0 fori#]) From this expression, we see that the bounce frequency
e : 1/2

scales a€;“ in terms of the total energf, and also in-
cludes a dependence on the ratjgo(y)/Eo (related to pitch

To lowest order in theq ordering, we see that the drift angle, Where§0(y) is a (local) minimum value along the
velocity (14a vanishes whilg14b) and (140 yield magnetic field line.

We can now proceed to perform the substitutisnp()
—(J,¢) in the guiding-center phase-space Lagrandiks).
Hence, to lowest order iy, the motion is taking place First, we note that the transformatios, ) —(J,{)=u is
along a magnetic field lindabeled byy) and drift motion is ~ canonical since

A. Preliminary phase-space tranformation

s=vy, v=—(uw/m)gBo. (15

absent. Since the lowest-order bounce equatibBsare ze- apy ds  Ipy Js

roth order iney while the drift equations are first order, we a_g 39 (9—£= 1. (17

see that the parametey; is indeed the ratio of the fast

bounce time scale over the slow drift time scale. Next, we note that by definitioas/9y?=0 and, hence, the
Bounce motion thus takes place in the,y;) plane parallel spatial coordinate is a function of the bounce

(henceforth known as the bounce planshere action-angle coordinatasonly: s=s(u). In (13), the differ-

ential ds becomesds=4,s du*. The unperturbed guiding-
center phase-space LagrangidB) becomes

2
v(S,Eq,uy)=* \/E[EO_MBO(S;y)]-

Yo=

9 b
Here, * refers to the sign of, along the magnetic field, i.e., 2Cey Many”+ p”Rb)dy
the particle moves either in the same direction) or the

opposite direction (=) of the magnetic field. If Eg +

> uBg(s) everywhere along the magnetic field lifiee., for
fixed y), the parallel velocity exhibits modulations in its \yhere Ho(y,u)=uBo(y;s(u)) +[p,(y,u)]2m is the
amplitude and its sign is an invariafite., the+ branches |owest-order unperturbed guiding-center Hamiltonian and
are separatggdsuch a pqrtlcle orbit is pallecirculatmg. explicit bounce-angle dependence now appeard @ The

On the other hand, if at some poisi=s, along a mag-  ynperturbed guiding-center Hamiltoniahy,, however, is in-

the = branches coincide at;=0 and the poins, is called a

turning point. The particle bounces from this turning point ‘9_H0=< P (9_BO> S_o
(sinces changes sign at that pojrand moves back along the a Uigs TH s ar

field line until it encountgrs gnother turning_ po_in.t, IocatedWhere we used the lowest-order expressids) for the
Z% ats=s;. Bounce motion is therefore periodic in bath guiding-center parallel acceleration.

vy.

Following a standard procedure in classical mechatfics,
one constructs action-angle canonical variables associatégd
with this periodic motion. Here, the action-angle coordinates = Because of its dependence on the field-line laekhe
(3,¢) associated with periodic bounce motion have the fol-bounce action(16g is not conserved at ordegy [i.e.,
lowing lowest-order expressions: For the bounce acfipn dJ/dt=0O(ey)]. To remove the bounce-angle dependence in
we find"® (18) and construct an asymptotic expansion for the bounce-

Js
pﬂaua

)du“—Ho(y,u)dt, (18

Bounce-guiding-center phase-space transformation
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action adiabatic invariant, we proceed by performing an in- 7 Py

finitesimal phase-space transformatignu) — (y,u), where —={{,Ho}= -9 (220
the relation between the guiding-center coordinatgs)(
and the bounce guiding-centébgc coordinates Y,u) is

given in terms of the asymptotic expansions We note that since the unperturbed bounce guiding-center

HamiltonianH, is asymptotically independent of the bounce
guiding-center angIeZ the longitudinal bounce guiding-
center actiond is an adiabatic invariant.

Last, we note that the bounce-guiding-center posi§ion

where the componentS; and Gy, of the nth-order generat- s simply the(bounce-motiontime-averaged position of the
ing vector field are constructed so that the bounce action guiding-center positioy?, i.e., y2=(y?), where() denotes

=J+3)_, &Gy is conserved at thath order, i.e.,dJ/dt bounce-angle averaging with respect;toand thus
—O(e”“) They components of the first-order generating

V=T Gl

UT=T— G+, 19

vector aré b=y~ (y?) =~ &Gi(Y,u)+ O(€d) (23
S, represents the bounce-angle dependentnceradius. This
Gi=—1n —( +p”Rb) (209 definition of the bounce radius is entirely analogous to the
q definition of the gyroradius as the difference between the
where the gauge functio;(y,u) is defined from the rela- particle position and it§gyromotion time-averaged posi-
tion tion, the guiding-center position.
(981 - 7](15 Js 20b
Ev A N pn(ﬁﬁ(m, (200

_ _ S IV. NONLINEAR BOUNCE-CENTER HAMILTON
with 7,4 antisymmetric in its indiceswith 7;,=+1). The  EQUATIONS

reader is referred to Ref. 5 for further details on the unper-

turbed bounce-guiding-center phase-space transformation; In the presence of electromagnetic field fluctuations, the

since theu components of the first-order generating vectorbackground magnetic field becomes perturbed. Depending

(G{) are not needed in what follows, we omit them here. on the characteristic time scales of the fluctuating fields, this
The purpose of this transformation is thus to remove thesituation typically may lead to the destruction of the guiding-

bounce-angle dependence at all ordersjnHence, the un- center adiabatic invariangs and/orJ. Here, the electromag-

perturbed bgc phase-space Lagrangian becomes netic field fluctuations are represented by: the perturbed sca-
lar potential 5¢, the parallel component of the perturbed
Yo= 2ceq Nab Y d—b+J dg ﬁ( €q)dt, (219  vector potentialﬁAH(EBo-éA), and tr)e parallel component
of the perturbed magnetic fieléB (=by-VX5A). We shall
and the unperturbed bgc Hamiltoniar is assume that the characteristic mode frequeacis much

smaller than the bounce frequeney, i.e.,

Jd
-1

Ho(Y,J;eq)=Ho(¥,d) — ( wb’lab< >
(€,), (24)

2
+O(eq), (21D wheree, is a small ordering parameter; we hencefortheget

where () denotes averaging with respectfo The unper- equalhto one for clarity.. . h .
turbed bounce guiding-center Poisson bracket is defined in The perturbed guiding-center phase-space Lagrangian
terms of two arbitrary functiong andG on bounce guiding- can be written as

center phase spacg,(l) as Y=Yot+ €571+ €270t (25)
Ceq 9F o ag aF g where the first-order guiding-center phase-space Lagrangian
- a2
{‘7: } q &Va y Oqua 77 a—ﬁ ’ (21C) isll
where nP=n_5=—1,z. _ (a —ds\ o
From the unperturbed bounce guiding-center Hamil- 717 E‘SAHﬁ du®—(qd¢+ pdB)dt. (26)

tonian (21b) and the unperturbed bounce guiding-center
Poisson bracket21d), the unperturbed bounce guiding- Here, dependence on the fast bounce-atiggere-introduced

center Hamilton equations can now be written as in y, (n>1) because the perturbation f|eld¢§¢( 5AH 5BH)
o Py depend ory throughs(u)=s(u) (to lowest order ineq) and
= {Va,qo} eqn?— 0 (229 yiVJr A,. For example, the perturbed scalar potential
q Yy S¢(y,u) is defined as
B_Faa=- o, (225 SH(YUit)=5b(Y+ A, S(W);1), (27)
dt 174 and, using this expression, we therefore find
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98¢ I8 +-+-. To derive explicit expressions fét, (n=1), we pro-

TR v ceed by the phase-space Lagrangian Lie perturbation
Y Y method’**

s s 98¢

gov o g TOled) A. First-order analysis

In what follows, we make no assumptions about the order- ~ The relation between the old first-order bounce-guiding-
ings of the parallel and perpendicular wave number¢26), ~ center phase-space Lagrangigp and the new first-order

the gyrocenter magnetic moment bounce-gyrocenter phase-space Lagrangians expressed
as

H=pt e

A9 o & Ui o 5§n N — T A A AN de D
gP‘V(5¢_€5A>_MF}+O(€§) ¥1=71—(G1-dyp—dYyo-Gy)+dS=—H;dt, (329
(283 where 51 is the first-order g_enerating vector field for the

is an adiabatic invariant for the low-frequency nonlinear gy-transformationy,u)—(9,0), S, is an arbitrary phase-space
rocenter Hamiltonian dynamits while u is the (unper- gauge function, and the new first-order Hamiltonian is
turbed guiding-center magnetic moment apds the gyro-

radius. The second-order perturbed guiding-center phase- H1=H; =Gy dHo= a5, (320
space Lagrangian can be written gs= — H,dt, where The requirement thay,=—H, dt dictates that the compo-
e nents of the first-order generating vector field be
= _ J— il ﬂ — - _
Ho= Eg‘vl( o= 5Au) G2={S,,9%, (339
— by = — v — co_fa na 9 e pa
— A5 XV, | 56— oA, (28b) GI={S,, 0"+ £ oA{s,0"}. (33b
0

is the second-order gyrocenter Hamiltoniéin the limit ~ When these components are substituted {62h), with Hy

p?k?<1). =qép+uoB, and Gi-dHe={S;,Ho}+(a/c)sAu,,
The new bounce-gyrocenter phase-space Lagrangian WherevHE{s,ﬂo}, we obtain

chosen to be of the form

dSi g — |_—
W—FE&AlU)EKl_

. — ds,
Hi=q8¢p+uoB,— a0 G4

&E;—Cnabyadywjdg“—ﬂ dt, (299
. _ . wheredS, /dt=4,S,+{S,,H,}. The right-hand side of this
i.e., all the electromagnetic perturbation effects have beegquation has both bounce-angle independent and dependent

transferred to the bounce-gyrocenter Hamiltonian parts. By design, we want the new first-order Hamiltonian
I:I(y,t;j)EI:Io+ eF+ f,zsl:iz, (29b) H, to be bounce-angle independent and hence we set
where terms of ordee3, eqe;, ande, e, are omitted. The |2|15<E1>:<q5$+ woB,— E&Ev|>, (35)
perturbed bounce-gyrocentéogy) Hamilton equations be- ¢
come where the bounce-angle averagifyis now with respect
dy? c oA to .
_tz{ya, Hi=— naba_AB, (303 Because the Hamiltonian dynamics is independent of the
q y phase-space gauge functioBg (n=1), we choose(S,)
43 S0 =0. To lowest order in the bounce-kinetic orderi(ag), we
—={3,A}=— —=0, (30p  find
dt a o _
B ™k (K=K 36
. . — = = — = ,
dz . . oA dt gy UM
g eH=— (300) _ o
t dJ whose solution i§1zwg1fK1 dZ. To first order ineg, the
where the bgy Poisson bracket is given for two arbitraryph""Se'Sp"’lCe transformation frong,§) to (9,0) is repre-
functions F(§,0) andG(9,0) as sented by
Fa=’ aF abag+ IF 509 ar Yi=9 €S 9+,
{ ,Q}=a&7a77 558 a0 1 P (31) (37)

T =0 ey {S,,0 + ¥ oA (5,0 |+
By having removed the bounce-angle dependence from the ¢
phase-space Lagrangi&29a, we have restored the adiabatic The main advantage of the phase-space Lagrangian Lie per-
invariance of the bounce action, now givenJsJ+ GaGi turbation method is its algorithmic approach: one can con-
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tinue the perturbation to arbitrary orders é3. To derive The right-hand side of41) has both bounce-angle inde-

nonlinear perturbed Hamiltonian dynamics, we now proceeghendent and dependent parts. By design, we want the new

to derive terms of ordee’fS in the phase-space Lagrangian. second-order Hamiltonian to be bounce-angle independent
and hence we set

2

q [
)= + SA)? S; K, (42)
The relation between the old second-order bounce- H 2> 2m C2<( 0= <{ 1 Kal)

guiding-center phase-space Lagrangigp and the new whereK; is defined in(34), ({-++,Ho})=0 to lowest order

second-order bounce-gyrocenter phase-space Lagrafgian . ; :
istt 9y P P grang in €, andey, and we used the identity

B. Second-order analysis

— - - A q . ~ —

o = =1 - Hi+H;+{S;,Ho} — = 8A{s,Ho}=2K}. (43
¥2= 72~ (G2 d¥—dyo- G2) = 5[Ga-d(y1+71) LR e '
I — _ The second-order phase-space gauge funggo'm (42) is

—d(y1+751)-G1]+dS,, (388 not needed in what follows and will not be given here.
where62 is the second-order generating vector field for the
transformation Y,u)—(¥,0), S, is an arbitrary phase-space - Nonlinear bounce-gyrocenter Hamiltonian
gauge function, and the new second-order Hamiltonian is 9Ynamics

o 1_ o o The nonlinear bounce-gyrocenter Hamiltonian is ex-
Hp=H;~ Gz dHo— 5Gy-d(Hy+Hy) =4S, (38D pressed as

. ~ . ~ A~ — _ — qv —
The requirement thay,=—H, dt dictates that the compo- H=Hy+ 65< qép+ uoB,— TH 5A”>
nents of the second-order generating vector field be

(44)

J . q2 A lex
= A 49—, 75 . + €2 + - = .
2=1{S2.9°+ Zel[ 5A||W,Ya], (393 €3 (Ha) T 5z {(OAD%) = 5 S Kb
P This expression generalizes the previous works of Gang and
6113: 5K%,ga] _El.d(gx{syga})} Diamond? and Fong and Hahr¥, who considered electro-
J static perturbations only. The nonlinear bounce-gyrocenter
(39D Hamilton equations presented here contain terms associated
When these components are substituted {88k), we obtain  with full electromagnetic perturbations and include classical

((H,)) and neoclassicak{S;,K;})) terms.

Ga dFlo={S; Ao} + 5t GHI{(5A,9), Ao}

V. SUMMARY
+ 7% 9,Hod,( OA94S)]- (40 We now summarize our work and discuss possible ex-
After some manipulationg40) becomes tensions and applications. We have derived nonlinear re-
duced Hamilton equations describing the bounce-gyrocenter
G,-dHy= 32_ 5AH{S 31}) ] dynamics of trapped particles in nonuniform magnetized
plasmas in the presence of low-frequency electromagnetic
q o q — . field fluctuations. The derivation was done within the context
+ Z—CEA({S,{Sl,HO}}+ EéA{s,{s,Ho}}) of a ge_neral magnetic field geometry defined in terms of
magnetic coordinates; these equations can therefore be used
q/— — . q — — . in a variety of applications in fusion and space plasma phys-
- Z—C({SlﬁA{S-Ho}}"' 2 OAIts, 5A{S:Ho}})’ ics, such as the dynamics of fusion alphas or beam ions in
_ ) high-temperature tokamak plasmas or the dynamics of
so that expressiofB88h) can be written as trapped protons in planetary magnetoplasmas.
o —q — —\ . 2 o The characteristic mode frequeneayfor these fluctua-
H2=H2—[<Sz—2—5A|{S,Sl}),Ho]——(5A)2 tions was assumed to be much smaller than the gyrofre-
c 2mc? L
quency .) and bounce-frequencyw(). This time-scale
1 q — - ordering allowed the asymptotic elimination of the fast gy-
[Sl, 1+H1 _5A{5’H0}>] romotion and bounce-motion degrees of freedom from the
exact Hamiltonian dynamics; the asymptotic elimination of
qa — fast degrees of freedom is performed by using the phase-
a Z5A[S Hi+Hy+{Sp, Hoj - _5A”{S HO})] space Lagrangian Lie-perturbation metHodsor low-

frequency electromagnetic field fluctuations in general mag-
netic geometry, the asymptotic elimination of the fast
where we used the canonical relatiéh?), or {s,{s,Ho}}  gyromotion time scale was carried out previously by
=1/m, in the third term. Brizard!! The asymptotic elimination of the fast bounce-

(41)
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motion time scale, on the other hand, was described in the B=VW¥XV§+VeXVy, (A5)
present paper. Here, the phase-space transformati®hs
and (37) were explicitly written inlernls of first-order gen- =gW¥/dy. We note that in the covariant representatidn
erating vector fields@$,G{) and G§,GS), respectively. quva—.l//V(p the magnetic helicity isA-B=W 7
The equations presented here do not take into account B-V (o) V\;here J 1=V ¢yXVe-Ve. If the magnetic
the self-consistent response of the electromagnetic field Bald has th’e Euler representati¢Al), then A-B=B-Va
the presence of a trapped-particle population. Future Worb\lhereaE,B—qmﬂ and¥=4,8 and VE'a 3 (sincea\If/azZ
will consider the derivation of the low-frequency bounce- _o_ ;o o v
gyrocenter Vlasov—Maxwell equations in which the charge We now construct the vectoléW' anddax/Jd¥' for axi-

density and current in the Maxwell equations are expresse&/mrm:)triC tokamak geometry. FrofA2), we find
as moments of the bounce-gyrocenter Vlasov distribution ' '

function. For this purpose, we plan to derive these equations V&é=Ve—Q(4,0)V ,0—D(4,0)V 4, (AB)
from a variational principle, from which explicit conserva-
tion laws will also be derivedthrough the Noether methnd
The variational principle will make explicit use of the phase- D(.0)= Vvvy &—V+Q Vo-Vy
space transformations described here and in Ref. 11. ’ IVyl|? oy |V y]?

includes magnetic sheard#/d+0) and includes the
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X .
—Eb:B_l(|V(p+gV¢,(9). (A8)

where ¥ (4,0) is the toroidal flux function andQ

where the function

(A7)

APPENDIX: EXAMPLES OF MAGNETIC GEOMETRIES

In this appendix we consider two explicit magnetic ge-The complement’s to this equation is
gD

ometries: the axisymmetric tokamak geomefigr applica- P
tions in fusion plasma physicand the asymmetric geomag- Vs=b+ @V‘f/" (A9)
netic geometry(for applications in space plasma physics . ) .

so that in axisymmetric tokamak geometry

) _9X gD
As a first example, we consider a general axisymmetric R§=b'(9—§EO, Ry=b—=— QB (A10)

L . LT . J
tokamak magnetic field.This magnetic field has toroidal v
(B*=B-V¢) and poloidal B’=B-V ¢) components, where Thus the vector¥y, V¢ [(A6)], 9X/ds [(A8)], and9X/dy®
¢ and 6 are the toroidal and poloidal angles, respectively,[(A9)] can now be combined with the contravariant vectors

1. Axisymmetric tokamak geometry

and the magnetic field possesses toroidal symmetry, i.e., its 5y gD|. B X B
componentsB? and B? are independent of the toroidal —=—|=5|b+t 5XV¢ —=—-==XVy, (Al
angleo. Y QB B 9E B
The Euler-potential representation to define the axisymmetric tokamak geometry.
B=VXVy (A1)
for an axisymmetric tokamak magnetic field is given in termsz' Asymmetric geomagnetic geometry
of the poloidal flux functiongs and the angle-like Euler po- Our next example involves the geomagnetic field in the
tential region below 1(Rg (Rg is the Earth’s radids As a result of
_ the solar wind, the geomagnetic field exhibits a day—night
(. 0,0)=0—v(1h,0), (A2) asymmetry**® Yet, as was shown by Steththe geomag-
where 6 is the poloidal angle and netic field has the following Euler—Clebsch representations:
av(i,0) B=VEXVy=Vy, (A12)
25 =0 (A3) |
where the last expression represents the fact W&B=0

represents the local safety factae., Q=B-V ¢/B-V 6 rep-  for the geomagnetic field. To lowest order, the geomagnetic
resents the amount of twist in the magnetic field lindhe  field is represented as a pure dipole field with Euler/Clebsch
covariant representatio) for the axisymmetric tokamak potentials
magnetic field, on the other hand, is written as Eo=0,

B=I(¢4,0)Vo+g(4,0)V,0, (A4) Yo=Mr " Lsir? 6, (A13)
where V ,0=V 60—V y(V 6-V¢/|V4|?) while V¢V e=0
(by axisymmetry. In this representation, the local safety fac-
tor is Q=1|Ve|?(g|V,0/%). Last, the tokamak magnetic where M=B,RZ denotes the dipole moment and, ¢,¢)
field can also be expressed as are spherical coordinates in the tilted-dipole frathe.

Xo=Mr 2cosé,
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The asymmetry in the geomagnetic field enters at higheThese expressions can now be used to define the asymmetric
multipole order. In the two-parameter first-order model pre-geomagnetic geometry.
sented by Sterff we find

_ -1 __ 3
Y=Mr Sir’ ¢ (1=ep”) 1T. G. Northrop,The Adiabatic Motion of Charged Particlg®iley, New
York, 1963.
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+268p* 1— §sm2 6 |coselsing|, 1989, Chap. 2.
3R. G. Littlejohn, Phys. Fluid24, 1730(1981).
. . “R. G. Littlejohn, J. Plasma Phy89, 111(1983.
— 5.4 ) )
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’J. R. Cary and R. G. Littlejohn, Ann. Phy@\.Y.) 151, 1 (1983.

. . . . . 8
wherep=r/rg is the normalizeddimensionlessradius and 2 P+ Stern, Am. J. Physi8, 494 (1970.

. . . °R. L. Seliger and G. B. Whitham, Proc. R. Soc. London, SeB05, 1
€ and 5 are two small dimensionless parameters. This model (196g.

is a good approximation of the geomagnetic field up to 10°H. Goldstein,Classical Mechanigs2nd ed.(Addison—Wesley, Reading,
Reg. The compressed-dipole model is obtained frohi4) MA, 1980), Chap. 10.

11 0
by setting 6=0. When 6+#0, the night side /2<¢ A. J. Brizard, J. Plasma Phyél 541(1989.

. . ¥ P Y. Gang and P. H. Diamond, Phys. Fluids2B2976(1990.
<3m/2) opens up and allows field lines to extend to infinity; g 4. Fong and T. S. Hahm, Phys. Plasntad88 (1999.

these potentials yield the so-called distorted dipole m&tiel. i;‘G D. Mead, J. Geophys. Re89, 1181(1964.
Finally, introducing the magnetic coordinatesy,€,s), W. P. Olson, J. Geophys. Re&, 5642(1969.

. 16D, P, Stern, J. Geophys. Ré&2, 3995(1967.
where from(8b), we find M. G. Kivelson and C. T. Russellntroduction to Space Physid€am-
ax 1 9y bridge University Press, Cambridge, 1996hap. 6.
B=—", R.== —5. (A15) 18). G. Roederer,Dynamics of Geomagnetically Trapped Radiation
S B gy? (Springer, New York, 1970
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