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Abstract. The gyrocenter phase-space transformation used to describe nonlinear
gyrokinetic theory is rediscovered by a recursive solution of the Hamiltonian dy-
namics associated with the perturbed guiding-center Vlasov operator. The present
work clarifies the relation between the derivation of the gyrocenter phase-space
coordinates by the guiding-center recursive Vlasov method and the method of Lie-
transform phase-space transformations.

1. Introduction

A common technique [5, 9] associated with the multiple space—time-scale solution
of the Vlasov equation

df _ of
dt ot
is to expand the Vlasov operator L = d/dt = Ly + €Ly + €Ly + -+ and the
Vlasov distribution f = fy+€f; + - asymptotically in powers of a small ordering
parameter €. One then proceeds with a recursive solution of the Vlasov equation
(1.1) at each order in the hierarchy:

of

0= +(UB+VJ_)‘V‘]C+5L(E+XB> Oy (].])

0= Lofo
0=1Lifo+Lofi

O=Lofo+Lifi+Lofo (- (1.2)

Two important assumptions are associated with the hierarchy (1.2). First, we
assume that the lowest-order equation Ly fy = 0 has a known (exact) solution. For
example, the lowest-order dynamics characterized by Ly is often associated with a
cyclic (lowest-order) orbital angle ¢ (i.e., Ly = w,0/0p, where w, = dp/dt) so that
the lowest-order Vlasov equation Ly fy = 0 simply implies that fy is independent
of the orbital angle ¢. Second, we assume that the operator Ly can be inverted
(eg., Lytf = w‘l | fdyp) so that the solution for the first-order correction f; in
(1 2) may be written as fi = f1 — Ly' (L1 fo), where f; satisfies the homogeneous
equation Ly f; = 0. The small ordering parameter ¢ appearing in this asymptotic
expansion is defined by the relation Lyt L, = O(€").
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The purpose of the present paper is to compare and contrast the derivation of
gyrocenter phase-space coordinates by the guiding-center recursive Vlasov method
and the method of Lie-transform phase-space transformations. In Sec. 2 the ex-
pansion of the Vlasov operator L = d/dt defined in (1.1) is given in powers of a
small ordering parameter €. The guiding-center recursive Vlasov (gerV) method is
introduced in Sec. 3 based on expansion of the guiding-center Vlasov operator
Ly, = T, LT, defined in terms of the guiding-center push-forward (T,') and
pull- back (T “) operators. In order to keep the analysis focused on gyroklnetic
applications, we assume that the background magnetic field is uniform and that
the particles move under the influence of a fluctuating electrostatic field (with slow
and fast space—time scales). Using the gerV method, we derive explicit expressions
for the gyrocenter phase-space coordinates. In Sec. 4, the gyrocenter Lie-transform

gc

(gyLt) method is applied to the derivation of the gyrocenter phase-space coordin-
ates. In order to allow comparison with expressions derived by the gerV method,
higher-order terms are kept. In Sec. 5, the gyrokinetic Vlasov equation is derived
by both the gerV and gyLit methods. While the gerV derivation does not allow
for a systematic truncation scheme that preserves energy conservation, the gyLt
method does since it is naturally associated with a variational formulation. We also
introduce the gyrocenter pull-back operator T,, and discuss its physical interpret-
ation. In Sec. 6, we present the gyrokinetic Poisson equation expressed in terms
of the gyrocenter moment (with respect to the gyrocenter Vlasov distribution) of
the gyrocenter push-forward operator T(,\ 50( of the guiding-center delta function

5;1 = g(.163 (x — r). Lastly, our work is summarized in Sec. 7 and Appendix A
presents the guiding-center phase-space transformation for non-uniform magnetic

fields.

2. Expansion of the Vlasov operator

We begin with the expansion of the Vlasov operator

d

q v 0 _
p 875 (’UHb—f—VL) V+m(E+C><B> aszo—FGLl, (2.1)

which is written in terms of the two operators Ly and L; (defined below). Here,
within the context of the derivation of gyrocenter coordinates for an electrostatic
gyrokinetic model [7]. we consider the case of a strong background magnetic field
and a small quasi-static electric field E = —V¢. To simplify the analysis, we also
consider a uniform background magnetic field (i.e., the unperturbed guiding-center
dynamics is represented simply in terms of parallel motion along straicht magnetic
field lines).

2.1. Zeroth-order Viasov operator

In a uniform magnetic field, the zeroth-order Vlasov operator Ly is defined as

—all .2 y\c= 9 11
L0G=Q<89+80 )G:mgc[ae(g(a)} (2.2)

where G is an arbitrary function on particle phase space and the perpendicular velo-
city vi = Q0p,./00 is expressed in terms of the gyroradius vector p,. = (b/2) x v,
which depends explicitly on the gyroangle 6. In the second expression in (2.2),
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we introduced the guiding-center pull-back T,. = exp(—p,.*V) and the guiding-
center push-forward Tg_c1 = exp(p,.* V) operators, which are both associated with
the guiding-center phase-space transformation for a uniform magnetic field (the
guiding-center pull-back and push-forward operators are given for a non-uniform
magnetic field in Appendix A). Note that the second term (v, - V) in (2.2) may be
of the same order of magnitude as the first term (2 9/06) when it is applied to
short-wavelength fluctuating fields (e.g., fluctuations that satisfy the gyrokinetic
ordering [3]).

After defining the guiding-center push-forward operator of an arbitrary function
G on particle phase space:

Go =T,/ G, (2.3)
we arrive at the final expression for the zeroth-order Vlasov operator:
0G
LOG = Tg(* <Q aéﬂc) = Tgc(LO;:ch(')7 (24>

where Lo, = 0/06 is the lowest-order guiding-center Vlasov operator. This opera-
tor can easily be inverted:

Ly F=0" /ﬁd@ = /(F — (F))de, (2.5)

where F denotes the gyroangle-dependent part of F' and (F') denotes the gyroangle-
averaged part. We immediately see that the zeroth-order operator explicitly in-
volves the lowest-order guiding-center transformation (for a uniform magnetic field)
and we note that this formulation can also be applied to the bounce-motion Vlasov
description of magnetically trapped particles [3].

2.2. First-order Viasov operator

The first-order Vlasov operator

Ll<§t+vb.v+:lEa?))+<’I;1’LEL.8(\?_L)EL1|+L1L (26)
is explicitly decomposed in terms of the parallel and perpendicular components
of the electric field. The ordering Ly + €L; in (2.1) implies that the gyromotion
time scale is the shortest time scale in our plasma physics problem. In particular,
the ordering Q 'L;; <1 implies that the perpendicular E x B velocity is small
compared to the characteristic (i.e., thermal) velocity of a particle (this is the drift
ordering [10]). The ordering Q’1L1H< 1, on the other hand, implies that the time
scale of interest is long compared to the gyration period and that the parallel
gradient length scale is long compared to the gyroradius. These two orderings are
consistent with the guiding-center and gyrocenter orderings [3]7.
We first look at the operator Ly in (2.6), which can be rewritten as
Q (3ch 0G  Opy 8G>

Lu_GEqEEJ_'

90 op  ou 00

Q Ipy.\ OG Ipy.\ 0G .
‘_qBKW 89)(‘9#_<V¢ 8u>59} =7

1 It is also possible to work with an alternate ordering where QO 'L, << Q~'Ly,, in which
case one could elevate L) = Ly to a higher order in (1.2).
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where u = m|v,|?/2B denotes the guiding-center magnetic moment (a guiding-
center invariant in a uniform magnetic field) and p,. denotes the gyroradius vector.
We now use the identity

8pg(: _ 9] a¢g(:
oy V0= ( “aJi “)(b T“(aﬂ)’

where 0/0.J" = (8/96,0/0p) and ¢y, = T ¢ = ¢(X+py) defines the guiding-center
scalar potential, so that the operator (2. 1) can be written as

Q[ 9 D
1 G i U F R

where G = T,.G. is expressed in terms of the pull-back of G,.. Next, we note that
the operators 0/0.J" and Ty, = exp(—py * V) do not commute:

0 9 0G4 I
= Toe | Gae = 777 (TeeGoe ) — Tee ) = —T,. 2 .VG,. .
1= a5 (1) <, (22 v,

Hence, using the fact that the pull-back operator is distributive: Ty (FG) =
(ToeF)(TeG). we obtain

L, G=—q¢q

QT 8¢gc ath _ a¢gn 6Gg(
B 00 Ou ou 00

0Py Opye  OPye 0Py,
Vgt | o 2 - 220y, |, 2.8
Vo, ( 00 Ou ou 00 ) v é} (28)

where we have used the explicit property d¢,./0.J" = Vo *p,./0J" to obtain the
last two terms. Lastly, by using the identity (valid for any vectors F and G)
0Py 0Py 0Py Opy. g B
00 Ou ou 00 T omQ2?
we obtain our final expression for Li; :
a(rbg‘(' aGg(: 8¢)g(: 8(;'g(!
00 Ou op 00

.(FXG)a

0 b
L1 G = —qTy {B ( ) —Q (Vg x Vch)]

= _ng(f({¢g(77 Gg(:}igc)a (29)

where we introduced the ‘perpendicular’ components of the guiding-center Poisson
bracket.
We can similarly write LG in terms of ¢4 and Gy, as

dO‘(:
LIHG = Tg(- (Jtch + q{chv qsg(‘}lgc) ’ (2'1())

where d,./dt = 0/0t + UHB'V is the guiding-center Vlasov operator (in a uniform
magnetic field), and

b G OF
B e = 5 (VF@U A VG)

denotes the ‘parallel’ guiding-center Poisson bracket. By combining the perpendicu-
lar and parallel components (2.9) and (2.10), we therefore obtain the final expression
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for the first-order Vlasov operator:

B

dye
LG = Tgt‘ <6;1ng(: + Q{Ggm ¢gc}g“) = T""’(ng(ngC)’ (2.11)

where { , }s now denotes the full guiding-center Poisson bracket. We note that
the guiding-center representation (2.11) also holds for a non-uniform background
magnetic field, where the guiding-center Poisson bracket now contains corrections
associated with magnetic field non-uniformity (see Appendix A).

Lastly, we note that it was the original insight of Catto [4] to recognize that
the transformation from particle coordinates to guiding-center coordinates greatly
simplifies the recursive solution of the Vlasov equation (1.1) within the context of
linear gyrokinetic theory. What we have shown in this section is that this simpli-
fication naturally extends to the inclusion of the guiding-center Poisson bracket
{, Jee as well as finite-Larmor-radius (FLR) effects associated with the scalar
potential ¢ (through the pull-back and push-forward operators) in the first-order
guiding-center Vlasov operator L.

3. Guiding-center recursive Vlasov method

In this section, we use the guiding-center recursive Vlasov (gerV) method to derive
asymptotic expansions for the gyrocenter phase-space coordinates. Here, the gerV
method is defined in terms of recursive solutions involving the guiding-center Vlasov
operator

Le=T,

o
ge ge

0 dye
1
LT, =Q— +e¢
=g+
The gerV method therefore naturally takes into account the full FLR effects of the
perturbation scalar potential.

A generic gyrocenter variable Qyy can be expressed in terms of a time-dependent
asymptotic expansion

(r() = Log(, + Gng(f. (31)

Qu = QW +eQy +€QY + =T Qu =Ty (TR, B2)
where Qf_(\) = Qqe denotes the guiding-center variable and the kth-order gyrocen-

ter variable QSI\O QM + Qu) is decomposed in terms of gyroangle- 1ndependent
and gyroangle-dependent parts (respectively). The asymptotic expansion (3.2) is

constructed by the gerV method by requiring that the quantity Q. = Lg.Qgy is
gyrophase independent. This condition yields the following kth-order expressions:

. . —(k—1 ~ o~ o
QY = (L1, Q) = (L1, ) Q0 4+ (E1 Q%) (3.3)
and
Q) = —Loh L1 QUY). (3.4)

Note that the solution for the gyroangle-independent part @gim appears at the
kth order.
The gerV method now proceeds as follows. At zeroth order, for the gyrocenter
phase-space variable Zg, # 6, we find the definition
(Z8)y =0 0%\ _ 0 (3.5)
ay 89 ) .
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so that the zeroth-order gyrocenter (guiding-center) coordinate Zg,, # 6 must be

independent of the gyroangle 0 (i.e., (Z§,,) = ). Obviously, (égy)g = Q for the
gyrocenter gyroangle Zg,. = 6. '

At first order, we find the gyroangle-independent expression
. dgeZ(?r ; dng(?y ;
(Z::\)l = <L1g(:>Z(()lgy = — dt = + q{Zg[g\v <¢g«>}g( = 7“7

where d,y /dt denotes the lowest-order gyrocenter Vlasov operator (which includes
the E x B velocity and parallel electric field associated with (¢s.)). The gyroangle-
dependent first-order expression, on the other hand, is obtained from (3.4) as

7o _ — a q a  x -
Zlgy = _LOg}(c(Q{ZOgya ¢gc}gc) = _ﬁ{ZOgy’ (I)gc}gm (3 /)

o
Ogy

(3.6)

where
B, = / bue df = / (¢ge — (D)) dO (3.8)

denotes the indefinite gyroangle integral of the gyroangle-dependent part of ¢y..
Note that the gyroangle-independent part of Z7,, (denoted Zi;y = Ziyy — Ziyy)
must be determined at the second order.

At second order, we find the gyroangle-independent expression

S dgyitlxﬁ\’ o 7
(Zgy)2 = T + Q<{Z1gya ¢gc}gu> (39)
and the gyroangle-dependent expression
o q 7o = — ~” .
Zgy = _ﬁ{zlgy, Dy bye — Loge(L1ge 21y ) (3.10)

In (3.9), we see that the role of 73;\, is to ensure that (Z:\)g satisfies any desired

property we want (e.g., be gyroangle independent or zero). One clearly sees how
the gerV method can be extended to higher order.

3.1. Gyrocenter magnetic moment
The easiest gyrocenter phase-space variable one can construct by the gerV method
is the gyrocenter magnetic moment i, since it is to be constructed as an invariant
of the gyrocenter dynamics, i.e., fi,, = 0 to arbitrary order in €. At zeroth order, we
easily find Log.pt = 0, where pigoy = p denotes the guiding-center magnetic moment
(which satisfies dy.pu/dt = 0).

At first order, the requirement (fi,); = 0 becomes

du(;,ut 8,LLlu‘\' 8 q
0=— ctge + Q—= = Q— | f1gy — S0 |5 3.11
dt + Q{M, o }g,, + 20 90 Higy B(bb ( )
which is easily solved as
_ q~ — q q
Higy = Higy + E(bgc = (,ulgy - B<¢g<>) + Eqsgcv (3.12)

where 11, denotes the gyroangle-independent part of the first-order gyrocenter
magnetic moment (to be determined at the second order). We note that the first-
order magnetic moment correction Ay derived by Taylor [13] can be expressed
as the guiding-center pull-back Ay = Ty fi14y of the gyrocenter magnetic moment



Guiding-center recursive Viasov method 681
correction (3.12), where
Tgcqsgc = (T;1¢ - <¢gc>) = ¢ - Tgc<¢gc>‘ (3-13)

At second order, the requirement (fi,y)2 = 0 becomes

d U1 8/142 v
0= 28 oy Pue S oc £
pTa a{tgys Pectoe + Q2 20
e — q Op2gy .
dt (/’LIU} + lulﬂ\) + q{ (Mlg’}' - B<¢gc>> ) ngc}% + Q 89 y ) (314)

where we used (3.12) for fi14y (With {¢ec, Puc }oc = 0) and the role of 7z Higy Is to ensure
that the gyroangle-independent right-hand side of (3.14) is zero. This condition
yields the homogeneous equation dyyfi; ., /dt = 0, whose solution is simply @ Pigy = 0.
The solution to the gyroangle-dependent part of (3.14) is finally expressed as

q do\q)(
- BQ dt

dgy&)gc dy. cb q 8<¢(,(>

and the gyroangle- mdependent part iy, is determined at the third order.
Lastly, it is instructive to compute the third-order component of the gyrocenter
magnetic moment. Here, (fi,y)3 = 0 becomes

[12gy = Thay, (3.15)

where

dye 2y Opsgy
= avs Pocfge + Q—=
0 7 + q{p2gy, gefge + i
d 8/1’30\' c -
= 8 (i + Fi) + 0l (g + Ty )s B e + Qo (3.16)

The role of Ty, is to ensure that the gyroangle-independent right-hand side of
(3.16) is zero, which implies that 7,,, is a solution of the inhomogeneous equation

dg.\'mgy T~ 7 e dqu)g‘f
dt - Q<{¢gmﬂ2gy}gc> - _m<{¢gm dt }g[>

Because the right-hand side of this equation is non-vanishing, there must be a non-
trivial solution for f,,,. By using properties of the guiding-center Poisson bracket
{, }oe and the gyrocenter Vlasov operator dyy/dt (after tedious algebra), we find the
second-order solution

Ty = 5755 (s i (3.17)

This solution is more trivially obtained with the Lie-transform approach presented
in Sec. 4. To lowest FLR order, where ¢, = 0®,./00 ~ Py V1¢, we note that

QG | IVuok
B 8# omQ

<{(T)gca gggc}gc> =

so that
. m
,LLng ~ %|UE|2, (318)
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where ug = (cb/B) x V. ¢ denotes the E x B velocity. We omit the explicit deriva-
tion of fi3,y. which is obtained from the gyroangle-dependent part of the third-order
equation (3.16) and contains terms that are of second order in Q1.

Up to second order in € (and first order in 27!), the gyrocenter magnetic moment
is therefore expressed as

q (~ 1 dgVEI:,(. q2 ~ o~ .
/Lgy = N’ + = <¢g(: = £ > + <{(I)gca ¢gc}g(:>~ (319)

B QO dt 280

We note that, to lowest FLR order, the first two terms in (3.19) appear naturally
in the expansion of the magnetic moment p,, = m|v, — (ug + up)|*/2B, where
up = —(¢/BQ) dV¢/dt denotes the polarization drift velocity. Lastly, we note that
Parra and Catto [11] only computed the first-order correction (q(zgc/B) to the
gyrocenter magnetic moment. While the polarization drift correction dg),(fgc /dt is
generally not kept in standard gyrokinetic theory [3], we show in Sec. 4 how it also
appears naturally in the Lie-transform approach.

3.2. Gyrocenter gyroangle

At zeroth order, we easily find Lo,.0 = €2, where ,, = 0 denotes the guiding-center
gyroangle. At first order, we find

A q 8¢gu 8912\'
O )1 = Q| 55— = |, 3.20
which yields the gyroangle-independent equation
2 qQ 8<¢gk>
Oy )1 = — , 3.21
( 2y )1 B a’u ( )
while the gyroangle-dependent equation yields the solution
~ 0P, -
014y = - &= 010y — O14v, (3.22)

=B B 8/14 = B £)

where ﬁlgy denotes the gyroangle-independent part to be determined at second
order.

3.3. Gyrocenter position

The zeroth-order gyrocenter position is the guiding-center position Xg,y = X =r—
Py where r is the particle’s position and p, is the gyroangle-dependent gyroradius
vector. At zeroth order, we easily find Ly, X = 0, since the guiding-center position
X is independent of §. At first order, we find

< du'cX aXLr 7

Xoy)1 = — X, Gpe}oe + Q2
( g},)l i +Q{ a(b,, }a + 90
X1y,

~ b
= v B+ 2 X Vo + 0 (3.23)

90 7
which yields the gyroangle-independent first-order equation for the gyrocenter
velocity

~

. ~ ¢cb
(ng)l =vb+ B X V<¢Q(> (3.24)
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We therefore see that the lowest-order gyrocenter motion is described in terms
of parallel motion along and E X B motion across the field lines. The gyroangle-
dependent equation obtained from (3.23) yields the solution

~ cb _

Xy = —Bqg X V<I>o( = Xigy — Xigy,s (3.25)
where Ylgy denotes the gyroangle-independent part to be determined at second
order.

3.4. Gyrocenter parallel momentum

The zeroth-order gyrocenter parallel momentum is the guiding-center parallel
momentum pjggy = muvy. At first order, we find

(Beyht = —ab* Ve + Qa%”;g‘ (3.26)
The gyroangle-independent part of this equation yields
(Blayht = —ab* V{due), (3.27)
while the gyroangle-dependent part yields
_ b _~ _
Pliey =4q" V®@u. = Pligy — Pjigys (3.28)

where pj;,, denotes the gyroangle-independent part to be determined at second
order.

3.5. Gyrocenter kinetic energy
We now use the operators Ly,. and Ly, to derive an asymptotic expansion for the
kinetic energy K,y = Kooy + €K14y + -, where
2 /o — 2
Kogy = mv* /2 = pj /2m + uB = Ky

is expressed in terms of the lowest-order guiding-center coordinates p; and u. We
want to construct K,y such that K, oy 1s gyroangle independent. At zeroth order, we
easily find (Kyy)o = Loy Kogy = 0. i.e., the guiding-center kinetic energy K, is a
constant on the gyromotion time scale.

At first order, we find

) dchOg‘v BKM
(Koy1 = T Q{ Koy, Puc o + Q2 20
09y aKm,
- oc = 3.29
q( 7 > a0 (3.29)
where we used the fact that dy.Ko.y/dt = 0. The gyroangle-independent and
gyroangle-dependent parts of (3.29) yield
(Kuy)1 = —quib - V{dy) (3.30)
and
Rigy = 00w+ 20V = L8y Koo = Kigy — Ky, (331)

where the gyroangle-independent part K,y is determined at the next order.
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At second order, we find

(Kyy)2 = dgcglgy + ¢{Kigy, dgefoc + Q@I@(%
= %(?1%‘ + fﬁhV) + q{(K1gy + I?lgy), (Egc}gc + QM;% (3.32)
By choosing K1,y = 0 in (3.32), we obtain the gyroangle-independent part
(Kup)2 = ¢{Kiys Gue}ue)- (3.33)

Next, by using the Jacobi property of the guiding-center Poisson bracket, we
introduce the identity

~ ~ _ 1 — ~ ~
{¢g«:7 {(I)gm G}g(}g( = §{G7 {(pg(:a ¢g(r}g(:}gc

0/l ~ ~
+ % (2{‘I)gm {q)gcy G}gc}gc) 5 (334)

where G is a gyroangle-independent function and QNSgt = 8‘5g(. /00. Substituting
(3.31) into (3.33) and using the identity (3.34), the second-order gyrocenter kinetic
equation (3.33) becomes

2
q ~ ~
(Kg_v)Q = _{Kgca ﬁ«@gw ¢gc}gc>}
gc
The gyroangle-dependent part of the second-order kinetic energy, on the other
hand, is expressed as

iy 1 dg\vj(vvlrv q =~ ~ ~ ~
Kng = _/|:th§—,} + 5({K1g\7 ¢g(r}g(: - <{K1gy7 ¢g(}g(>):| g

Ay Py -

where we have ignored terms of order Q72 and the gyroangle-independent part
K4y must be computed at third order.
The gyrocenter kinetic energy K, is therefore expressed as

~ q ~ ~ ng(ic
Koy = Koo + qge + ﬁv\\b'vq)gv - ﬁziitg T
~ qa<d)n(‘> q a CB ~
= Koot qope[1— L0l ) T T Vi)V | Bye + -+, (3.36
ot 0 (1= B2 ) = B (G4 G XV )t 30

where terms of second order in Q! have been omitted and the terms of first order in
Q! associated with the gyroangle-independent part K,y have not been computed.
While Parra and Catto [11] captured the first-order term correctly, their second-
order term includes —(q/Q)@t‘igc only and ignores the second-order correction
terms due to (¢y.). In fact, Parra and Catto [11] systematically ignored ¢? terms
in their derivations of gyrokinetic variables except in their revised quasi-neutrality
condition.
Lastly, the gyrocenter equation for Kgy is expressed as

. o~ 2 ~ ~
Kg.‘,' =Y b-V <Q<¢gc> - %({q}gm ¢gn}gn>> s (3.37)
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which includes a nonlinear (quadratic) contribution to the parallel electric field
generated by (¢yc).

4. Gyrocenter Lie-transform approach

The transformation from the extended guiding-center coordinates Zg, = Z% =
(X, py, 1, 03w, t) to the gyrocenter coordinates Zg, = 7" = (X, Py, B, 0;70,t) is ex-
pressed as an asymptotic expansion

7 « « « 1 38Ga
Z =7 +€G1+62<G2 +2G18Z(1')+”-’ (4.1)

where the nth-order generating vector field G, is evaluated at order € to elim-
inate gyroangle dependence in the Hamiltonian. Here, the energy coordinate w
is introduced as the canonically conjugate coordinate to time ¢. In Hamiltonian
Lie-transform perturbation analysis (appropriate for electrostatic perturbations),
the generating vector fields are expressed in terms of the extended guiding-center
Poisson bracket { , }u, which now includes the canonical pair (w,t), as

(]i-k = {Sk7za}g(t7 (42>

where the functions (S, Ss, . . .) are known as the gyrocenter gauge functions (which
are assumed to be explicitly gyroangle dependent). We note that the time co-
ordinate ¢ is unaffected by the time-dependent gyrocenter transformation if Gi, =
0Sk /0w = 0 at all orders.

The extended guiding-center Hamiltonian is

2
P ~
ch = (27” + /J'B + Q<¢g0> - w) + €(q¢gc) = H()gjc + Engc, (43)

where we have explicitly separated the gyroangle-dependent part gﬁz;?;_( of the guiding-
center scalar potential ¢,. as the perturbation that destroys the guiding-center
magnetic moment (i.e., {¢, Hoge}oe = 0 and {gt, Hige}oe # 0). While the separation
adopted in (4.3) is non-standard [3], it is consistent with the gerV method presented
in Sec. 3. Note that this separation appears when the electrostatic potential has a
large-scale component (¢,.) and a small-scale component agc, which satisfy the
ordering

qgg(‘<T ~ q<¢gc>v (44)

where T denotes the plasma temperature. This ordering is consistent with the gen-
eralized gyrokinetic ordering [6] (p/AL)qp<<T, where the perpendicular gradient
length scale A scales as A; ~ p for the small-scale component qlc while it scales
as A1 >p for the large-scale component ().

The gyrocenter transformation (4.1) is chosen at each order so that the gyrocen-
ter Hamiltonian

Hyy = Hogy + €Higy + € Hyyy + -+ (4.5)

is gyroangle independent, where Hg,, = Hog. According to Hamiltonian
Lie-transform perturbation theory, the first-order and second-order gyrocenter
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Hamiltonians are

dyy St 051
ngy = ng,c - {SleOgo}gc = ngc - < i Qiae ) (4.6)
1 dyy S a8
Hng = _{Sllegc}gc + 5{51, {SlaHOgc}gc}gc - ( b(”it 2 + 9692> (4.7)

where we used Ha,. = 0. It is straightforward to extend the Lie-transform approach
to a non-uniform magnetic field, since the operator dyy/dt = {-, Hyec}ge is valid
in general magnetic geometry, with the guiding-center Poisson bracket suitably
generalized for non-uniform magnetic fields (see (A 8)).

4.1. Furst-order analysis

At first order, since Hiy. = qgg(. and (ng() = 0, the expression for the gyrocenter
Hamiltonian is simply
ngy = O7 (48)
while the first-order gauge function S; is the solution of the gyroangle-dependent
equation
dyy St 051 ~
= Q—— = qoy.. 4.9
The reader should not be alarmed by (4.8) and remember that the gyroangle-
averaged scalar potential (¢,.) appears in the gyroangle-independent perturbed
guiding-center Hamiltonian Hyy. in (4.3).
Up to second order in Q7! the solution for S; is

H2)
_ 49z q dgy Py ..
o BE+1) 51 ) F0) _ 7
where g f ‘1%( df, with ®g. <I>u( and ®g.’ = @y

4.2. Second-order analysis

At second order, the expression for the gyrocenter Hamiltonian is

2 &(2)
q ~ 1dey®ge \ ~
Hoypy = —— Py — ———— |, Do , 4.11
%3 2Q<{< “Ta @ )% (10

while the second-order gauge function Ss is the solution of the gyroangle-dependent
equation
dg vSQ 852 q2 ~
th W — 2Q<{ om(btr(}m - g(‘a¢gc}gc>)7 (412)

where terms of order Q72 were omitted on the right-hand side of (4.12). Up to
second order in Q7! the solution for Sy is

2 ~
SQ = 292 / {q)rr( ) d)é,( }g.,( - g(', Qﬁgc}gc» d9 (4] 3)

4.3. Gyrocenter coordinales

One of the main advantages of the gyrocenter Lie-transform approach is that the
gyrocenter phase-space transformation is expressed solely in terms of the scalar
fields (S1,Ss,...). The gyrocenter phase-space coordinates are constructed from
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the asymptotic expansion

. 1
Z =7Z° + G{Sl,Za}gc + 62 ({SQ, Za}g( + 5{515 {Slaza}gc}gc> +

_Zn,+ q E) ldg)&)g) 7
- Qe a )7,

2
o q = = (63
+é ({527 Z }gc + 202 {@gcv {q)gcv Z }gc}g0> T+ (4.14)

where we substituted the expression (4.10) for Sy while the expression (4.13) for Ss
will be used only when needed. Hence, the gyrocenter position X is

o~

cb
X=X+4ex {q)(,( Xy =X —epo X Vb, + (4.15)

the gyrocenter parallel momentum p is

~

_ 9.5 ® o ,
pH = pH + eﬁ{q)gmp\\}gc + = P + 55 'V@gc +- (416)
the gyrocenter gyroangle  is
_ - 0%,
9:9+6%{‘bg070}gc+"':9—6% g R (4.17)
the gyrocenter magnetic moment 7t is
_ q z 1 dgs ‘bg(
== = (I)o( )
a ”“Q{( o a )M,
2 ¢z F
+ € ({527 ,u}gc + ﬁ{(bgm {q)gcy /J/}g(}gc) +
~ 1dy D,
= e — = (I>(, sejoe) T, 4.18
=pten (¢ O dt >+ 2BQ<{ g ¢g};> ( )

where the expression (4.13) for Sy was used in obtaining the last expression, and
the gyrocenter energy coordinate w is

e (4.19)

&(2)
af((~ 1 dgvfbw
Ku‘\' = ac (b(,(. - — 7K"U
r = Ke “9{( “TQ d “f .

+é (‘{52» Kgc}gc + 567 292 {(I)m {(I)gw Kﬂ«}gn}gb>

_ py q Pge) q(9 é o)z
_K_{c“‘eq(ﬁgc( B a 6 at + V<¢gn> \Y (I)gc

+e — {<I>0(,¢(,(}(,( s (4.20)
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where terms of second order in 27! have been omitted. One can see that the second-
order gyro-independent part of the kinetic energy Ko,y appears naturally in the
Lie-transform approach, whereas it would require an extensive computation to
obtain it in the guiding-center recursive Vlasov approach (we have skipped this
computation; see Sec. 3.5 for details). Note that the gyrocenter kinetic energy
(4.20) can be exactly expressed as

=2
Pj

K,, = —
o 2m

+ 7B, (4.21)

when the definitions (4.16) and (4.18) for p; and 1z are used.
Lastly, the Jacobian for the gyrocenter transformation is
0 , ,
jgy = jg(? o eﬁ(jg(t{‘gl)Za}gc) +o = jgw (422)

where #,. is a constant in a uniform magnetic field. This result comes from the
fact that

0 0 0S8 %S
7(fg(:{slaza}gc) = (fgcja/al> = _fgw]aﬂ : = Oa

dZe 9z YA PRV

which follows from the antisymmetry of the guiding-center Poisson tensor J*” and
the Liouville identities 0, (/S(J“ﬁ) = 0. Note that (4.22) is true to all orders in e.

5. Gyrokinetic Vlasov equation

We now derive the gyrokinetic Vlasov equation (1.1) by the gerV method and
show how the gyrocenter phase-space transformation (4.14) generated by the Lie-
transform scalar fields (S1,Ss,...) is involved in the transformation from the
particle Vlasov distribution f and the gyrocenter Vlasov distribution F'.

9.1. Recursive Viasov derivation

First, the particle Vlasov distribution f is expressed in terms of the guiding-center
Vlasov distribution F' by the push-forward operation F' = T;.lf = Fy + e +

eFy + -+, where F}, = T;l fr. At zeroth, first, and second orders, we therefore
have )

0= LOgc-FU

0= ngcFO + LOg(-Fl s (51)

0= ngcFl + LOchQ
where the guiding-center operators Loy, and L1y are defined in (2.4) and (2.11).
At the zeroth order, the Vlasov equation Lgg.Fy = 0 implies that Fp is independ-
ent of the gyroangle 6. At first order, the gyroangle-independent part of Ly, [y
yields
deyFy  dg Fy

0= dt = dt + q{FO, <¢gu>}gca (5.2)

while the gyroangle-dependent part yields a solution for Fi:

Fy = Lok (Lie ) = —%{FO, Dy e (5.3)

The solution for the gyroangle-independent part F, = Fy — F} must come from the
second-order analysis.
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At second order, the gyroangle-independent part of Ly,.F yields

d\F
0= 1 (i fucked)

du\vFl _
_ ] {FO, {%,%}g(} , (5.4)

gc

while the gyroangle-dependent part yields a solution for Fy:

~ d \F ~ ~
F? = Q |: gdt : + Q{Fl ) ¢g(}«r( + Q( Fl,(b%}a( <{F17¢;_f,c}gc>):| do

q dyy BL 4= = 7 ~ =
= QQ{F vdt } - ﬁ{Flv‘bgc}gc + ﬁ{{FOv Pyet e, Puctee

¢ [iq T =
B [(Bar B = (BB 0]} 5.5
ge

5.2. Gyrocenter pull-back operator
We can combine the recursive solutions (5.3) and (5.5) for the guiding-center Vlasov

distribution to obtain the following expansion:

FEFOJreFl+62F2+...:(FOJreFl+~~-)+(eﬁ1+62ﬁ2+”')

=(2)
— q ~ 1 d(,\v‘:I)gC
T4+l (3, - 2% g
+EQ{( =0 dt 0 ve

2.2
TEF (3
202 {‘ng {(pg(:a FO}gtf}g(f

L [ [t — (B0 .
+ €9 Fo, 202 (L(I)gca ¢gc}gc <{(I>gva ¢’gc}gu>) do ) (Ob)
g¢

where I = Fy + e¢F| +€*Fy + - -+ defines the gyrocenter Vlasov distribution and we
used the identity (3.34) for the last two terms. Using the gyrocenter scalar fields
(S1, 52, ...), the relation (5.6) between the guiding-center Vlasov distribution F
and the gyrocenter Vlasov distribution F' can also be expressed as

+e —{<I>U(,F1}m +—

F = F+€{S],F}o( + {Sly {S],F}}(,( +€2{SQ7F}0L + -

= Tg),F, (5.7)

where the guiding-center Vlasov distribution F' = T, F is represented as the
gyrocenter pull-back of the gyrocenter Vlasov distribution F. We immediately
see that the gerV method has generated a solution that is exactly expressed in
terms of the gyrocenter pull-back operator T,,. The physical interpretation of the
gyrocenter pull-back operation is therefore given in terms of the time integration
of the guiding-center Vlasov equation over the fast gyromotion time scale.

The gyrocenter pull-back also generates the standard decomposition of the per-
turbed particle Vlasov distribution in terms of its adiabatic and non-adiabatic parts,
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as follows. Up to first order in €, we find

fl = Tgu <F1 + %{5%-” Fo}%‘>

— OF 1 0Fy)\ ~
ZTg(.[F1 —&—q((%g#-Bé):)qbg(--&-“}, (5.8)

where higher-order corrections have been neglected and the guiding-center Poisson

bracket is now expressed in terms of the guiding-center coordinates (X, E, u,0)

with the guiding-center energy E replacing the guiding-center parallel kinetic mo-
mentum p|. Next, we introduce the decomposition
_ OF, —

F1 = ¢{¢pge) 7 + G, 5.9

1=4q <¢h > OF 1 (5.9)

where the first term represents the adiabatic contribution to Fy and Gy represents
its non-adiabatic contribution. Lastly, we use the identity (3.13) to obtain the

relation [12]
dfo 1 0f —  q OF, _
fi= qcb( + /j) + Tge <G1 - B<¢gc>au">, (5.10)

where fy = T,.Fy. Here, we note that the adiabatic contribution naturally separates
into a particle part (involving ¢) and a guiding-center part (involving Tye(Poc))-
59.3. Gyrokinetic Viasov equation

By combining the gyrocenter Vlasov equations (5.2) and (5.4) we obtain the non-
linear gyrokinetic Vlasov equation

d,.F -
0= +{F,qVu}u
dt + { 4 2y }b

dgvf — ¢ ~ 1 d;,‘v<i>£%) ~
= r —F, —= (po‘(: - = s Pac 5 5.11
i { 2o\ Ta @ )%, /). -1

where the effective gyrocenter potential

5(2)
q ~ 1 dyy Py ~

9 5 I q dgv&’gc &
= gc/ T 50 (b"('v acfge/ T [0 - 7(I)<rc
(6] = (B k) = 5 ({ 25 B,

contains nonlinear ponderomotive corrections to the linear scalar potential.
We note that, in standard gyrokinetic theory |7], the polarization drift correction

> (5.12)

o
L}

(involving dg_\&)gc/dt) is omitted and only the second term is retained in (5.12). The
gyrokinetic Vlasov equation (5.12) describes the time evolution of the gyroangle-
independent gyrocenter Vlasov distribution F(X,I)H ,t;7) in a 4 + 1 reduced phase
space, where the gyrocenter Hamilton’s equations (in a uniform magnetic field) are

—~

- —~ b — . ~
X=7b+ 5 x Vi and ) =—qb-Vi,, (5.13)

and the gyrocenter magnetic moment [ is an invariant.
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A common approximation for the gyrokinetic Vlasov equation (5.11) is obtained
by writing it in truncated form as dy,F/dt = 0 and then expressing, first, the
gyrocenter Vlasov distribution function as F = Fy + F; and, second, using the
decomposition (5.9) to obtain a gyrokinetic equation for the non-adiabatic part
G1. The electrostatic version of the Frieman—Chen gyrokinetic equation 8] is thus
obtained from the truncated equation

ayFr __dyFy
) = — = = —Q{FO> <¢§;c>}§§(’

dt dt
_ OF (dye 0 b - - .

where the gyrocenter kinetic energy coordinate E (see (4.21)) is used instead of i
and the background distribution Fy satisfies the guiding-center Vlasov equation
dchg/dt = 0. Next, we introduce the decomposition (5.9), where we write

df%}' aFO o dgt<¢g(> 8‘F(]
dt (Q<¢gu>aE> =0y ﬁ +

to obtain the electrostatic Frieman—Chen gyrokinetic equation

deeG1 [ 0de) O b _
dt __< ot ﬁ+ng<¢g('> V| F. (5.15)

While this equation offers great simplicity for many practical applications, it also
suffers from several deficiencies [3] (e.g., it lacks energy conservation when com-
bined with the gyrokinetic Poisson equation) which limit its use in numerical
simulations of electrostatic plasma turbulence.

6. Gyrokinetic Poisson equation

When the nonlinear gyrokinetic Vlasov equation (5.11) is combined with the gyro-
kinetic version of the Poisson equation, we obtain a set of energy-conserving equa-
tions that can be used for numerical simulations of electrostatic plasma turbulence

The gyrokinetic Poisson equation is expressed as a moment of the gyrocenter
Vlasov distribution F' through a sequence of phase-space transformations from
particle to guiding-center to gyrocenter phase spaces:

& ‘ — A
_%(”) = q/dﬁzf53 = q/dﬁZFégc = q/dﬁZF<T;}5;}v>, (6.1)
. ? y e
where summation over particle species is implied, §* = §3(x —r) implies that only
particles located at the field position x = r contribute to the scalar field ¢(r),
and 5;‘;3 = T;l B =X+ Py — 1) is expressed in terms of the guiding-center
gyroradius vector p,.. The last expression in (6.1) involves the gyrocenter push-
forward operation
T:\lg =4g— G{Slyg}g(z - 62({52ag}gc - %{Sly {Slag}g(f}g(t) + - )

o,
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where the generating scalar fields S7 and Sy are defined in (4.10) and (4.13). When
the push-forward operator is applied to 53(:, we obtain

< 0\1 52{> <5f(> 292 {q)“( bl {(D"( b §(¢>}g(t}g(‘> +

)
q ~ 1 dey®oe’ \ =

— Ll (3, — == 5
€Q<{( “T 0 dat e

(03.) = Pyc-VO® + -+ denotes the gyroangle-dependent part of

>+---, (6.2)

oc
L}

where (53 =6 —

gc

53 We note that polarization effects enter into the gyrokinetic Poisson equation

(6.1) through the term (T d5.) = (T (T
through the difference (T 153> 8%, while gyrocenter polarization enters through
the difference (T (,‘1 5f(> <5f(> We further note that (6.2) may also be obtained from
the functional derivative of the effective gyrocenter potential (5.12):

0 _ e
so that the gyrokinetic Poisson equation (6.1) may be expressed in terms of the
gyrokinetic variational principle [1,2]

3

The existence of a variational prlnmple for the gyrokinetic Vlasov—Poisson and
Vlasov-Maxwell equations allows us to compute exact conservation laws by the
Noether method [2, 3]. Note that, according to the functional derivative (6.3),
the gyrocenter polarization effects (associated with the difference (T (,‘1 5:1) (55’())
require that quadratic nonlinearities in the electrostatic potential ¢ be retained in
the effective gyrocenter potential (5.12).

Next, by introducing the gyrocenter gyroradius vector

Pgy = T:\1 (X + pwc) - (X + pg‘c)7 (65)
the push-forward expression (6.2) may be written as T 63. = 0% (X4 py. + pyy —1).
5

When expressed in terms of (S1,S5%,...), the gyrocenter gyroradius vector (6.5)
becomes

-48%)): guiding-center polarization enters

Qe

Poy = _6{51 ) X+ ch}gc - 62{52 ) X+ pgc}g(‘

2
€
+ E{Slv {Sl 5 X+ pg(-}gc}gu + -

= Doy t Pays (6.6)
where the gyroangle-dependent part of the gyrocenter gyroradius vector (6.6) is
~ cb
Py = —el81, Xue 4+ = L2 X VB - (6.7)

while, up to second order, the gyroangle-independent part of the gyrocenter gyrora-
dius vector (6.6) is
2
_ €
Py = _5<{Shpgc}gc> + §<{Sb {Sl ) X}gt}gc>

__ 4 9 oy 1 dgy%gv _2. 9715 é & s
T “Bou <p“‘ (% QO dt o\ P B X Ve wa (6.8)
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where corrections of order Q7! were kept. Expansion of the last term on the right-
hand side of the gyrokinetic Poisson equation (6.1) in powers of p,, yields the

expression
& — —
_ fﬂ(”) _ q/d?’ﬁF—V' (q/d3ppgyF+"'), (6.9)

where we have ignored FLR effects in the first term on the right-hand side (i.e.,
(63() — %), and the second term represents the polarization density. By keeping
only terms of first order in € and lowest FLR order, where

$g(, ~ py.+Vé and E)gr ~ —py. ‘bx Vo,

the gyroangle-independent gyrocenter gyroradius vector (6.8) is expressed as

Pay = LA (Cg X Vb — %Cﬁ;’; V¢>, (6.10)
which involves the Y X B velocity and the polarization drift velocity.

Because of the mass dependence appearing in (6.10), ion polarization effects in
the gyrokinetic Poisson equation (6.9) dominate over electron polarization. Lastly,
in the standard nonlinear gyrokinetic formalism [3], the polarization drift contri-
bution appears at second order in € and is, therefore, omitted from the first-order
gyrocenter gyroradius vector (6.10). The standard gyrokinetic Poisson equation
(6.9) thus yields the following relation between the electron (particle) density n.
and the ion (gyrocenter) density m;:

_ 7ic? Vo .
€N —eni+V |:<I+BQ/(47T77’L])IJ_> 471_:|, (bll)

where I, = I—bb is the perpendicular unit matrix. In (6.11), we note that the quasi-
neutrality condition (i.e., the left-hand side of (6.9) is zero) appears in the limit
B?/(4mm;m;)< c®. In this limit, (6.11) becomes the gyrokinetic quasi-neutrality
condition
2

’”’;mes), (6.12)
which relates the electron (particle) density n., the ion (gyrocenter) density 7;, and
the electrostatic potential ¢ (through the ion polarization density). It is important
to note that the ion (gyrocenter) density m; must be defined as the moment of
the full ion gyrocenter Vlasov distribution F; (i.e., it is a solution of the nonlinear
gyrokinetic Vlasov equation (5.11)) in order to conserve the global energy of the
gyrokinetic Vlasov—Poisson equations [6,7].

en(,eni+Vl-<

7. Summary

The guiding-center recursive Vlasov (gerV) method yields results that are identical
to the gyrocenter Lie-transform (gyLit) method. The Lie-transform method, how-
ever, offers several computational advantages. First, instead of computing each
gyrocenter variable individually (gerV method), the derivation of gyrocenter vari-
ables by the gyLt method involves a single function Sy at each order €* (k = 1,2, ...)
of the perturbation analysis. Moreover, we point out that, for most practical ap-
plications, the guiding-center and gyrocenter transformations can be kept separate
since

ToToF = F + (eGY, + €3G, )0 F + - .
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Second, the explicit use of the guiding-center and gyrocenter pull-back and push-
forward (Lie-transform) operators provides us with a simple interpretation of the
recursive Vlasov method: the pull-back operator generates a fast-time-scale
integration of the Vlasov dynamics while the push-forward operator represents the
polarization dynamics in the gyrokinetic Poisson equation. Third, a self-consistent
set of gyrokinetic Vlasov—Poisson equations is obtained by the Lie-transform
method since it is derived from a variational principle (which guarantees the exist-
ence of exact conservation laws). Lastly, the Lie-transform method can easily be
generalized to the fully electromagnetic case [3].
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Appendix A. Guiding-center transformation

In a non-uniform magnetic field (where eg = p/Lp denotes the dimensionless
ratio of the characteristic gyroradius to the magnetic non-uniformity length scale),
the guiding-center phase-space transformation is defined in terms of the first-order
components

GY = —py = —(2uB/mQ*)* p, (A1)
G = (me/e)u(ar : Vb +b-V xb) —pp, - (b* Vb), (A2)
] mop o Y| BV xE
GY =py (nVInB + —-b-Vb —uﬁ(aleb+b-V><b), (A3)
op mv ~_ 0p,
0 _ opy | i 9Py .

where we used the definitions for the gyroangle-dependent rotating unit vectors
p = cos e —sin e, and 1= v, /|vi] = 0p/00, expressed in terms of the fixed unit
vectors (81,8,,b = 8 X &), so that the gyrogauge vector R = V1-5=Vé &, is
gyroangle independent and the dyadic (traceless) tensors

a; = —%(ﬁj\_ + If)\) = %[(élél —/6\2/6\2) sin 260 + (/6\1/6\2 + /6\2/6\1) Ccos 29]

and a; = [ a;df are gyroangle dependent. In (A 1)—(A4), Py = Tgclx —X=p,+
epp; + -+ denotes the guiding-center gyroradius, where Tgf denotes the guiding-
center push-forward operator (see below) and p; is the first-order correction to the
lowest-order gyroradius vector p;.

In a non-uniform magnetic field, the guiding-center pull-back operator is ex-
pressed as

0 0
Tz exp|—poVten (G 4 Gl + Gl 43V ) o]
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and the guiding-center push-forward operator T;CI can be used to construct the
guiding-center gyroradius vector

L 90

where pg +Vpy = —3(pyVIn B)p; — (py Vb py)b — (p, * R)dpy /0.
The Jacobian for the guiding-center transformation is expressed (up to first order
in €p) as

1 0 7]
b= ot en| oo Voo — g (GLP LGt ) 63| 4 A

fﬂc—j_eBaZa (jGa)

P iz 0
=B+egV+(Bpy) — 63B<8G1 9G] 8G1)

Ip " ou "0

:B<1+EB§ZB-VXB)EB*. (A7)

The guiding-center Poisson bracket, on the other hand, is expressed in terms of two
arbitrary functions F' and G as

OF 0G  OF 0G OF 0G  OF 0G
Gl = (8w ot ot 8w) ( )

90 Ou ~ Ou 00

B oG  OF cb
+ (VP — VG) VF x VG A8
B, ( Op;  Op qB;] B ) &

where B® = B + e (pj¢/q)V x b and B = b-B".

Lastly, the guiding-center pull-back operator (A5) and the guiding-center Jac-
obian (A7) can be used to obtain the push-forward representation of the particle
Vlasov-moment integral

x|l = / do2 X% (x — 1) Ty = / d°Z 9 o T x0° (X + py. — 1) F, (A9)

where x is an arbitrary function in particle phase space and we used the identity

IS —e€p -

) = g, TS
aZQ + ) j~ gc

(JGTS)+ ':jgc(S_EBGa

If we now expand the delta function §3 (X + Py —1) in powers of p,. and integrate
by parts, we obtain the guiding-center push-forward representation

Il = 1T X e = Vo 1P T Xlle + 7 (A10)

which enables us to write particle fluid moments in terms of guiding-center fluid
moments.
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